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PREFACE 


Sixty years ago, a single theory of light—the electromagnetic 
theory—seemed capable of describing all the experimental results. 
The position was very different thirty years ago when wave theory 
and quantum theory were each successful in its own field but appar- 
ently mutually irreconcilable. In this book I have endeavoured to 
show the student that we have again a single theory of light, a logical 
whole. I have tried to describe the wave theory in such a way that the 
quantum theory may appear as a natural development rather than as 
an alternative theory. For this reason I have, at an early stage, stressed 
the concept of a wave-group. 

It is expected that the student has studied physics to intermediate 
standard before commencing to read this book, and that his knowledge 
of electricity and magnetism, and of mathematics, will advance in parallel 
with his study of light. The electromagnetic theory is not introduced 
until Chapter XIII, and the more difficult mathematics is placed in ap- 
pendices (or in separated paragraphs in small type) which are intended to 
- be omitted on first reading. The whole of Chapter XVI forms a separate 
section whose reading need not precede that of Chapters XVIJ-XIX. 

I wish to acknowledge the help of many friends with whom I have 
discussed sections of this book. I particularly wish to thank Dr. O. 8. 
Heavens who has been associated with me in the final stages of pre- 
paring the diagrams, proof reading, etc. I am grateful to Prof. K. G. 
Emeléus with whom the general plan of the book was discussed, Dr. E. 
H. Linfoot who made suggestions in connexion with Chapter VIII, Mr. 
T. L. Tippell who read and commented on the first draft of Chapter IX, 
and to Dr. P. White in regard to Appendix IVs. The responsibility for 
the final text is, of course, my own. I wish to thank the following for 
providing material for plates and figures: 


Dr. W. M. Gray and Mr. P. J. Jutsum (Plate IT}, ¢, d, e, f), 
Mr. M. E. Haine, A.E.I. Research Laboratories (Plate Vf, 9), 
Dr. H. G. Kuhn (fig. 8.7 and information in text), 

Dr. A. C. Menzies (Plate V a, }, c, d), 

Prof. R. W. Pearse (Plate IIa), 

Prof, E, T, 8, Walton (fig. 3.11). 
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I also acknowledge with thanks permission to make reproductions of 
copyright material as follows: 
Messrs. Hilger & Watts for figs. 1-7 (inclusive), 9, 11 and 13 of 
Chapter IX; the Council of the Royal Irish Academy for fig. 
8.5; and the Director, N.P.L., the Council of the Royal Society 
and the authors for fig. 9.16 from a paper by Sears and Barrell. 


R. W. DITCHBURN 


UNIVERSITY oF READING, 
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CHAPTER “I 


Introduction 


1.1. The Scientific Picture. 


New experimental data nearly always cause some alteration in 
scientific theories, but in certain periods of history the changes are 
very gradual. The new material is assimilated by extending and 
modifying the theories while leaving unchanged certain fundamental 
ideas on which all the theories are based. Progress of this kind went 
on during most of the nineteenth century, but near the end of the 
century it became impossible to modify the current theories so as to 
accept the new experimental results. Certain fundamental difficulties 
affecting the whole basis of physical science were revealed and, in order 
to overcome these difficulties, it has been necessary to clarify our views 
concerning the nature and purpose of scientific inquiry. It would not 
be appropriate to discuss this matter at length in a book on one branch 
of science. On the other hand, it would be very difficult to give an 
adequate account of the modern theory of light without some reference 
to these general considerations. It therefore appears desirable to state, 
at the outset, the objective which the author has in mind during the 
development of the theory of light. Later, the reader may be able to 
judge for himself whether the objective has been attained. He may 
also decide whether he feels that the objective is satisfactory both 
from the practical and from the intellectual point of view. 


1.2.The practical scientific worker makes observations with the 
senses of sight and hearing, and also with scientific instruments which 
increase the range, delicacy and number of his observations. The 
theoretical worker accepts these observations as given data which he 
has to co-ordinate. In order to be able to reason about them, he first 
collects them into groups. Each group is then organized im a system 
which exhibits relations between the members of the group. A system 
of this kind is called a scientific theory. The whole body of scientific 
theories and the connections between them constitute a scientific 
picture of the world. In the process of making scientific theories, 
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words like “electron”, “energy”, “organism” are introduced. 
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These words are symbols invented in order to create a language capable 
of describing the results of observation in a logical and elegant way. 


1.3.—The construction of a scientific theory may be compared to 
the preparation of a weather map at a central meteorological station. 
A large number of observations of pressure, temperature, etc., are 
received and recorded, at the appropriate places, on a large chart. 
When all the data are entered, the meteorologist inserts isobars, etc., 
and proceeds to make predictions. In discussing the map, he uses 
terms like “ depression’ or “cold front”. These terms form a con- 
venient way of summarizing certain aspects of the observations. They 
help him to think quickly and clearly about the meteorological situa- 
tion. The weather map is, however, primarily a representation of the 
observations. The isobars are useful only in so far as they represent 
the observations. In a similar way, in the theory of light, we use terms 
like “‘waves”’ and “ particles” for the description and discussion of 
the results of experiments. We need to remember that the meaning 
of these words is derived from the experiments which they describe. 
We must not attempt to deduce the special properties of light waves 
or light particles from any preconceived ideas about waves or par- 
ticles in general. All that we can say about light must be deduced 
from experimental observation. 


1.4.—New scientific theories usually begin by relating new obser- 
vations to familiar concepts, based upon older observations. For a 
long time the theory of light was discussed in terms of waves or par- 
ticles, because it is easy to form mental pictures of waves and particles. 
Recent advances have forced us to accept the fact that a complete 
theory of light cannot be expressed in terms of simple analogies of 
this type. We are, however, able to construct a summary of our 
observations in mathematical terms. This mathematical theory is 
precisely defined and enables us to make certain kinds of predictions 
concerning the probable results of future observations. It is logically 
consistent within itself. We often find it convenient to “ translate ” 
part of this theory into words, but the translation is never quite per- 
fect, though it may frequently be very useful. A wave picture of light 
furnishes an adequate description of a wide range of observations just 
as a set of isobars expresses the results of certain meteorological ob- 
servations. The wave theory is unsuited to describe certain other 
types of observations and these may be discussed in terms of light 
particles or “photons”. In a similar way certain types of meteoro- 
logical observations cannot be described simply by drawing isobars, 
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but can be included in the weather map in other ways. Any attempt 
to make a complete theory of light in terms of waves or particles must 
lead to confusion and error. We must admit that the results of our 
experiments on light are, in some ways, so different from the results 
of observations on things like waves on water, or moving particles, 
that analogies break down. They cease to be useful and become a 
burden. At this point it is necessary to leave the analogies and revert to 
the mathematical equations. When all this has been said, it still remains 
true that most people think more readily in terms of words than in 
terms of equations. We therefore use the analogies as far as possible 
—like a man who travels as far as possible by train even though he 
knows that none of the places he wishes to visit lies exactly on the 
railway line. 


1.5.—In the historical development of a subject ideas are gradually 
introduced in order to include fresh observations within the theo- 
retical description. In the treatment given in a textbook it is often 
convenient to disregard the historical order and to introduce many 
of the current ideas as hypotheses to be tested by experiment. The 
author knows, in advance, that most of the hypotheses which he intro- 
duces are going to be “ approved ”’ by the experimental results which 
he subsequently describes. In this way he avoids the necessity of 
burdening the reader with details of theories which have been found 
to be unsatisfactory and are now only of historical interest. The 
formal treatment of the subject, in this book, follows this plan. It 
begins in Chapter IJ. In the remainder of the present chapter our 
object is to consider the theory of light more from the historical point 
of view and to show how each of the more important types of experi- 
mental observation has been incorporated in, and has led to alterations 
in, the theory of light. A summary of this process is given in fig. 1.6 
which will be considered in detail at the end of the chapter. In the 
course of this review of the progress of the theory of light we also seek 
to indicate the general relations of the theory of light to other depart- 
ments of science. 


1.6. Light in Relation to Biological Science. 


The scientific picture of the world would be seriously complete 
if it did not include an account of the physical and physiological pro- 
cesses by which man makes his observations. The scientific picture 
must include an account of the link or links between the human brain 
and the things—atoms, molecules, etc,—whose existence is postulated 


4 INTRODUCTION 


in order to describe the observations. Historically, it has been recog- 
nized from the earliest times that a very important set of our obser- 
vations involves light and vision. Harly theories of light were therefore 
theories of vision. One school postulated that the eye sends out 
invisible antennae or sensitive probes and is thus able to feel objects 
which are too distant to be touched by hands or feet. This theory 
may be called the “ tactile” theory. Another view was that something 
is emitted by bright objects and that when this thing enters the eye 
it is able to affect some sensitive part of the eye and so give rise to the 
sensation of sight. This theory was called the “‘ emission ” theory. 
Both these theories were current among Greek thinkers about 500 
EO. 


1.7.—The tactile theory is inherently simple because it describes 
the unknown in terms of the known. The more mysterious sense of 
vision is directly related to the simpler and more obvious sense of 
touch. The tactile theory has some difficulty in explaining why things 
can be felt, but not seen, in the dark, and why bodies can be made 
visible in the dark by heating them. The fact that certam bright 
bodies are able to make neighbouring bodies visible also receives no 
obvious explanation. 

The tactile theory can include this type of observation by postu- 
lating that the visual probes are able to feel only certain kinds of sur- 
faces and then making a series of assumptions that surfaces can be 
modified under various conditions. When this is done, the simple 
relation to the sense of touch has been lost. The theory becomes 
intolerably complicated. These observations are described in a simple 
and satisfactory way by the emission theory if it be assumed that some 
bodies emit a radiation to which the eyes are sensitive, and that others 
are able to reflect or scatter this radiation so that it enters the eye. For 
these and similar reasons, the emission theory gradually displaced the 
tactile theory. The process was very slow and it was not until about 
1000 4.p. that, under the influence of the Arabian astronomer Alhazen, 
the tactile theory was finally abandoned. 


1.8.—The emission theory being accepted, light may be defined as 
“visible radiation”, and we may give the following general account 
of the visual process. Light, being emitted, reflected, or scattered, 
enters the eye and is focused by the lens of the eye on a surface 
situated at the back of the eye. This surface is called the retina. It 
* Many variations and combinations of these theories were also suggested. We 


need not consider them since they are more complicated than the two theories we have 
described and have no important compensating advantages, 
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contains a large number of nerve endings. When light falls on one of 
them, a chemical and physical action takes place. As a result, a series 
of electrical impulses is sent along an appropriate nerve fibre to the 
brain. 

A complete theory of vision thus involves many sciences. The 
description of the emission, reflection and scattering of light and of 
its transmission to the eye is a part of physical science. The descrip- 
tion of the structures of the eye, of the optic nerve and of the asso- 
ciated parts of the brain, belongs to the anatomist. The description 
of the processes by which the eye lives and transmits its messages to 
the brain is within the science of physiology. The description of the 
way in which the mind interprets a pattern of visual sensation and 
relates it to other visual and non-visual experience falls within the 
domain of psychology. Most of the theory of vision is clearly outside 
the scope of a book which is primarily concerned with the physical 
properties of light, though knowledge of some of the non-physical 
aspects of vision is necessary in order to understand the subject of 
photometry and the physical specification and measurement of colour. 


1.9. Light in Relation to Physical Science. 


Although the theory of light started as the study of vision, this is 
not, to the physicist, the most important part of the subject. He can 
detect light through its heating effect on a thermopile or through its 
electrical effect on a photocell. He can also detect it as an agent capable 
of causing chemical action or through its effect on a photographic 
plate. To him, light is a form of energy which travels from one place 
to another. It can interact with matter and can be transformed into 
thermal, electrical or chemical energy. The physical equations would 
be incomplete and the energy conservation law would fail if the trans- 
fers and transformations of energy due to the action of light were not 
taken into account. To the physicist the effect of light on the retina 
is only one example of photo-chemical action. 


1.10. Waves or Corpuscles. 

If light is a form of energy which can be transferred from one place 
to another, it is reasonable to seek to describe it by analogy with other 
methods of transport of energy. Moving bodies possess kinetic energy. 
This energy accompanies the body in its movement and thus passes 
from one place to another. Another mechanical mode of transfer of 
energy is by means of the propagation of waves. This mode is not, 
in general, accompanied by any bodily movement of the medium, 
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Many physicists of the seventeenth and eighteenth centuries sought to 
describe light either in terms of moving particles or of waves. To them, 
these forms of moving energy were sharply differentiated, in that 
particle energy is highly localized. The kinetic energy of a rifle-bullet 
travels from one well-defined, small region of space to another, and 
does not spread during transit. If, however, a wave is started by 
dropping a stone into a pond, the energy quickly spreads over the 
whole surface, and usually no small region receives a very high pro- 
portion of it. 


1.11. Rays of Light. 


In the seventeenth century it was known that the propagation of 
light could be represented by means of rays. If the light from a very 
small source was interrupted by an opaque obstacle, a very sharp 


Fig. 1.1.—Formation of shadows by (a) a point source A, and (6) an 
extended source A’, in relation to rectilinear propagation of light 


shadow was formed (see fig. 1.1a). If the source was not very small 
the edge of the shadow was not so sharp. There was a dark shadow 
known as the wmbra and a diffuse edge known as the penumbra (see 
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fig. 1.16). These observations are simple examples of a large number 
which are generally described by the statement that light travels out 
from the source along rays which are straight lines. On this view, the 
change of illumination which occurs in the penumbra is due to the 
fact that a point in this region receives light from only a portion of 
the source. There is no evidence here that light energy spreads out- 
side the region defined by the rays. A ray may therefore be defined 
as a path along which light energy travels from a source to a receptor. 
Transit along this path is prevented if the ray is cut by an opaque 
obstacle at any point. If all the rays from a given source to a receptor 
are interrupted by opaque obstacles, no light energy can reach the 
receptor from the source. Note that two ideas are involved—first, 
that light is propagated in rays, and, second, that these rays are straight 
lines. The motion of a small particle inevitably sweeps out a line, but 
not necessarily a straight line. According to Newton’s Laws of Motion, 
particles travel in straight limes in the absence of any “ impressed ” 
force. It therefore appeared to Newton that light should be described 
as a system of particles following paths described by his Laws of 
Motion. It is true that, owing to the action of the earth’s gravitational 
field, the trajectories of material particles are not straight lmes. The 
rectilinear propagation of light must therefore be explained, either 
by assuming that the light-particle has no weight, or that its speed is 
always so high that the curvature due to the action of gravity is too 
small to be detected. 


1.12. Interference and Diffraction. 


Although Newton knew of no evidence for the spreading of light 
energy, he first studied what were later called interference phenomena. 
These are described in an elegant way by the wave theory of light. 
He placed a convex lens of large radius of curvature (about 50 feet) in 
contact with a plane piece of glass and viewed the reflected light (see 
fig. 1.2). A series of coloured rings—alternately bright and dark—was 
observed (see Plate Ie, p. 72). These are known as Newton’s Rings. 

Newton recognized that these rings indicated the presence of some 
kind of periodicity and that this suggested a wave theory of light. 
He believed that the rectilinear propagation of light was an insuper- 
able objection to a simple wave theory. He therefore suggested that 
light consists of corpuscles which either possess an internal vibration 
of their own or are in some degree controlled by waves or vibrations 
of the medium through which they travel. The objection to a simple 
wave theory was removed when it was discovered that the propagation 
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of light is not strictly linear. Light does spread, though to a very 
small extent, from the edges of beams defined by rays (see Plate III, 
p. 214). For example, the shadow of a straight edge formed by a small 
source is not perfectly sharp when seen padee high. magnification. 
Some light penetrates into the region which ought to be completely 
dark if light were propagated entirely in straight lines, and there is a 
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Fig. 1.2.—Apparatus for viewing Newton’s rings 


series of fine, light and dark bands at the edge of the region outside 
the shadow. Some observations of this type were made by Grimaldi 
in Newton’s lifetime, but it was not until 150 years later that this 
phenomenon (which is known as diffraction) was clearly understood. 
The discovery of diffraction showed that the propagation of light is 
not exactly rectilinear. The concept of the ray of light does not 
exactly correspond to the results of observations. It is only an 
approximation. 


1.13. Development of the Wave Theory. 


We shall see later (Chapters VI and VIJ) that whilst the wave theory 
cannot give a satisfactory account of exactly linear propagation, it 
is well suited to describe approximately linear propagation, provided 
that it be assumed that the wavelength is small in relation to the 
relevant dimensions of the apparatus. The nineteenth century saw 
very important advances in the technique of experimental physics, 
and the number and accuracy of experiments on light increased 
greatly. The observations obtained were well described by the wave 
theory which became more exactly defined. We may note three im- 
portant types of observation. 


(i) The Wavelength of Light. 


Many detailed experiments on interference and diffraction were 
made. These led to a set of determinations of the wavelength of light. 
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It was shown that, in a spectrum, the wavelength is related to the 
colour. The wavelength is about 6-5 x 10-5 centimetre for red, 
5-6 x 10~° for green and 4-5 x 10-5 for blue light. Different methods 
of measurement gave consistent results. 


(ii) The Velocity of Light. 

In 1676, a Danish astronomer, Romer, made the fundamental dis- 
covery that the velocity of light was finite, and estimated it from 
astronomical observations. About 200 years later the velocity was 
measured by terrestrial experiments and was shown to be very near 
to 3 X 101° centimetres per second (or 186,000 miles per second). 


(iit) The Polarization of Light. 


In 1670, Bartholinus discovered that when a beam of ordinary 
light passes through certain crystals (such as calcite) each ray splits 
into two. On passing the two rays into a second crystal, the effect 
depends on the orientation of the crystal with respect to the beam. 
For certain orientations the two rays proceed unchanged. For other 
orientations the two rays each split into two (see fig. 1.3). This pheno- 
menon is known as double refraction. It indicates that a beam of 
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Fig. 1.3.—Double refraction: (a) two crystals with similar orientations, 
b) two crystals with different orientations of crystal axes’ 


light which has passed through a crystal is differentiated in respect of 
planes including the direction of propagation. The simplest experi- 
ment on this property was made much later (1808) and is due to Malus. 
He reflected a beam of light at the surfaces of two unsilvered pieces 
of glass (see fig. 1.4). He showed that when the two reflections are in 
the same plane (as shown in the figure) a high proportion of the light 
incident on the second mirror (M,) is reflected. If the mirror M, is 
turned so that the second reflection is directed out of the plane of the 
paper, the reflected beam becomes weaker. It is of nearly zero bright- 
ness when the two reflections are in planes at right angles. This shows 
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that after the first reflection the beam of light has a special property 
in relation to the plane of the paper. It can be strongly reflected, at 
a glass surface, in this plane but not in a plane at right angles. A 
beam of light which possesses this property is said to be plane-polarized. 
This type of property finds no place in a theory of longitudinal waves. 
For this reason it was regarded by Newton, who considered only such 
waves, as an additional important objection to the waye theory. It 


Fig. 1.4.—Malus’ experiment. Note that M, and M, are unsilvered mirrors 


is, however, adequately represented in a theory of transverse waves. 
This was realized by Huygens (1690) but it was not until the nine- 
teenth century that really detailed experiments on the reflection and 
refraction of polarized light became available. With a longitudinal 
wave, the direction of vibration is always the same as that of propa- 
gation, so the wave motion can be represented as the variation of a 
scalar quantity. A transverse wave motion must be represented by a 
vector whose direction is related to the plane of polarization. 


1.14. Electromagnetic Theory. 


The wave theory of light was formulated before the development 
of the fundamental laws of electromagnetism. It was assumed that 
there existed some kind of medium which had properties like that of 
an elastic solid. This medium pervaded all space but was modified 
by the presence of matter. A theory of transverse waves in such a 
medium formed a qualitative description of the fundamental pheno- 
mena of interference, diffraction and polarization. In order to fill in 
the details of the wave theory, it was necessary to make special as- 
sumptions concerning the density and elasticity of this medium, and 
also concerning the conditions obtaining at the surface separating two 
media such as glass and air. Discussion of these details revealed 
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certain difficulties and appeared to indicate that there were some 
inconsistencies in the theory. All these difficulties were resolved by 
Maxwell’s electromagnetic theory of light. 

Maxwell formulated the equations of electromagnetism in a 
general form, and he showed that they suggest the possibility of the 
propagation of transverse electromagnetic waves. The velocity of 
propagation can be derived from constants measured in laboratory 
experiments on electricity and magnetism. The value calculated is 
in close agreement with the directly measured velocity of light. 
Maxwell’s theory included an account of the propagation of electro- 
magnetic waves in media such as glass. He was able to show that 
it gave a general account of the phenomena of reflection and refrac- 
tion, including the formation of a spectrum by the dispersion of light. 
It is important to realize that all this was achieved without intro- 
ducing any arbitrary assumptions. The theory of light became, in the 
hands of Maxwell, a part of the theory of electricity and magnetism. 


1.15. The Electromagnetic Spectrum. 


The elastic-solid theory of light could not explain why all the 
observed waves had wavelengths between about 7 x 10-> and 
4 x 10- centimetre. The theory of electromagnetic waves suggested 
the possibility of producing waves of other wavelengths by electrical 
means. Success was first obtained by Hertz, who in 1887 succeeded 
in propagating electromagnetic waves of about 10 metres wave- 
length. A great deal of the progress of experimental physics since that 
time has consisted in the discovery of methods of producing electro- 
magnetic waves of different wavelengths. Some of the properties 
of these waves depend upon their wavelength, but they are all 
propagated with the same velocity (in free space) and they are all 
described by the equations of Maxwell. Fig. 1.5 shows them arranged 
in order of wavelength. Modern technical advances have provided 
methods of producing or of detecting waves of nearly every wave- 
length from above 3000 metres to below 10-" centimetre. 

There are certain regions in the spectrum where it is still very 
difficult to excite the waves. These regions are not completely ex- 
plored but they are not really gaps in the spectrum. The limits of the 
spectrum at the two ends are not perfectly definite. At the long-wave- 
length end, methods of producing and detecting radiation gradually 
become less efficient as the wavelength increases. At the short-wave- 


length end, an enormous concentration of energy is needed to produce 
2 (G 577) 
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the vibrations of extremely high frequency. Also these radiations 
are difficult to detect since they are very little absorbed by matter. 
The range of wavelengths to which the eye is sensitive and to which 
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Fig. 1.5.—The Electromagnetic Spectrum 


The main diagram shows the names given to electromagnetic waves of different 
wavelengths. The logarithm (to base 10) of the wavelength in centimetres is shown 
on the right. The relation between different units of length is shown on the left, e.g. 
1 Angstrém unit (A.) = 10% cm. The data given enable wavelengths to be converted 
from one unit of length to another, e.g. for red-orange light, X = 6 x 107> cm, = 
6000 A. = 0:6 p. 

The inset figure on the left is an enlargement of the region between 10,000 A. 
and 1000 A. The scale for this enlargement shows the wavelength directly. ‘The 


scales to the right (which are intended for use in connection with later chapters of 
the book) show 


(i) logy) v, where pv is the wave number, i.e. the reciprocal of A in cm. 
(1i) logy) v, where v is the frequency in sec. 
(1ii) logy, Z, where FE = hv is the energy in ergs of a quantum of frequency v. 
(iv) log;, V, where V is the energy in electron-volts (see Example I (iii) ). 


we give the name “ light ” is thus seen as part of a very much wider 
spectrum. The electromagnetic theory brings light into relation with 
the other types of electromagnetic radiation and also with the funda- 
mental theories of electricity and magnetism. 
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1.16. Photons. 


Let us now return to the fundamental conflict between wave and 
particle theories of light. 

The wave theory, in explaining the approximately rectilinear pro- 
pagation, seemed to have defeated the particle theory, and all the 
experimental results of the nineteenth century appeared to be ade- 
quately described in terms of wave concepts. Early in the twentieth 
century, a series of observations on photo-electricity created a really 
serious difficulty for the wave theory. It was found that light could 
cause atoms to emit electrons and that, when light released an elec- 
tron from an atom, the energy possessed by the electron very greatly 
exceeded that which the atom could, according to the electromagnetic- 
wave theory, have received. Hinstein suggested that, in order to give 
an adequate description of these observations, it was necessary to 
assume that the energy of a light beam is not evenly spread over the 
whole beam, but is concentrated in certain regions. These localized 
concentrations of energy he called photons. They are propagated like 
particles. It is assumed that there are usually a very large number of 
them, the energy in any one photon being very small. Thus to most 
ordinary experiments, the energy of a light beam is evenly distributed, 
just as a gas exerts a very nearly uniform pressure on the surface of an 
ordinary vessel, because each molecule is very small and the number 
of molecules is very large. When very small areas are involved (e.g. 
when the movement of an ultra-microscopic particle is observed), the 
irregularities of the Brownian movement show the discontinuous 
“ structure” of the gas. In a similar way, the atom presents to the 
light beam an area so small that it indicates the presence of “ molecules 
of light ” or photons. In order to describe the observation in detail, 
it is necessary to assume that the photons corresponding to light of 
one wavelength all have the same energy. 

Shortly before Einstein suggested the concept of photons, Planck 
had found it necessary to use a somewhat similar hypothesis for 
entirely different reasons. He was concerned with the light emitted 
by hot bodies. He found that the observations indicated that light 
energy is emitted by atoms in multiples of a certain energy unit. It 
is not possible to emit a fraction of a unit. The size of the unit, which 
is called a quantum, depends on the wavelength (A) of the radiation. 
pea e.e a ee et renee 1(1) 


where A is a universal constant, known as Planck’s constant, and c is 
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the velocity of light. The value of Planck’s constant (h) is 6-6 x 10s 
erg-second. If vy is the frequency of the radiation, we have c = vA, 


and hence Bahy. « “ohn hte) 


Planck’s hypothesis did not require that the energy should be 
emitted in localized bundles and it might, though with some diffi- 
culty, have been reconciled with the electromagnetic-wave theory of 
radiation. When Einstein showed that it seemed necessary to assume 
the existence of concentrations of energy travelling through free space, 
a solution of this kind was excluded. The concept of a particle 
appeared to be necessary. 


1.17. Relativity Theory. 


Mainly as a result of experiments on the propagation of light in 
moving media, Einstein investigated the foundations of dynamics. 
In 1905 he published what is known as the Restricted Theory of Rela- 
tivity. This theory is a new system of dynamics, modifying and in a 
certain sense superseding the Newtonian theory. The difference be- 
tween the relativistic dynamics and the Newtonian dynamics is very 
important when the particles under consideration are moving with 
speeds near to that of light. Any satisfactory theory of light must 
therefore agree with the concepts of the relativistic dynamics. When 
the theory of light is brought into relation to the theory of relativity, 
it is possible to give an elegant account of observations on light which 
is emitted by a source moving with respect to the observer, or on light 
which passes through a medium moving with respect to either source 
or observer. In 1915, the theory of relativity was extended to include 
the dynamics of bodies moving in fields of force. The theory made 
specific predictions concerning the properties of light emitted in, or 
passing through, strong gravitational fields. The verification of these 
predictions by astronomical observations gave support to the general 


theory of relativity and showed that it, too, is relevant to the theory 
of light. 


1.18. Modern Theory. 


The modern theoretical physicist is required to invent a unified 
description of two very different types of experiment. On the one 
hand stand all the phenomena of interference, diffraction and polariza- 
tion, which are so well described by the wave theory. On the other 
hand, modern experiment has greatly increased the number and range 
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of the experiments which are readily described in terms of photons. 
The electromagnetic picture has no place for the photons, and the 
particle theory has no place for the waves, yet both are required to 
give a complete description of the phenomena. In a similar situation, 
Newton considered the possibility of particles which possessed periodic 
properties or were guided by waves. Many suggestions of this type 
were considered during the first quarter of this century but none of 
these was entirely successful. 


1.19.—The solution which is now accepted is more radical. The 
modern quantum mechanics constitutes one theory including the pro- 
perties of light and of matter. The description is very closely knit 
together so that it is not possible to separate one part and call it the 
“theory of light’. The theory is not easy to understand but it is not 
unnecessarily complicated in view of the wide range of phenomena 
covered. As indicated at the beginning of this chapter, it can be stated 
completely only in mathematical form. It must not be thought that 
the theory is complete and will never require modification. With this 
qualification, it may fairly be said that the main difficulties of the 
particle-wave conflict have been resolved, and that a really unified 
theory has been produced. In this unified theory the particle and 
wave ideas appear as complementary rather than as rival conceptions. 
The theory shows, in a systematic and logical way, that wave and 
particle concepts are each to be used in appropriate contexts, and it 
shows the relation between them. 


1.20.—This introduction to the theory of light is summarized 
diagrammatically in fig. 1.6, which indicates how the theory has 
gradually been extended and modified to include, within one descrip- 
tion, the increasing range of experimental material. Starting at the 
top left-hand side, we see that the rectilinear propagation of light was 
included in both the tactile and the emission theory. The former, 
which could not explain many phenomena which indicate that light 
is a form of energy, was abandoned about 1000 a.p. The emission 
theory is divided into (a) the corpuscular emission theory, and (5) the 
wave emission theory. The phenomena of interference and diffraction 
appeared to give a clear decision in favour of a wave theory. Slightly 
later it became necessary to use a tranverse-wave theory in order to 
include the phenomena of double refraction, etc. The transverse (or 
vector) wave theory was initially stated in terms of an elastic solid 
theory, but the theory of Maxwell was preferred because it gave an 
elegant explanation of the relation between the velocity of light and 
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the ratio of the electromagnetic units. Early in this century, experi- 
ments on the interaction of radiation and matter led to formulation 
of the quantum theory which had some features in common with the 
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Fig. 1.6.—Development of the theory of light 
(The dates given are intended to give a general indication of the times at which 
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earlier corpuscular theory. The theory of relativity was formulated 
about the same time. The modern quantum mechanics (developed 
since 1927) incorporates the appropriate parts of the electromagnetic 
wave theory, the quantum theory and the relativity theory. 
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EXAMPLES [1(i)-l(v)] 


1(i). What is the energy of a quantum of red light of wavelength 6-6 x 10-5 
om.? What is the associated frequency? 
[# =3 x 10- erg; v = 4:5 X 10" sec.—] 
1(ii). What are (a) the frequency and (b) the wavelength of the radiation for 
which the quantum of energy is equal to the kinetic energy of an electron which 
has been accelerated by a potential difference of 1:24 volt? The charge of an 
electron is 4-8 x 10~1° e.s.u. [v= 3-0 x 10" seo.-?; 21 = 10-* cm. = lp.| 
1(iii). One electron-volt is the energy of an electron which has fallen through a 
potential difference of one volt. How many electron-volts are equivalent to a 
quantum of X-rays whose frequency is 3 X 10!®sec.—1? [123,800.] 


l(iv). What are the dimensions of Planck’s constant? (MLA T S| 


1(v). If N atoms each emit a quantum of frequency v, how much energy (in 
joules) is available? 1 joule = 10’ ergs. [6-6 x 10-%4 Ny joules.] 


CHAPTER II 


Wave Theory—Introduction 


9.1. Fundamental Ideas. 


The theory of wave motion forms a descriptive system appropriate, 
with minor modifications, to a wide range of observations in sound and 
light, as well as to waves propagated along the surface of a liquid. 
The same system of equations may be used because the different 
groups of phenomena have many properties in common and it is these 
common properties which are described by the equations of wave 
motion. In the general account of wave theory, and in all the appli- 
cations discussed in Chapters III-IX, it is not necessary to specify 
the detailed physical properties of the disturbance which represents 
light. It is even a matter of indifference whether the disturbance 
considered is a scalar quantity, like the pressure of a gas, or a vector 
quantity, like the electric or magnetic field vectors. 


2.2.—The theory of wave motion involves three distinct concepts: 

(a) There is some physical property which, at any given instant, 
has a defined and measurable value at every point. 

(6) The value of this property at any given point can undergo a 
periodic fluctuation or disturbance. 

(c) A disturbance at one point at a given time produces a similar 
disturbance at a neighbouring point at a slightly later time so that 
the pattern of the disturbance is continuously transferred from one 
place to another. 

In studying wave motion it is convenient to start with the simple 
harmonic oscillator. This is the simplest and most fundamental of the 
many types of vibrating source which may give rise to waves. More- 
over, its motion is essentially the same as the motion of any point 
in a medium through which waves are passing. The picture of a 
progressive wave is obtained by combining the equations of simple 
harmonic motion with certain general equations of propagation. 


2.3. The Simple Harmonie Oscillator. 


The undamped simple harmonic oscillator is a mathematical ab- 


straction, just as a frictionless pulley is a mathematical abstraction. 
18 


% 


a 
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Although no completely undamped oscillator is found in nature, the 
motion of an undamped oscillator forms a good first approximation 
to the motion of many physical systems. By its use certain important 
results are obtained in a simple way, and it is not difficult to insert the 
effects of damping as a second approximation. 
In studying the simple harmonic oscillator, 
it is convenient to picture a particular 
physical system, and we therefore start by 
considering a torsional pendulum (fig. 2.1). 
The pendulum consists of two equal masses 
A and A’ connected by a weightless rod. 
The rod is suspended from its mid-point M 
by a thin wire whose upper end E is fixed. 
Suppose that the system is initially at rest, 
that the rod is rotated through a small angle _ Fig.2.1.—Torsional pendulum 
about the vertical line EM and is then 

released. The subsequent motion may be studied by considering the 
variation of the quantity q which is defined to be the linear displace- 
ment of A (or A’) from its mean position. It is to be understood that 
q is measured along the circular are through which the masses move. 
Then 


g—= f(t), st Ge Bo eee 


where ¢ is the time measured from any convenient original moment. 


2.4. Hapervmental Observations. 


The following experimental observations might be made on such 
a system: 

(i) The pendulum oscillates to and fro in a horizontal plane and 
there is a constant interval between the times when A passes through 
its equilibrium position, ie. between the times when g=0. The 
time between successive transits in the same direction is called the 
period (T). 

(ii) The value of q varies between two limits +a. The quantity 
a is called the amplitude. In practice the amplitude slowly decreases, 
but with a suitable choice of material for the wire (EM) the decrease 
in one period is small. As stated above, it is neglected in the present 
discussion. 

(iii) The variation of g with ¢ is represented by a graph similar to 
that shown in fig. 2.2a. 
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This graph can be represented by the equation 
—asin(wi+8)=asng, ... = Al) 


where w =27/T and is called the angular frequency * or circular fre- 
quency, 5 is a constant called the epoch or epoch angle, is called the 
phase and is defined to be equal to (wt + 6). The angular frequency 


| 


Fig. 2.2.—Variation of displacement, velocity, and acceleration with time, for 
a simple harmonic oscillator 


is closely related to the frequency or number of vibrations per second. 
If v is the frequency, 


Pele 
v= a= 2(3) 


The value of 5 is determined by observing the value of g when ¢ = 0, i.e. q 
=asind. If the origin of time is chosen so that t = 0 when g = 0, then § = 0 
and 2(2) becomes 


g=asinat. Boece ee me oo ey 


It is usually convenient to choose the origin of ¢ in this way when dealing with a 
single system but, when two systems are being considered, they do not in general 


* This quantity is sometimes called the pulsance. 
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have the same epoch. While one can be reduced to the form 2(4), the more general 
relation 2(2) must be used for the other. Although only one system is now under 
consideration the more general form 2(2) is retained in view of later applications. 


(iv) The force required to turn the rod AA’ so as to maintain a de- 
flection q is found to be proportional to g. Write it equal to kg. The 
work done in deflecting the pendulum (slowly) through a distance 
q is 


V = tke’. Tee we se owe ge) 
(v) The period of oscillation of the system is found to be 
[ieee feet ane ng ale 

rr NY i 2(6) 


where 3m is the mass of either A or A’. 


2.5. Equations of Motion. 
By differentiating equation 2(2) with respect to time, we obtain 
g = wa cos (wt + 5) = wa cosd = +w(a? — g?)*. 27) 
and gq = —wa sin (wt + 8) = —w*a sind = —w*g. . 2(8) 


These equations are represented in figs. 2.2b and 2.2c. Both the posi- 
tive and the negative sign have to be used in 2(7) because each value 
of g is associated with two equal and opposite values of g. The system 
passes through each point twice in one period. On these two occasions 
the magnitude of ¢ is the same but the sign is different. Equation 2(8) 
may also be obtained directly from the dynamical laws of motion. 
The torsion of the wire provides a couple which is equivalent to two 
forces each equal to $kg and each acting on a mass 3m. 


- k 
Thus Talia ie See ta 2(9) 


The minus sign is required because the force always acts in a direction 
opposite to the displacement (q) and so acts as a restoring force tending 
to return the system to its equilibrium position. Equation 2(9) is 
equivalent to equation 2(8) provided that 


oe alo et ear re 0221100) 
m 


or Poon 2 5s a GOS) 


This equation is verified by direct observation (see § 2.4). The period 
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(or angular frequency) is thus determined by the ratio of the restoring 
force per unit displacement to the mass. 

From 2(7) the kinetic energy (}mq?) is seen to be }mw*(a? — 9’), 
and using 2(5) it may be seen that the total energy (W) is given by 


W=}mo%®, . . 2... . ALL) 


This energy is the same at all stages of the motion. 


EXAMPLES [2(i)-2(vi)] 


2(i). Write down the more important steps of the above discussion, using the 
angle through which the rod AA’ is deflected as the variable. If this angle is 0, 
show that 6 = —w?@ and obtain a solution of this equation. 

2(ii). What are the dimensions of the constant k? Show that equations 2(5), 
2(6) and 2(9) are dimensionally correct. 

[The dimensions on each side of 2(5) are [ML?T~*] and, on each side of 
2(9); [LE-*].] 

Q(iii). What are the dimensions of , v, 6 and 6? Show that equation 2(10) 
is dimensionally correct. 

[The dimensions of w and y are [T-1]; @ and 6 are angles and hence 
are pure ratios. | 

2(iv). Show that the small oscillations of a simple pendulum are simple har- 
monic and find the angular frequency. [a = V(g/l).] 

2(v). Find the period of oscillation of a compound pendulum supported at a 
distance h from the centre of gravity. 

(T = 2nv {(h? + k?)/gh}, where k is the radius of gyration about the 
centre of gravity. ] 

2(vi). Make a list of some other physical systems whose motion is appro¥- 
mately simple harmonic. 

[Any system in which there is a restoring force proportional to the 
displacement, e.g. a common balance, a magnet suspended in a 
magnetic field, the coil of a moving-coil galvanometer, etc.] 


2.6. Arbitrary Constants. 


Equation 2(8) is the fundamental differential equation of the 


motion. Its solution contains two arbitrary constants and may be 
written 


q=asin(wt+6)=asingd, .... . 2(2) 
or q = —a cos (wt + 5’) = —a cos ¢’, eee) 
or q =A sin wt = B cos win ee ee 2013) 


In 2(2) the arbitrary constants are a and 8; in 2(12) they are a and 
6’, and in 2(13) they are A and B. 
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These arbitrary constants are determined by the initial conditions. 
They may be derived if the values of g and ¢ at some time ty are given. 
For example, if we are given g = 0 and ¢ = u when t = 0, then 8 = 0 
and a = u/w, so that ¢ = (u/w) sin wt in this case. If 2(2), 2(12) and 
2(13) all refer to the same initial conditions, the following relations 
must hold: 


—é8= 

# $= 

A=acoss and B=asin6, 
so that a?= 424 Be, 


TT; 


TT, 


die ple 


2(14) 


The initial conditions may be given in various ways, e.g. the values 
of g and q (or g and q) might be stated for a certain value of t, or one 
of these variables might be given for two values of ¢. In general, two 
independent pieces of information must be supplied. Note that w 
and the two associated quantities v and T are not arbitrary constants. 
They depend on the physical properties of the oscillator and not upon 
the initial conditions. 


EXAMPLES [2(vii) and 2(viii)] 
2(vii). Determine the arbitrary constants and write down equations corres- 
ponding to 2(2), 2(12) and 2(13) when 
(a) q=0 and g = u, when t = nT (n being any integer), 
(6) ¢ = 4 when ¢ = 0, and q = u whent=—4h, 
(c) d= q when? =t,, and g = q, when t = 1,. 


[(a) Qe * sin wt, 
® 


oo sin wt + gy cos wt. 


@) a= { 


uN ee Oty — Jo COS = sin wt + iz al My e =) cos ot. | 
sin c(t, — ty) sin w(t, — ty) 


@ COS at, 


() @={ 


Qviii). Why do you fail to obtain the arbitrary constants if you are given 
q = %, when t = 0 and gy = q, whent = nT? 
[Because the dynamical equations imply that the value of q when ¢ = nT’ 
is the same as when ¢ = 0. Thus only one piece of information about 
initial conditions is supplied.] 
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2.7. General Equations of Motion. 


The general equation which applies to all simple harmonie oscillators is 2(5). 
This leads to the equation 


H= 4” + deg Ma eee pe 8), 


where p is the generalized momentum and H is the total energy expressed as a 
function of p and q. Equation 2(9) may then be obtained from one of Hamilton’s 
equations 

oH __—dp 


ag dt 


2.8. Vector Representation of Simple Harmonic Motion. 


A straight line joming two points has direction and magnitude. 
Such a line is called a vector. When we are confined to lines in a given 
plane, two quantities are needed to define a vector. These may be 
(i) the length of the line, and (ii) the angle which it makes with some 
fixed axis. A vector may also be specified by giving its components 
along two fixed axes, and in various other ways. Always two quanti- 

ties are involved and, for this reason, a 
” vector (in one plane) is suitable for 
the simultaneous representation of two 
quantities. If the vector is given, the 
two associated quantities can be derived 
and, conversely, if the two quantities 
are given, we can draw the vector. The 
vector representation of simple harmonic 
motion may be carried out in either of 
two ways: 

(i) A rotating vector may be used. 
O- X The line OP (fig. 2.3) is the representative 
aK See acaane of vector. Its length is equal to the ampli- 
rotating vector. tude (a) and the angle which it makes 

with the line OX is equal to ¢ [see 
equation 2(2)]. The component of the vector in the direction OY is 
equal to asin ¢ and is thus equal to g. As ¢ increases with t the vector 
rotates at a constant rate of w radians per second. Its rotation repre- 
sents the progress of the simple harmonic motion. The reader may 
verify that the components of the velocity and acceleration of the 
point P, resolved in the direction OY, are equal to g and g as given 
by equations 2(7) and 2(8). 
(il) A stationary vector may be used to represent the two arbitrary 
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constants. This vector may be regarded as an instantaneous “ snap- 
shot ” of the vector OP at the instant for which the initial conditions 
are given. 

Suppose that the length of OQ (fig. 2.4) is equal to a and the angle 
QOX is equal to 6. Then the vector OQ, together with the axis OX, 
states the initial conditions. It does not rotate with the motion, 
but if we are given OQ, and equa- 
tion 2(2), we can determine the 
subsequent motion of the system. 

It is important to recognize that 
the vector representation of simple 
harmonic motion is not related to 
any possible vector property of the 
disturbance which is represented. 
What has been said about vector 
representation applies equally 0 hax 
whether the magnitude which fluc- Fig. 2.4.—Representation of simple 
tuates is a scalar quantity or a harmonic motion by a stationary vector 
vector quantity. 

The relation between equations 2(2), 2(12) and 2(13) may be seen 
from fig. 2.4. In 2(2) the vector OQ is specified by its magnitude (a) 
and its angle (6) to the axis OX. In 2(12) the angle 5’ is given instead 
of 5. In 2(13) the components of OQ along the two axes are given, for 
OH asin 0 = B and OF = acos6 = A: 


ay 


2.9. Equation of Propagation—One Dimension. 


We shall now consider the propagation of a disturbance € which, 
at any given time ¢, has a defined value at any point on a given straight 
line which is taken as the axis of x. We then have 


Be fn ae Bee 2 216) 


If the disturbance considered is a ripple running along a stretched 
string, then € will be the displacement of the string (at the point x and 
the time ¢) from its equilibrium position. € might equally well repre- 
sent the kind of disturbance which forms a set of ripples on the surface 
of a liquid, provided that the ripples form a series of lines parallel to 
each other, and perpendicular to the axis of x. € is then a function of 
x and not of y. Ina similar way, € might represent a very wide parallel 
beam of light travelling in the direction of the axis of w. For each of 
these disturbances 2(16) is satisfied. 

The values of € at a particular time ¢, form a function of « only. 
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The curve connecting é and # at a given time is called the profile of 
the disturbance. If the disturbance is propagated unchanged in the 
direction OX, then in a given interval of time (¢’) all the values of € 
move a certain distance (a’) along the axis of x. Algebraically, an 
increase in ¢ has the same effect as an alteration in the origin of 2. 
If the disturbance is propagated with speed 6, in the positive direction 
of z, then wv’ = bt’, i.e. an increase of ¢’ in ¢ and a movement in the 
origin of x in the negative direction by an amount bt’ produce equal 
and opposite alterations in the values of €. Therefore 
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remembering that a movement of the origin in the negative direction 
is equivalent to an increase in all the values of 2. 
Equation 2(17) will be true for all values of x and ¢ if, and only if, 


== f (Ob —— 2), ay eet) 
since b(t + t’) — (x + bt’) = (bt — a). 


Similarly a disturbance propagated in the negative direction of x is 
represented by 


E=gbitz), ...... 2(19) 


where f and g represent any two continuous functions. If the speed of 
propagation (b) ws the same for all values of x and t, we obtain by 
differentiation of 2(18), 


cae 
aad 

2(20) 
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where dashes represent differentiation with respect to (bt — 2). 
Equations 2(20) lead to 
Gate WeGHte 
aot BOR a) 
This is the fundamental differential equation for the propagation of 
a disturbance with constant velocity and without change of profile. 
It may easily be verified by differentiation that 2(19) is a solution 
of this equation and that any linear combination of 2(18) and 2(19) 
such as 


E=H, fit —a)+ Hy gbt+2) . . . 2(22) 
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(where H, and H, are constants), is also a solution. Equation 2(22) 
represents one disturbance propagated in the positive direction, and 
a second disturbance (not necessarily of the same profile) propagated 
in the negative direction. 


2.10.—Consider a disturbance defined by 
§=asin | (bt +2), ee ees) 
where a, b and w are constants for all values of x and ¢. This distur- 
bance has the following three properties: 


(i) It is of the same form as 2(19) and is therefore propagated 
unchanged with velocity b in the negative direction of z. 


c 


Fig. 2.5.—Profile of a simple sine wave 


(ii) At any given point the disturbance is simple harmonic; for, 
if we put z = a, in 2(23), and make 6 = w%,/b, the resultant expres- 
sion is the same as 2(2). w is again the angular frequency of the simple 
harmonic motion. 

(ii) At any given instant the profile forms a simple sine function 
since, if ¢ is put equal to fp, 


f=asin | (e+ bb). » 2 o a AEB) 


This profile is shown in fig. 2.5. It is of the same shape as that shown 
in fig. 2.2a, but the variables are now € and z instead of g and #. 
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2.11. Wavelength and Wavelength Constant. ° 

The profile shown in fig. 2.5 is space-periodic. It is repeated at 
distances of 2b/w. This distance is called the wavelength and is de- 
noted by A. An associated constant « is called the wavelength constant 
(or propagation constant) and is defined to be equal to 27/A. 

Using these definitions together with equation 2(3), the following 
relations may be derived: 


A OT a en 


2.12. Phase of the Wave. 
The disturbance represented by 2(23) may be written 


€é=asin(wt+n«r)=asngd, . . . 2(26) 


and the phase ¢ = (wt + xz) is seen to be a function of x and t. The 
phase increases by 27 whenever ¢ increases by 7, and whenever x in- 
creases by A. When ¢ increases by 27 all the trigonometric functions 
which define € and its derivatives return to their original values. 

Equation 2(26) represents a wave whose phase is zero when ¢ = 0 
and «=0. A slightly more general form is 


€ =asin (wt + x«x+6,)=asingd, . . 2(27) 


When a single wave is under consideration it may usually be 
reduced to the form of 2(26), but when two or more waves are 
considered together it is usually necessary to use 2(27). 


EXAMPLES [2(ix)-2(xi)] 


2(ix). Show that the discussion of §§ 2.10-2.12 applies to the following dis- 
turbances: 


— =a cos (wt — «x + 8,). (28) 
— = asin (at — «cx + 83). So ee eee eee) 
— =a cos (wt + nx + 8). ee (30) 


What kinds of waves do these expressions represent? What is the phase relation 
between a wave represented by 2(29) and one represented by 2(28)? 


[8s — 8, = 7/2.) 
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2(x). Differentiate 2(27) twice with respect to ¢ and twice with respect to a. 
Hence verify directly that equation 2(21) is satisfied. 


2(xi). Show that the sum of a number of expressions similar to 2(27), 2(28). 
2(29) and 2(30) is always a solution of the wave equation. 


2.13. Propagation of Waves in Three Dimensions. 


When a disturbance is propagated in a three-dimensional space, 
the value of € at any given point in the space undergoes a periodic 
variation. In the simplest type of wave, the variation of £ with ¢ at 
any point is simple harmonic. The phase ¢ varies from point to point 
and is a continuous function of a, y, z, and t. The variation of ¢ is 
such that, at any given time, the phase has the same value over the 
whole of certain surfaces. These surfaces are called wave surfaces. 
They are defined by the relation 


se Silenhovesmy —o bo 4 6 AG 


where y, is the value of the phase for one particular wave surface at 
time ¢). In general, the wave surfaces form a family of surfaces, x 
being the variable parameter which selects a particular member of the 
family. Wave surfaces may constitute a family of concentric spheres, 
or a family of parallel planes, or they may take other forms. The 
waves are called spherical waves, plane waves, etc., according to the 
shape of the wave surfaces. 


2.14. Plane Waves. 
When ¢ has the form 
$= wt — Kaw + Py ty)+8, . . . 2(32) 
where «, 8, y are real constants connected by the relation 
G2 Peteytaed, . . ... « 2(33) 


then the wave surfaces constitute a family of planes whose direction- 
cosines are «, f, y. 
Differentiating 2(32) with respect to ¢ we have 
¢=w—Koat+ pytya). . . . . 2(34) 


A point which moves with a velocity such that ¢é = 0 will always have 
the same phase and be in the same wave surface. From 2(34) such a 
point will have a velocity 6 whose magnitude is w/« and whose com- 
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ponents along the co-ordinate axes are ab, Bb, and yb. Such a point 
moves in a direction perpendicular to the wave surfaces. This applies 
to any point on any of the original wave surfaces and therefore every 
wave surface advances perpendicular to itself with speed b = w/k. 
The plane wave in three dimensions is similar to the wave discussed 
in §§ 2.10-2.12 and may indeed be reduced to the form of 2(26) by a 
suitable change of axes. The more general form is required when more 
than one set of waves (not all travelling in the same direction) have 
to be considered, as, for example, in the theory of reflection and 
refraction. 


2.15. The Wave Equation. 


A wave whose phase is of the form given in 2(32) may be repre- 
sented by 


€é=asn¢d —asin[wt — k(ax + By + yz) +4]. 2(85) 
Differentiation of 2(35) gives 


02 
of att, ee 88) 
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and two similar equations. 
Combining 2(36) and 2(37), using 2(33), we obtain 


CEE ate ils ores 2 a 
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This is a general equation of propagation in three dimensions and 
2(35) is the particular solution which represents plane waves of angular 
frequency w. 

A more general solution * is 


é= f(t —am—py—y), . . . . 2(39) 


where a, 8, y are related by 2(33). 
This solution represents a plane wave whose profile is, in general 


not of the simple sine-wave form. ; 


* Further solutions are discussed in Reference 2.1. 
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EXAMPLES [2(xii)-2(xv)] 
2(xii). Verify by differentiation that both 2(39) and 
E=g(bt+ox+ Bytyz) ... . . 2(40) 


are solutions of 2(38). 
Show that any linear combination of these solutions such as 


& = Hf (bt — ax — By — yz) + Kg(bt + ax + By + yz) . 2(41) 


is a solution. What does this solution represent? 
[Show that the wave surfaces, as defined in § 2.14, are planes, and deduce 
their speed and direction of motion. ] 
2(xiii). What does the solution 


& = Ayf (bt — ax — By — Y:2) + Hofo(bt — aye — Boy — Y22) 2(42) 


represent? Make this solution more general. 
[2(42) represents two plane waves travelling in directions represented by 
Oy, By, Y, and %, Bo, yo] 
The more general form—representing waves in various directions—is 


E=2 Af, (bt — %,% — Br¥ — nz)» - - - - 2(48) 


2(xiv). Write down equations similar to 2(32)-2(39) for the propagation of 
waves in two dimensions. Note that the wave surfaces reduce to lines. Strictly 
speaking, there are no plane waves in two dimensions, but “ straight-line waves ” 
are often called plane waves since they are regarded as sections of three-dimen- 
sional plane waves whose wave surfaces are at right angles to the plane in which 
the line waves are propagated. 


2(xv). Show that the expression 
& = f(bt — x cos 6 — ysin 8) oe te a ee ee (44) 


represents a line wave travelling at an angle 0 to the x axis. Write down an 
expression for waves whose lines of constant phase are given by y = ma + C 


(the variable parameter being C). 
[E = f(bt — ama + ay), where a? = (1 + m?*)1.] 


2.16. The Velocity of Propagation. 


In § 2.5 it was shown that w is determined not by the initial con- 
ditions but by the physical properties of the oscillator; e.g. for the 
torsional pendulum w is equal to »/(k/m) and for the simple pendulum 
it is equal to »/(g/l). In a similar way the velocity of wave propagation 
is determined by the physical properties of the medium. The calcu- 
lation of the velocity of light in terms of certain fundamental electro- 
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magnetic units will be given in Chapter XIII. For the present we 
may illustrate the problem and show the way in which a velocity of 
propagation may be determined by considering longitudinal waves 
transmitted along a rod of elastic material (see fig. 2.6). 
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Fig. 2.6.—Transmission of waves along a rod 


2.17. Waves on a Rod. 


Suppose that the area of cross-section of the rod is o, the density 
of the material is p, and the value of Young’s modulus is g. Let x be 
the distance of the plane A from the plane O when the rod is undis- 
turbed, and let x + dx be the corresponding distance for the plane B. 
Suppose that the rod is subject to a disturbance € which is a con- 
tinuous function of x and ¢ so that at a given instant A is displaced by 
€ to A’, and B by € + 8€ to B’. Then the extension per unit length of 
the piece of the rod which initially was between A and B is 


IR IME 
AB $a’ 


and the tension @ is given by 


Q= 0, ee ee Cs 


provided that 5¢/dx is everywhere so small that Hooke’s law is obeyed. 
The tension Q is also a continuous function of z and ¢. The net force 
on the element is the difference between the tension at A’ and the 
tension at B’. This is equal to 


og 
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2(46) 
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and equating force to mass X acceleration we have 


Tibet a le Fs 
which reduces to arg ep oz 2(47 
a, ee (47) 


This is equivalent to 2(21) if 


b= s/f Sop area 1 ey 
p 


Thus the velocity of propagation is determined by the values of density 
and Young’s modulus for the material of which the rod is made. 


2.18. Transport of Energy and Momentum. 


In § 2.5 it was shown that a vibrating system possesses both kinetic 
and potential energy. In simple harmonic motion, the energy passes 
to and fro between the kinetic and potential forms but the total re- 
mains constant and is proportional to w?a?. The elastic waves discussed 
in the last paragraph possess both kinetic energy, because the medium 
is moving, and potential energy, because it is in a state of strain. It 
may be shown that the total energy per unit volume is constant, and 
is proportional to wa? [see Example 2(xvi), p. 41]. Thus the wave 
motion of the medium implies the existence of an energy density D 
which is proportional to the square of the amplitude. 

It is often more convenient to deal with the square of the ampli- 
tude rather than with the actual energy density. We shall refer to the 
square of the amplitude as the relative energy, because it is the ratio 
of the energy density of the given wave to that of a wave of the same 
frequency with unit amplitude. The importance of the relative energy 
is that most physical instruments for measuring light of one frequency 
are devices for comparing the relative energies at different places. 

The energy density is constant during the whole time for which a 
wave of constant amplitude is present in the medium. This constant 
energy density is maintained by energy being transported into any 
particular portion of the rod from the direction of the source and an 
equal amount being transported out in the direction in which the 
wave is travelling. 


2.19.—If a disturbance is exactly represented by 2(26), everywhere 
and at all times, the wave train must extend from —o« to +o. The 
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wave trains which represent light are never infinitely long, and in 
Chapter IV it will be necessary to consider in detail how equation 
2(26) must be modified to take account of the finite length of the wave 
train. In a general consideration of the transmission of energy it is 
not necessary to assume any definite limit to the length of the wave 
train, but it is necessary to assume that there is a source somewhere 
(even though at an indefinitely great distance in the negative direction 
of x), and that either the wave is being absorbed (at some far point in 
the positive direction of «) or that the front of the wave is advancing 
into hitherto undisturbed portions of the medium. 

In either case it is implied that there is a transport of energy. 
Under the simple conditions which we have so far considered, the 
energy crossing unit area of a plane parallel to the wave surface per 
second is equal to bD, because in one second the energy in a tube of 
length 6 crosses a surface placed at right angles to the direction of 
propagation. 

A detailed account of the transference of energy and momentum 
in a beam of light cannot be given until the properties of the waves 
which represent light have been specified more exactly. For the present 
it is reasonable to assume as a working hypothesis, from analogy with 
elastic waves, that the energy density in the medium, and the rate 
of transfer of energy, are proportional to the square of the ampli- 
tude. 

It may be shown * that the propagation of elastic waves involves 
a transfer of momentum, so that a system of waves exerts a pressure 
on any body which absorbs or reflects it. We shall show later that 
light also exerts a pressure in similar circumstances and that, for a 
parallel beam of light, the pressure is numerically equal to the energy 
density. 


2.20. Spherical Waves—Inverse Square Law. 


It is found by experiment that light is propagated from a small 
source in such a way that the flow of energy per unit area is propor- 
tional to the inverse square of the distance from the source. It is 
natural to attempt to represent this propagation of radiation from a 
small source by a system of spherical waves and to see whether this 
important law is correctly included in the representation. In order to 
study spherical waves, we return to equation 2(38) and transform it 


* Reference 2.2. 
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into spherical polar co-ordinates. If it be assumed that the solution 
is spherically symmetrical this may be done as follows: 
Let r be the radius vector drawn from the origin O. Then 
72 — gt + y2 + 22, Fh oes ees Me) 
and hence Com OG or 20k 
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Two similar expressions may be obtained for derivatives with 
respect to y and z. Adding these and using 2(49), we find that 2(38) 
becomes 
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An alternative form of this equation is 
oe? ie 
aa (ré) ae (22) 2(59) 
A general solution of this equation corresponding to 2(22) is 
A B 
E= “fin +—flttn. . . . 264) 
The expression 
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is a special form of 2(54), and is therefore a solution. It represents a 
spherical wave since at any given time the phase is the same over the 
whole of any sphere centred on the origin. The phase existing on any 
sphere of radius 7, is transferred to a larger sphere of radius (r9 + bt) 
after a time ¢), and therefore the expression represents a a spherical 
wave diverging from the origin. The amplitude of this wave is not 
constant but is inversely proportional to r. The rate of transfer of 
energy across unit area of a wave surface is thus proportional to | ae 
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and the inverse square law of propagation is included in the description. 
The total energy crossing any sphere concentric with the origin is inde- 
pendent of 7, since the area of a sphere of radius r is 477°. Once the 
wave is established, the total amount of energy entering the space 
between any two spheres centred on the origin is equal to the amount 
leaving this space in the same time. 


The expression ae hee (ot ur) 2 se 
if 


represents a wave converging towards the origin and has properties 
analogous to those of the wave * represented by 2(55). Equations 2(55) 
and 2(56) represent idealized concepts. In practice, light never diverges 
from, or converges to, a mathematical point and wave surfaces are not 
exactly spherical. 


2.21. Photometry—Definitions. 


The subject of photometry deals with the measurement of amounts 
of light chiefly in relation to the uses of light (and especially of arti- 
ficial light) for visual tasks such as reading. The inverse square law 
for the rate of transfer of radiant energy across unit area of a spherical 
surface surrounding a point source is a basic assumption in most 
photometric calculations. Actual sources are treated by dividing them 
into small elementary parts, each of which is small enough to be re- 
garded as a point source. The technique of photometric measurements 
is not considered in this book, but it is convenient to introduce some 
of the definitions at this stage. Confining ourselves to light of one 
wavelength, we state these definitions: 


(i) Flux (across a given surface)—a quantity proportional to the rate at 
which light energy crosses the surface. In the absence of absorption and similar 
effects, the flux across any surface surrounding a source is proportional to the 
rate of emission of energy. Symbol, F. 

(ii) Illumination (at a given point on a surface) is proportional to the flux 
per unit area across a small element of area including the point in question. 
Symbol, #. 

(iii) Intensity (of a source in a given direction) is equal to the flux per unit 
solid angle in the given direction from the source. Symbol, J. 

(iv) Brightness or lwminance (of a source in a given direction) is equal to the 
intensity per unit area of the source in the given direction. Symbol, B. 


In the discussion of the interference and diffraction of light, the 
most important quantity is the illumination. When interference 


* Other types of spherical wave are of importance in the theory of d 
References 2.1 and 2.2). : sda ae 
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fringes are seen on a screen, we are interested in the variation of illu- 
mination over the screen. When they are viewed either directly by 
eye or through an instrument, we are interested in the variation of 
illumination over the plane on which the instrument is focused. When 
a system of fringes is viewed by an eyepiece, we may alternatively 
regard them as forming a source of light situated in the focal plane. 
We may then speak of the distribution of brightness in this plane. 

Tt will be seen that, if the above definitions are accepted, it is not 
correct to speak of the intensity distribution in a system of fringes, 
or to use the word intensity for the square of the amplitude of a light 
wave. We have called the latter the “relative energy ” (see § 2.18). 
We may, however, use the term “ relative intensity of a spectrum line ” 
to refer to the ratio of the amount of energy emitted by the source in 
a given spectral region to the total energy emitted by the same source. 

In practical photometric measurements, illumination, brightness, 
etc., for different coloured lights have to be measured in units which 
take account of the effectiveness of different wavelengths in regard to 
vision. Since we are here concerned only with physical measurements, 
we use the above symbols to denote flux, illumination, etc., measured 
in energy units. Our values of these quantities would require to be 
multiphed by a wiszbilty factor (depending on the colour) to convert 
them to the units used in practical photometry (e.g. candle-power as 
unit of intensity). 


2.22. Doppler-Fizeau Principle. 


The sound produced by a source such as a tuning fork may be 
detected by certain instruments, and its frequency measured. The 
frequency of the vibrating source may also be measured independently. 
It is found that, when a source and a receptor have no relative motion, 
the frequency of the sound received is equal to the frequency of vibra- 
tion of the source. If, however, the source and receptor are approach- 
ing one another, the frequency of the sound received is higher than 
that of the source. If they are receding from one another, it is lower. 
The effect is observed as a sudden fall in pitch whenever a rapidly 
moving source of sound passes an observer. This phenomenon is 
included in the wave picture in the following way. 

Suppose that a source and a receptor are at a distance L apart at 
time f), and that they are approaching one another with velocity v 
(which is a small fraction of b) so that they pass at time (f + L/v). 
Then, during the approach, the receptor receives the waves which 
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initially lay between it and the source, as well as those emitted by the 
source during the interval L/v. The waves initially between the source 
and receptor were emitted during a time L/b. Therefore the source 
receives during the interval L/v all the waves emitted during a time 
L/v + L/b. Thus if v is the frequency of the waves received and 1 
is the frequency of the waves emitted, 


y= (1 +9), Le ee 


2.23.—This effect was first discovered by Doppler in relation to 
sound and was later discovered independently by others including 
Fizeau, who probably made the first correct application to light. It 
was known that the light emitted from certain gaseous sources could 
be closely represented by the types of simple wave trains which have 
been considered in the preceding paragraphs. The wavelengths could 
be accurately measured by methods to be described later. Since the 
velocity of light is unaffected by the movement of the source or the 
observer (see Chapter XI), 2(57) together with 2(25) implies, when v 
is small compared with 6, that 


A= (1-3) ate 8 TES) 


and a change of wavelength is to be expected when source and ob- 
server are approaching one another or receding from one another. 
The effect predicted by Fizeau could not immediately be observed in 
the laboratory because of the technical difficulty of producing a source 
moving with an appreciable fraction of the velocity of light. In more 
modern times this difficulty has been overcome in two different ways 


and the observed change of wavelength agrees well with that pre- 
dicted. 


2.24.—One set of experiments was carried out by Bélopolsky and 
a later set by Galitzin and Wilip. They used rotating mirrors to pro- 
duce a virtual source moving at 400 metres per second. The change 
in wavelength was only one part in a million, but using the delicate 
methods described in Chapter IX, they were able to measure this 
change. The change observed agreed with that calculated from 2(58) 
to within about 5 per cent. 

The effect was also found in experiments on the “canal rays”. 
The apparatus is shown in fig. 2.7. Positively charged atoms or mole- 
cules are accelerated by the electric field in a discharge tube at low 
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pressure. They thus acquire a speed which is related to the potential 
(V) through which they have fallen by the equation 


smo = Ve, ee 6) 


where m is the mass and e the charge. 

For hydrogen atoms m = 1:67 x 10-*4 gramme and e = 4:8 x 10-10 
electrostatic unit. Thus an atom which has fallen through a potential 
of 30,000 volts (or 100 e.s.u.) has a speed of 2 x 108 centimetres per 
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Fig. 2.7.—Apparatus for observing the Doppler effect 


second. The fast-moving ions are neutralized during their passage 
through the tube T without any appreciable loss of speed and emit 
light in the region to the right of T. 

The light is observed first from O,, and then from O,. The dif- 
ference of wavelength (which is now about one part in 150) can be 
observed with a small spectroscope. 


2.25.—The Doppler-Fizeau principle is of interest in two ways: 

(i) It is an important experimental result' which is satisfactorily 
included in the wave description of light and has no obvious place in 
a particle theory. 

(ii) Once the principle has been verified by the above experiments 
it may be used to determine the velocities of sources of light under 
conditions where any other measurement would be difficult or im- 
possible, e.g. the velocities of stars, or the velocities of atoms in gaseous 
discharges. 

It will be noticed that the above account of the Doppler-Fizeau 
principle is valid only when the velocity of the source relative to the 
observer is a small fraction of 6. The equation 2(58) is valid only when 
terms of order v2/b? may be neglected. It will be shown in Chapter XI 
that when we consider terms of order v?/b?, equation 2(58) must be 
amended. 
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2.26. Representation of Wave Motion by Complex Quantities.t 


The vector representation of the motion of a simple harmonic 
oscillator shown in fig. 2.3 may be applied to the representation of 
simple wave motion provided it be understood that ¢ is now a func- 
tion of both x and ¢. Another method of representing simple harmonic 
motion has a special advantage in relation to wave motion because it 
allows the part of ¢ which varies with x to be separated from the part 
which varies with ¢ in a convenient way. A solution of the wave 
equation 2(21) is 

€ =aexp (wt —xKx+8)=ae*. . . 2(60)t 


The displacement at a given place and time is a real and not a 
complex number. Some convention is therefore required to enable us 
to apply 2(60) to the representation of the results of observations. In 
this book, we assume that an expression like 2(60) represents a vector 
whose two components are the magnitudes of the real and imaginary 
parts of the complex quantity. This is the vector whose magnitude 
is equal to the amplitude of the wave, and whose angle, with a chosen 
fixed line, represents the phase. The real part of the quantity €, which 
by itself is a solution of the wave equation, gives the physical displace- 
ment at z and ¢. The sum of the squares of the magnitudes of the real 
and imaginary parts of the complex number thus represents the square 
of the amplitude (i.e. the relative energy). Equation 2(60) may be 
written 
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The complex quantity P represents both the constants a and 8. If 
P* is the complex quantity conjugate to P, it follows that PP* is 
equal to a? and is proportional to the illumination. The quantity P 
is sometimes called the complex amplitude. 


2.27.—Let two simple harmonic motions be represented by 
&,=P,expi(wt—«e) ~~. . . . 2(64) 
and f= Pyexpi(wt— x), . . . . 2(65) 
+ An account of the theory of complex quantities is given in Reference 2.3. 


} The abbreviation “exp ” will be used for ‘“‘ exponential ” in all but the simplest 
expressions. 


§ 2.27 COMPLEX QUANTITIES 4] 


where P, and P, are complex. Then the phase difference 8 is given by 


B 
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where 


A+iB=Be®, . . . . . 267) 


This result is obtained directly if we write P, = C,e and P, = C,e™:, 
C, and C, being real numbers. 


EXAMPLES [2(xvi)-2(xviii)] 


2(xvi). Obtain a solution of equation 2(47) and write down the expression for 
the kinetic energy of the rod. Using equation 2(45), obtain the expression for 
the potential energy of the rod and hence find the total energy per unit volume. 


2(xvii). Show that if P = A + 7B, then 2(62) may be written 
—& =(A + 7B) cos (wt — nx) + (1A — B) sin (wt — xo), 


and that A and B have the values given in 2(14). 


2(xviii). Show that if &, = P, exp i(wt + xx) and & = P, exp i(wt — xx) 
are solutions of 2(21), then & = &, + &, is also a solution, and that & may also 
be written as 

(P, + Peet! cos xx + (Py — Pe! sin xa. 
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CHAPTER III 


Wave Theory—Combination of Wave 


Motions 


3.1. Principle of Superposition. 


The type of wave motion discussed in Chapter IT is produced by 
the action of a single simple harmonic oscillator. We shall now con- 
sider the disturbance produced by the simultaneous action of two or 
more oscillators. The simplest hypothesis which can be made is that 
if £,, &, &, ete., are the disturbances produced by the individual 
oscillators at a given place and time, and € is the resultant disturbance 
due to them all, then 


€é=8+4+8+-.. - CeO APL AO 3(1) 


If the resultant motion is represented by the wave equation, i.e. by 
equation 2(38), it is necessary that € shall be a solution of this equa- 
tion. The form of the wave equation is such that solutions are additive 
[see § 2.9, and Examples 2(xi), 2(xii), 2(xvui)], and therefore 3(1) is a 
solution of the wave equation. It is important to recognize that this 
mathematical result does not by itself guarantee that 3(1) correctly 
represents the effect of the simultaneous action of several wave motions 
at a given point. The principle of superposition is a physical hypo- 
thesis which states that for light waves the disturbance (at a given 
place and time) due to the passage of a number of waves is equal to 
the algebraic sum of the disturbances produced by the individual 
waves. Equation 3(1) is a mathematical formulation of this principle. 
This hypothesis is confirmed in so far as calculations based upon it 
give a satisfactory description of the relevant observations on light. 


3.2.—With sound waves it is found that, for waves of large ampli- 
tude, the velocity of propagation is not independent of the amplitude. 
It is also found that when two loud sources of different frequencies 
operate simultaneously, sum and difference tones are heard.* In 
order to describe this type of phenomenon it is necessary to assume 


* Reference 2.2. 
42 
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that sound waves of finite amplitude are not exactly represented by 
the simple waveforms discussed in Chapter II, and that the distur- 
bance € due to the simultaneous operation of two sources is given by 


E= E+ Sat 048)? + a? + Giasiea ts. - ol) 


where a, %», and a» are constants which are small compared with 1/é,. 
Some hypothesis of this type would be necessary if corresponding 
phenomena were observed with light, but so far all attempts to ob- 
serve these phenomena have produced negative results. Schrédinger 
has considered the effect of introducing certain non-linear terms (of a 
type suggested by Born) into the equations of propagation of electro- 
magnetic waves. The calculation indicates that, for very high inten- 
sities, the speed of light should depend on the amplitude but, under 
practical conditions, the effect is far too small to be observed. 


3.3. Addition of Simple Harmonic Motions. 


In the theory of light, many calculations have to be made of the 
resultant produced by the superposition of two or more simple har- 
monic motions of the same frequency. Three different methods are 
available for carrying out these calculations. The choice of method to 
be used in solving a particular problem is a matter of mathematical 
convenience since each of the three methods must yield the same 
result if used correctly. In order to show how the three methods are 
applied, two simple problems will now be solved by each method in 
turn. These problems are (a) the addition of two simple harmonic 
motions whose amplitudes and epochs are different, and (b) the addi- 
tion of several simple harmonic motions whose amplitudes are equal 
and whose epoch angles are in arithmetical progression. 


3.4. Algebraic Method. 
Consider two simple harmonic motions represented by 
€, = a, sin (wt — Kx + 04) te shoo) 
and &, =, sin(wi— Ke-+6,). . . . . S(4) 


Then E=6 + & 
= a, sin (wt — xx + 8,) + a, sin (wt — Kx + 52) . 3(5) 
= (a, cos 8, + a, cos 5.) sin (wt — Ka) 


+ (a, sin 5, + a, sin 6,) cos (wt — Ka). 
3 (Gc 577) 
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This is identical with 
€é=asin(wt—x«r+8), . ... . 3(6) 
provided that 
a? = (a, cos 8, + a, cos 55)? + (a, sin 8, + a, sin 8)? 
. . 3 fi 
oe Mad ary aa NR @) 
a, cos 6, + ay cos d, 


This calculation might have been simplified a little by choosing the 
origins of x and ¢ so as to make 6, = 0 and by putting (wt — xx) = x. 
Then instead of 3(5) we have 


é=a,sin x +a, sin(y +8), - .°. . 3(8) 
and the resultant is then 

&= eam (y= 5), el oe et, ee) 
where a? = (a, + a, cos 5,)" + ag sin? 6, 


= a,? + a? + 2a,a, cos 5, 
Gy SIN dy a 3(10) 


and tan 6 = : 
a, + a, cos dy. 


The simpler forms of equations 3(9) and 3(10) would be used in a prac- 
tical example, but equation 3(7) is given here in order to show the 
symmetrical character of the result. This form will also be useful for 
comparison with a calculation based on the vector representation. 
The form of equations 3(6) and 3(9) implies that the resultant of two 
simple harmonic motions of the same frequency is itself a simple har- 
monic motion. Also the frequency of the resultant is the same as that 
of the component motions. By repeated application of this process it 
may be shown that the resultant of any number of simple harmonic 
motions of the same frequency is itself a simple harmonic motion of this 
frequency. The general algebraic formula for the addition of m simple 
harmonic motions, all of the same frequency, but differing in amplitude 
and epoch, is 
f= 2 &, 
a 3(11) 


= 2 a, sin (wt — xx + 8,). 
1 


r= 
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Since € represents a simple harmonic motion of angular frequency 
w, this expression is equivalent to 


fs) sin (cof — xx + 8), 


m 2 m 2 
where ot ( x a, COS 3) + ( = a, sin 5, 
r=1 r=] 
Xa, sin 8, . 3(12) 
and tan 6 = "—+ 
x a, cos 6, 
r=1 


When the amplitudes are all equal, and the epoch angles are in 
arithmetic progression, we have 


a, = a, = 43 =... = a and 4, = 7p, 


so that = a, C08 5, = dy (cos 8) + cos 25, +... + cos md,). 
f=] 

But 2 sin 46, cos 6, = sin $(2r + 1)5) — sin $(2r — 1)8, 

and 2 sin $5 cos 6,,, = sin $(2r + 3)5, —sin 4(2r + 1)8,, 


so that 2 sin $5) & cos 6, = sin $(2m + 1)d, — sin $6. 
r=1 


Etim 55 a, cos 8, = ay{sin (2m + 1)8) — sin $8p}]2 sin 48, 
r=] 


sin 4md 
= a, cos $(m + 1)d,. atiahs 3(13) 
Similarly it may be shown that 
m Tne 5) 
¥ a, sin 8, = a, sin $(m + 1)8,. 2°; 3(14) 
r=1 sin 465 


and, substituting in 3(12), we obtain for the relative energy 


in 2md 2 
sm 5m 
ES ey 


sin $5, 3(15) 


and tan 6 = tan 4(m + 1)d. 


3.5. Vector Method. 


Since ¢, and é, may both be represented by vectors, in the way 
described in § 2.8 the sum ¢ = é, + &, should be represented by the 
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vector sum of these two vectors. Using the second type of vector 
representation in fig. 3.1, it may be seen from the trigonometry of the 
figure that the law of vector addition does give the same result as 
equations 3(7). The algebraic calculation is, indeed, equivalent 
to resolving each vector parallel to the lines OX and OY, adding 
the components and recombining the resultant components to give 
the final resultant. In fig. 3.1, OP, =a, OA, =a,cos6,, and 


¥G 


eee 


O A A X 


| 2 


Fig. 3.1.—Vector method of determining the resultant of two 
simple harmonic motions 


A,A, =a, cos6,. Hence OA, =a, cos 6, + a, cos 6, and similarly 
OB, = a, sin 6, + a, sin dy. Since OP,? = OA,? + OB,?, the resultant 
amplitude is that given in equation 3(7). The epoch of the resultant 
is obtained in a similar way. 

The use of the vector polygon to add a number of simple harmonic 
motions is equivalent to equations 3(11) and 3(12). The case of several 
motions all of the same amplitude and with epoch angles in arithmetic 
progression is shown in fig. 3.2a. The representative vectors OA,, 
A,A,, AzAs, ete., are so arranged that O, A,, Ag, etc., all lie on the same 
circle (with centre C) and the vectors each subtend an angle 8, at the 
centre of the circle. The resultant subtends an angle mé,, and hence 
if R is the radius of the circle a, = 2R sin $5, and a = 2R sin 4M8o, 
and this leads at once to equation 3(15) for the relation between a, 
and a. 

If the number of sides of a regular polygon increases indefinitely 
it approximates to a circle (see fig. 3.26). Thus if m — co while a, > 0 
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and 5) > 0 in such a way that the products ma, and mS, tend to the 
finite limits A and 8, the resultant becomes 
__ Asin $6 
1 
where 6 is the phase difference between the infinitesimal elements at the 
two ends of the series. 


3(16) 


(b) 


Fig. 3.2.—(a) Vector diagram showing the combination of a finite number of 
simple harmonic motions whose amplitudes are all equal and whose epoch angles are 
in arithmetic progression. (6) Limiting case of continuously varying phase. 
3.6. Calculation using Complex Quantities. 
Using the convention stated in § 2.26, a simple harmonic motion of 
angular frequency w may be represented by 
&, = a, exp t(wt — xx + 4,) 
= P, exp (wt — xz), 
where aa eel 
The sum of a number of simple harmonic motions of the same fre- 
quency is then given by the relation 
Ge ope he Lg a - «apt e) CXP 1(wt — Kz) 
= P exp 1(wt — xz), 
where |p S23 das 
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Thus we have the simple rule that the complex amplitude of the re- 
sultant displacement is equal to the sum of the complex amplitudes of 
the individual motions. The resultant relative energy (i.e. the square 
of the real amplitude of the resultant) is equal to the square of the 
modulus of P. When all the simple harmonic motions have the same 
amplitude a, and the epoch angles are 59, 25), 359, etc., we have 


Py = G6, Pg =a, sO 9 oe 


and P =a,le + 4+... + em), 9... , 8(17) 


The sum of this geometrical progression is 
ems __ 


er — 1 


P =a. 3(18) 


a ae ims, __ Oe eS, 
2(1 — cos 6,) ie pe 1), 


using the relation 


(1 — cos 6) = de® — 1) (e-* — 1); pees) 
ae 


similarly, a 
2(1 — cos 8) 


(ei — 1) (e — I), . 3(20) 
so that 


a= ppr—4{__ 0 _ |" ps 
a laa =i =| (1 — cos my) (1 — cos 8), 3(21) 


using 3(19) again. 


inl 
Hence Baa =a(% a) a Wee OES 2) 


in tL 
sin $5o 


in agreement with 3(15). 


3.7.—From the above, it may be seen that the three methods are 
equivalent. The vector method is probably the most elegant and gives 
an especially clear insight into the physical conditions. From the 
vector diagram it is usually possible to see which members of a set of 
vectors are opposing the resultant and which ones are in phase with 
the resultant. It is often convenient to carry out the calculation of the 
resultant by algebraic methods or using the complex amplitudes. 
When this is done, it is usually worth while to draw a rough vector 
diagram in order to obtain a general view of the problem as a whole, 
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EXAMPLES [3(i)-3(vi)] 


3(i). Show that the resultant relative energy for an infinite series of simple 
harmonic motions whose amplitudes are a, 3a, fa, etc., and whose epochs are 0, 
r/2, 7, 37/2, etc., is 4a2/5. 

[The calculation is very similar to equations 3(15)-3(22). The vector 
diagram is shown in fig. 3.3a.] 


A, A 


2 


Fig. 3.3.—Vector diagrams showing the resultants of certain combinations of 
simple harmonic motions [see Examples 3(i) and 3(ii)] 


3(ii). Calculate the resultant relative energy for 5 simple harmonic motions 
of equal amplitude, (a) when the epochs are 0, $x, 4x, $n, 7, and (b) when the 
epochs are 0, $1, $x, 7, 27. Draw the appropriate vector diagrams and compare 
your diagrams with figs. 3.3b and 3.3c. [(a) a2(3 + 2V 2); (b) the same as (a). ] 

3(iii). Find the resultant amplitude for » simple harmonic motions of equal 
amplitudes, (a) when the epochs are r/n, 277/n, 377/n, etc., and (6) when the epochs 
are 27/n, 4n/n, 67/n, ete, [(a) a cosec (77/2); (6) zero. | 
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3(iv). Find the resultant relative energy for (2n + 1) simple harmonic motions 
of equal amplitudes when the epochs are 
n—1l_ n—2 T 9 © 20 n—] 


T, Tey oe ey —9 Uy —» 
n n n nn 


Tr, re WS 


> 


3(v). Would the resultant relative energy in Example 3(iv) be increased or 
decreased by removing (a) the first or (b) the last or (c) the centre member of the 
series? [(a), (b), decreased, (c) increased. ] 

3(vi). Calculate the resultant relative energy for Example 3(i) when the second 
term of the series is removed. 

[The resultant is 0-65a*. This calculation should be made by sub- 
tracting the simple harmonic motion due to the second term from 
the resultant, due regard being paid to the epoch angles, i.e. the 
complex amplitude for the second member is subtracted from the 
complex amplitude of the resultant. ] 


3.8. Huygens’ Principle. 

In an attempt to form a mental picture of wave propagation, 
Huygens suggested that each point at the front of a wave might be 
regarded as a small source of wave motion. The waves produced by 


1 


A A 


U 


B B 


Fig. 3.4.—Huygens’ principle applied to a plane wave in uniform medium 


these small sources were called secondary waves, and it was assumed 
that the position of the main (or primary) wave at some later time was 
the envelope of the secondary waves. 

We may illustrate this method by applying it to a plane wave (see 
fig. 3.4). The direction of propagation is OX and the position of a 
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certain wave surface at time fy is represented by a plane through AB 
and perpendicular to the plane of the paper. We draw a series of 
spheres with a common radius bé,, and with centres at various points 
on AB. Clearly the plane through A’B’ situated at a distance bt, in 
front of, and parallel to, the plane through AB is part of the envelope 
of these spheres and the phase on this plane when ¢ = ¢, + f) will be 
the same as the phase at AB when ¢ = ¢). Hence, in this simple case, 
the construction based on Huygens’ principle does enable us to deduce 
the position of one wave surface from that of another, and the result 
is correct. It is not difficult to verify that the same construction gives 
the correct result when non-planar wave surfaces are involved. 

Although, in a certain sense, the principle gives the correct result, 
it carries with it implications which require further consideration. 
Huygens postulated that the action of the secondary wavelets was 
confined to the points at which they touched their envelope, and he 
considered only those parts of the envelope which lay in the forward 
direction of propagation. There is no direct physical or mathematical 
justification for this arbitrary decision to ignore all the unwanted 
parts of the secondary waves. 


3.9.—Fresnel later attempted to provide a physical justification 
for a modified form of Huygens’ principle. He assumed that a wave 
surface could be divided into a very large number of small elements 
of area and that each of these elements 
was a source of secondary waves. He 5 
assumed that these secondary waves 
were eflective everywhere, but that the 6 
amplitude of the disturbance at any 
point Q due to the secondary wave 
from an element dS of the wave surface 
(situated at P) was a function both of Q 
the distance QP and of the angle 6 be- Fig. 3.5 
tween the line QP and the normal to the 
element dS (see fig. 3.5). The variation with angle is called the obliquity 
function or the inclination factor. Fresnel and later workers attempted 
to adjust the obliquity function so that the resultant disturbance due 
to all the secondary waves was zero everywhere except at the points 
where they touched the envelope. These attempts were never com- 
pletely successful. 


3.10.—The detailed theory of wave propagation, which is given 


in Chapters VI and VIL, shows that it is possible to use a knowledge of 
3° (G 877) 
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the disturbance on one wave surface to derive the amplitude and phase 
of the disturbance at a later time, and at a place situated a suitable 
distance ahead. The distribution of light energy thus calculated agrees 
with that observed. This more fundamental method (mainly due to 
Kirchhoff) determines the obliquity function from the wave equation 
instead of introducing it as a new ad hoc hypothesis. It also requires a 
special adjustment in the phases of the secondary wavelets. The exact 
calculation justifies Fresnel’s methods rather than Huygens’ prin- 
ciple. It shows that the construction of wave envelopes by Huygens’ 
method gives a satisfactory description of the progress of a wave. 
We shall therefore use this construction in § 3.11 and in other appro- 
priate places. 


3.11. Reflection and Refraction at Plane Surfaces. 


It is found that when a parallel beam of light is incident upon a 
surface separating two transparent media, such as air and glass, part 
of the light is reflected back into the medium in which it originated, 
and another part is transmitted into the second medium. The direc- 
tion of propagation of this second part is not in the same line as the 
original direction of propagation and the light is said to be refracted. 
Observations on the angular relations between the directions of pro- 
pagation of the incident, the reflected and the refracted beams are 
summarized in the following laws: 

(i) The direction of incidence, the direction of reflection and the 
normal to the surface are coplanar. The angle between the direction 
of reflection and the normal (called the angle of reflection) is equal to 
the angle between the direction of incidence and the normal (called 
the angle of incidence). The direction of reflection is on the side of the 
normal opposite to the direction of incidence. 

(ii) The direction of incidence, the direction of refraction and the 
normal are coplanar. The sine of the angle between the direction of 
refraction and the normal (called the angle of refraction) bears a 
constant ratio to the sine of the angle of incidence. 


Thus, if 6, = angle of incidence (see fig. 3.6), 
6,’ = angle of reflection, 
0, = angle of refraction, 
then Oy OSS ee ee ee (23) 
sin 6, 
sin 6, 


and Salis ee eee eon. o(24) 
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The constant 24, is characteristic of the two media. It is found that 
the constants for different pairs of media are subject to the relation 


Mig = Myg- Mog + + eee 8(25) 


The constant j14, is called the index of refraction of the two media, it 
being understood that the light travels from the medium 1 into the 
medium 2. The value of the constant obtained when light travels from 
a vacuum into a medium is called the index of refraction of that medium 


6, 6, 
Medium 1. 


yy ey 


Vi 


Fig. 3.6.—Reflection and refraction of light 


and is denoted in this book by the symbol n (with a suffix when neces- 
sary). The index of refraction from air to a medium is denoted by w 
(with a single suffix to specify the medium when necessary). Since the 
refractive index of air is nearly unity, the values of w, and n, for glasses 
are nearly equal, and it is only in a few applications that it is necessary 
to distinguish them. 

3(25) implies that 3(24) may be written in the symmetrical form 


M7 SI 0 == 9 SIN Oo) ue a) a 8 o(20) 
No 

and that = —— P42: ° ° 0 G 5 5 * 3(27) 
Ua 


Indices of refraction for common gases (at standard temperature 
and pressure) range from 1-000035 for helium to 1-00030 for nitrogen. 
Indices for liquids and solids include 1:33 for water, 1-48 for soda 
glass and 1-7 for heavy flint glass, A few substances have appreciably 
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higher indices. A medium of high refractive index is said to be of 
greater optical density than a medium of low refractive index. 


3.12.—The law of reflection was certainly known to the Greek philosophers 
and was probably discovered independently by many different observers. Ptolemy 
and others drew up tables connecting the angles of incidence and of refraction. 
Many attempts were made to enunciate a law of refraction but they all failed, 
partly because the necessary mathematics was not sufficiently developed. The 
law given above was first discovered by Snell (1621) though it was not published 
until after his death. This law of refraction applies only when the media are 
isotropic. (A material is said to be isotropic when the physical properties of a thin 
slice cut from a mass of the material are independent of the original orientation 
of the slice before it was cut out.) When the medium on one side of the surface 
is anisotropic more complicated laws of refraction apply.* This type of medium is 
discussed in Chapters XII and XVI, but here we deal only with isotropic media. 
In this chapter we also neglect diffraction effects. 


3.13. Wave Theory of Reflection and Refraction. 


Huygens’ construction enabled the wave theory to give the follow- 
ing account of reflection and refraction. It is assumed that the wave 
velocity in the second medium is different from the wave velocity in 
the first medium, and that this is the essential difference between the 
two media. Let the magnitude of the velocity of light in the first 
medium be 0,, and in the second medium be 6,. The plane wave AB 
which represents the parallel beam of incident light falls on the plane 
surface OP (see fig. 3.7). The line NON’ is normal to this surface. 
When the wave reaches a point O on the surface it becomes a source 
of secondary waves which spread both in the first medium and in the 
second medium. Suppose that the wave surface AB reached the line 
OO’ at time ¢ = 0 and that it would reach the line PP’ at time ¢ if there 
were no reflection and refraction. Then 


OP — 6,t — OP sin Ge ORs * «2 «¢ 3(28) 
At time ¢, the secondary waves from O form a hemisphere of radius 
byt (= OP sin 0, = OP,) in medium 1 and a hemisphere of radius 
bt [ = (b;/b,) OP sin 6, = OP] in medium 2. The secondary waves 
are then just starting from P and it may easily be seen that tangent 
planes PP, and PP, from P to the above hemispheres also touch the 
hemispheres corresponding to the secondary waves from points such 
as Q and R, intermediate between O and P. The new wavefronts 

" A'B’ and A’’B” are parallel to the planes PP, and PP,. The new 


* Such media are sometimes called aeolotropic. 
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directions of propagation of the waves make angles 0,’ and 0, with 
the normal to the surface of OP, where 


OP, byt 


SI 0. , er ° 
in 6, = OP ~ ops Oh ee ee o( 20) 
and : OP. btw od 
VS cg a 
in 8, OP OP =, Shiloh aa ED 


LE 


Fig. 3.7.—Huygens’ principle applied to the reflection and refraction of 
ight at a plane surface 


Thus 3(29) agrees with 3(23), and 3(30) agrees with 3(24) and 
3(27) provided that 
3(31) 


Equation 3(31) is in agreement with direct measurements of the 
velocity of light in different media (see Chapter X). 

The wave-theory picture of reflection and refraction gives a simple 
description of the observations on the relation between the values of 
pu for different pairs of media; for 

a 


fie SS = 15) 0 [ey 


bs 0, 0g 
which agrees with 3(25). 
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3.14. Reflection and Refraction at Spherical Surfaces: Mirrors and 
Lenses. 


When a beam of light diverging from a point O on the axis of a 
spherical mirror is reflected, it forms a real or virtual image of O 
at some point I also on the axis, i.e. after reflection the beam converges 


if, 


SSS. > ee 


Fig. 3.8.—Huygens’ principle applied to the reflection of light 
at spherical surfaces 


towards I or appears to diverge from I (see fig. 3.8a). If the distances 
of 0 and I from the mirror are u and v respectively, and if r is the 
radius of curvature of the mirror, then it is found that 


le eee 


- oat ES Sie 


The constant f is called the focal length and the constant F' is called 
the power of the mirror. 
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Distances are always measured from the mirror and the direction 
of the incident light is taken to be positive. 


Similarly, for a lens with spherical surfaces of radii r, and 15, it is 
found that 


=u—1(2—1) Jar, .. 3(83) 


where » is the index for refraction from the surrounding material 
(usually air) to the material from which the lens is made (usually 
glass). These empirical formule should be regarded as approximations 
which apply when the diameter of the mirror or lens is small compared 
with its radius of curvature. 


3.15.—The wave theory gives the following account of these ob- 
servations. The beam of light approaching the mirror is represented 
by a spherical wave diverging from the point O (fig. 3.8a). As each 
part of the wave reaches the mirror, it gives rise to a system of secon- 
dary waves and Huygens’ construction may be applied to find the 
position of the wavefront after reflection. When this is done it is 
found that, to a first approximation, the reflected wave is spherical 
and is centred upon the point I, the relation of the distances of O and 
I from the mirror being given by 3(32). 

To show that application of Huygens’ construction leads to equa- 
tion 3(32), we use the well-known geometrical relation between the 
sagittal distance and the curvature of a small circular arc. If in fig. 
3.8) we put A,P = s, and A,Q =, we have, as a sufficient approxi- 
mation when b <7, 


2rs, <= D; 


or == 40 Re cae oe ot) 


where R(=1/r) is the curvature. The sagittal distance (s,) is propor- 
tional to 6? and to the curvature. A wavefront advancing on the mirror 
from O (see fig. 3.8b) has a curvature U (= 1/u). One part of the wave- 
front reaches Q when another part is at A’, where 


A’P = 40° R — U). 
Thus when the central part of the wavefront reaches the mirror and 


gives rise to a wavelet from P, the corresponding wavelet from Q has 
travelled out a distance A’P from Q. The secondary waves from P and 
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Q thus both touch a curve whose sagittal distance s, exceeds s, by 
A’P, i.e. we have for this curve 


8, = 8, + A’P = $02(2R — U). 


Since the sagittal distance is proportional to 6?, the curve is a circle 
whose curvature is given by 


V = 2k — U, 


i.e. 


which agrees with 3(32). It is important to remember that this result 
is valid only when PQ is small compared with r, v and wu. 


EXAMPLES [8(vii) and 3(viii)] 


3(vii). Show, by a discussion similar to that of § 3.15, that, when a plane wave 
normal to the axis is incident upon a paraboloidal mirror, the reflected wavefront 
is exactly spherical, and has its centre at the focus. 


[Use the polar equation of the parabola.] 


3(viii). Show that the wavefront obtained in the preceding Example is the 
envelope of the wavelets emitted from the paraboloidal mirror. 


[Obtain the equation of the family of surfaces constituting the reflected 
wavelets in terms of the constant of the parabola as parameter. 
Differentiating this equation partially with respect to the parameter, 
and eliminating the parameter between the resultant equation and 


that of the family of surfaces, yields the envelope of the reflected 
wavelets. | 


3.16.—By similar applications of Huygens’ construction the wave 
theory is able to describe the behaviour of lenses and mirrors generally. 
On this view the effect of refraction at a spherical surface is to change 
the curvature of the incident wave surfaces. For a given lens the 
change in curvature is a constant and is equal to the reciprocal of the 
focal length of the lens. This constant change in curvature is called 
the power of the lens. The effect of reflection is both to change the 
curvature of the wave surfaces and to reverse the direction of propa- 
gation. This second effect is responsible for the difference of sign be- 
tween equations 3(32) and 3(33). It corresponds to the fact that a lens 
of zero power (e.g. a very thin sheet of glass) has no effect on a beam 
of light, while a mirror of zero power (i.e. a plane mirror) alters the 
direction of propagation without altering the magnitude of the curva- 
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ture of the wave surfaces. Thus for a lens of zero power 3(33) gives 
v = wand the image and object coincide. For a mirror of zero power 


3(32) gives v = —u, and the image and object are on opposite sides 
of the mirror. 


3.17. Dispersion. 


Newton showed that, when an approximately parallel beam of 
white light falls upon a glass prism, the emergent light is spread out 
into a coloured strip which he called a spectrum. This phenomenon is 
called dispersion. It implies that the refractive index from air to glass 
is not the same for all colours of the spectrum, and hence that the 
ratio of the speed of light in air to that in glass depends on the 
colour of the light. This is confirmed by direct measurements of the 
velocity of light in different media. It is found that in a vacuum the 
speed of light is the same for all colours but that in a medium such as 
water blue light travels more slowly than red (see § 10.18). Experi- 
ments on interference and diffraction make it necessary to assume 
that the different colours in the spectrum must be represented by 
waves which have different values of A and therefore of x, w and v. 
The frequency is highest at the blue and lowest at the red end of the 
spectrum. The dispersion of light then implies that: 


b=) eee ee ee 3(35) 
and nt 1) ne 3 (36) 


In the various differentiations, etc., by which the wave equation 
was derived it was not assumed that b was independent of w or kx. 
Therefore the existence of dispersion does not invalidate the proof that 
the pure sine wave (represented by 2(2)) is propagated without change 
of profile. It does, however, imply that a composite wave, made up of 
two or more sine waves of different frequency, changes profile as it 
advances, because each component is propagated with its own speed, 
and the phase differences between the different components alter as the 
wave advances. These effects will be considered in Chapter IV. 

The speed of light in vacuo is one of the fundamental physical 
constants. It is usually represented by the symbol c. This velocity 
has been found to be very close to 3-00 x 101° centimetres per second 
(see § 10.12). Since the velocity in air (at standard temperature and 
pressure) is only about one part in 1000 less than that im vacuo, it is 
often sufficient to use the value ¢ for the velocity of propagation in 
air, though it must be understood that it is used as an approximation. 
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A medium in which 6 varies with A is called a dispersive medium. The 
only truly non-dispersive medium for light waves is a vacuum. 


3.18.—The form of the function in equations 3(35) or 3(36) is of 
considerable practical importance. Cauchy proposed the following 
empirical formula: 


n—-1=4dt 3+ 54-9 Ae ren) 


where A, B, C, etc., are constants whose magnitudes are such that 
each term of the series in the bracket is much less than the preceding 
one. The quantity (nm — 1) is called the refractwity. In normal dis- 
persion the refractive index increases regularly along the spectrum 
from red to blue, i.e. A and B are both positive. For a few substances 
the dispersion differs very greatly from the form given by 3(37) and 
it may happen that over a short part of the spectrum the refractive 
index increases when the wavelength increases. This phenomenon 
is called anomalous dispersion. For most gases the variation of the 
refractive index with wavelength is fairly well represented by a formula 
including the first two terms of 3(37). Formule of this type also form 
a moderately good representation of the properties of optical glasses. 
The following alternative formula for the refractive indices of glasses 


is due to Hartmann: 
a 


Oa? 


This formula gives a better agreement than a three-constant formula 
of the type proposed by Cauchy. 


Tot 3(38) 


3.19.—The effect of dispersion on lenses may be seen from equation 
3(33). The focal length of a lens is smaller, and its power greater, for 
blue light than for red. This means that the image formed by blue 
light is not quite the same in size or in position as the image formed 
by red light. Thus the images formed with white light appear coloured 
at the edges and are not so clear as images formed with monochro- 
matic light. This effect is known as chromatic aberration. 


3.20. Stationary Waves. 
When a parallel beam of light represented by 
Ej) = @ SID (Gti) 3(39) 
is reflected at a perfect reflector, the reflected wave is represented by 


&=asin(wtt+n«a+8), . . ., 3(40) 
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where the constant 6 depends on the position of the reflector. There 
is also a possibility that the process of reflection itself may be accom- 
panied by a change of phase. Let this change, if any, be included in 8. 
If the origins of ~ and ¢ are moved to the right by 8/2« and 8/2w 
respectively, equation 3(39) is unchanged and 3(40) becomes 


&=asin(wt+xz) . . . . . 8(41) 


In this way the origin is moved so that x = 0, t = 0 corresponds to 
the same phase for both waves. 


Fig. 3.9.—Profile of a stationary wave at different times 


Applying the principle of superposition we have 
€é= £4 & =asin (wt — xx) +asin(wt+«x),  3(42) 


and this may be written 
E=2acoscesinwt . . . . . 98(43) 


This type of wave is represented in fig. 3.9. At every point the 
motion is simple harmonic but the amplitude of the motion varies 
from point to point. The profile of the wave expands and shrinks as 
shown in the figure, but does not move forwards or backwards. Waves 
of this type are known as stationary waves. 


3.21.—In a stationary wave there is no net transference of energy 
in either direction, though there is an energy density in the medium 
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with a mean value proportional to a’. This energy density is not 
uniformly distributed. It isa maximum at points for which cos? cz = 1, 
ie. at z= 0, & = m/K, Z = I7/k, etc., and a minimum at points where 
cos? xt = 0, ie. at 2 = 77/2x, 37/2x, 57/2, etc. The points where the 
energy is a maximum are called antinodes or loops. Those where it is 
a minimum are called nodes. If a detector is moved along the x axis 
it gives a maximum reading at the antinodes and zero at the nodes 
(see fig. 3.10). The distance from a node to the nearest antinode is 
m/2« = A/4 and the distance between successive nodes is 4/2. 


r4 2 
4a coskx 


——— > XO 


Fig. 3.10.—Distribution of energy in a medium in which there is a 
simple stationary wave 


Now consider the case when the reflection is not perfect. The 
coefficient of reflection (p) is defined to be the ratio of the energy of the 
reflected beam to the energy of the incident beam. This implies that 
the ratio of the amplitudes is p?. 

Equation 3(41) must now be replaced by 


€ = ap? sin (wt + xx), : « & . o(44) 
and 3(43) is replaced by 
€ = 2ap* cos xx sin wt + a(1 — p*) sin (wt — Kx). —3(45) 


The wave is now partly stationary and partly progressive. A detector 
moved along the x axis will still record maxima and minima. The 
readings at minima will not be zero since at points where the first term 
of 3(45) is zero the detector gives a reading proportional to the square 
of the amplitude of the second term. Waves which are mainly station- 
ary, though containing a progressive component, occur commonly in 
acoustics in connection with the theory of organ pipes, etc. A series 
of observations made by Walton on stationary electromagnetic waves 
is shown in fig. 3.11. These waves are produced by allowing radiation 
emitted by a small high-frequency oscillator to fall upon a large sheet 
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of metal placed at ¢=0. The waves are measured by means of a 
small crystal detector connected to an amplifier. The metal has a high 
coefficient of reflection for these waves and the waves are mainly 


HF 
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Fig. 3,11.—Experimental observations on stationary electromagnetic waves 


stationary waves with a small progressive component. From the 
distance between the nodes the wavelength is found to be 11.6 centi- 


metres. 


3.22. Wiener’s Experiment. 

The detection of stationary light waves is difficult because the 
nodes and antinodes are very close together, the distance from node 
to antinode being only of order 10-° centimetre. The experimental 
difficulties were first overcome by Wiener (1890). Before discussing 


Wille Glass 
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Fig. 3.12.—Ives’ experiment 


~— Mercury 


\\ 


his work we shall describe the experiments of Ives which though 
more difficult to carry out are theoretically simpler. Ives prepared 
special photographic plates with a thin fine-grained emulsion. The 
emulsion side of the plate was placed in contact with a film of 
mercury and a parallel beam of monochromatic light was directed 
normally upon the glass side of the plate (see fig. 3.12). The light 
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passed through the glass and the film and was reflected at the mer- 
cury surface, standing waves being formed in the film. The nodes 
form a series of lamine distant 4A apart with the antinodes half-way 
between them. In Ives’ experiments the waves are detected by cutting 
a section of the film in a plane normal to the surface of the glass and 
examining it under a high-power microscope. The nodes and anti- 
nodes can be clearly seen; 250 successive laminze were counted in 
one experiment. 

3.23.—Wiener used an extremely thin transparent photographic 
film, about 2 x 10-® centimetre thick, for the detection of the waves. 
He arranged that this film should lie at a very small angle to the system 
of waves formed by reflection at a front-silvered mirror, so that it cut 
the successive antinodal lamine as shown in fig. 3.13. The photo- 
graphic emulsion is blackened along a series of lines where the plane 


Film 


Fig. 3.13.—Wiener’s experiment 


of the film cuts the antinodal lamin. The angle « (see fig. 3.13) was 
made about 10-° radian and the distance between successive fringes 
was then 1000 times greater than the distance between the lamin. 
From these experiments the wavelength of green light could be esti- 
mated to be 5:5 x 10-5 centimetre, and it could be shown that the 
wavelength of red light is nearly double that of blue light. 


Wiener’s technique was criticized on the grounds that light reflected from 
the photographic film, as well as that reflected from the mirror, should be taken 
into account, so that the fringes were formed in the manner described in § 5.12. 
Wiener proved that this was not so by putting a film of benzol between the mirror 
and the film. Since benzol has nearly the same refractive index as the gelatine, 
it almost eliminates the reflection from the lower surface of the photographic 
film. Wiener still obtained the fringes under these conditions. 


3.24.—An interesting addition to Wiener’s experiment is due to 
Drude and Nernst. They first repeated the main experiment using 
a fluorescent film as the detector instead of a photographic plate. They 
then took a glass plate, silvered half of the plate and coated the whole 
with a very thin film of fluorescent material. A parallel beam of radia- 
tion was allowed to fall normally upon the whole plate, and it was 
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found that there was strong fluorescence in the unsilvered region and 
none in the silvered region. This indicates that the surface of the 
reflector forms a node of the stationary waves, and implies that re- 
flection of light at a silvered surface produces a change of phase of 
approximately 7. Thus if the origin of x be taken at the reflector and if 
the incident wave is represented by 3(39), the reflected wave must be 
represented by 
&, = —a sin (wt + xz), Sodas te 1 C5) 


and the system of stationary waves by 


€ = —2a sin kz C08 wit, oie atte) 


so that the displacement is always zero at x = 0. 


3.25.—Wiener’s experiment was later again repeated by Ives, 
using a photo-electric method for detecting the nodes and antinodes. 
Although Wiener’s experiment does not form an accurate method 
of measuring the wavelength of light, it is of considerable theoretical 
interest. The formation of stationary light waves is probably the sim- 
plest application of the principle of superposition and forms a very 
direct, though not a very exact, test of the principle. Stationary light 
waves are the foundation of a method of colour photography. They 
have also important applications in connection with photo-electric 
cells and in the theory of polarized light. 

Stationary waves in three-dimensional enclosures are discussed in 
connection with the theory of temperature-radiation. 


3.26. Coefficient of Reflection—Normal Incidence. 


The coefficient of reflection at the boundary separating two trans- 
parent media can be calculated if the boundary conditions are known. 
Consider a parallel beam of light travelling in the OX direction and 
a boundary formed by a plane normal to the direction of propagation. 
For all ordinary kinds of waves the value of € is the same at any two 
points which are an infinitesimal distance apart, but on opposite sides 
of the boundary, at all times. This forms one boundary condition. 

The second boundary condition depends upon the type of wave 
involved and on the difference between the two media. Fresnel, 
using an elastic-solid theory of light, deduced the condition that 0¢/ox 
should have the same value on the two sides of the boundary. Hence 
he calculated the coefficient of reflection for normal incidence and 
obtained the value given in 3(56). In the next paragraph, this boun- 
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dary condition will be used. From our point of view, it is justified, 
for the present, by its success in giving a formula for the coefficient of 
reflection which is in agreement with experimental observations. It 
will require to be re-examined when we come to consider the reflection 
of electromagnetic waves. 


3.27.—Suppose that a parallel beam of light represented by 
é,=a,sin(wt—«e) . . . . . 3(48) 


is incident normally on a plane surface separating two media. Sup- 
pose that the light is passing from medium 1 to medium 2 and that the 
index of refraction is 14. Then if €,’ represents the reflected and €, the 
refracted wave, the boundary conditions are 


é + é/ = &, forallt, 2. . 72 3(49) 
0g, , 08" _ 08 
= f | Soe anne 
an =e an a? Or all ¢ 3(50) 


Equations 3(49) and 3(50) hold at the boundary which we take to be 
the plane 7 = 0. 

Equation 3(49) requires that reflected and refracted waves shall 
have the same frequency as the incident wave. Since the velocities 
are different in the two media, the values of A and « for the refracted 
wave must be different from the corresponding values for the incident 
wave, in order to comply with equations 2(25). We therefore write 


£,' =a,’ sin (wt + K,2) ses et a2 23(b1) 
and & = ay sin (wt — kyr), re ag 8 iy) 
where Kei — blag Kae NT ee es 


In writing 3(51) and 3(52) we assume that the phase differences 
between the reflected and refracted waves and the incident wave are 
zero OF 7. 

The boundary conditions now give 


a, + a, =a, Bee exe ie) 
and Hyd — KyQy' = Keg, . . . . . (540) 
and from 3(53) we obtain 
, Ko 
Gy — Ay = — Ay = fy 2M, 
Ky 
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and hence a,’ = —a Bie oey ase eS 
1 ee ea (55) 
= Has — 7) 
po (ea : igi oa ee) 200 
Hy +1 me 


When reflection takes place at an air-glass surface, equation 3(56) 
gives a reflection coefficient of 4 per cent for a glass of index 1:5. 


3.28.—Equation 3(55) indicates that there is a reversal of phase 
(i.e. a change by 7) when light is reflected, if the reflection takes place 
in the medium of lower optical density, but no change if it takes place 
in the medium of higher optical density. This change of phase is veri- 
fied by direct experiment (see § 5.10). Equation 3(56) predicts that the 
coefficient of reflection is the same on whichever side the beam strikes 
the surface since the value of p is unchanged when pi, is substituted 
for fy. If these coefficients were not equal, it would be possible to 
construct a thermodynamic cycle which would infringe the Second Law. 

3.29.—In the derivation of 3(56) it was assumed that the boundary between the 
two media was mathematically sharp. Most real surfaces are not perfectly clean. 
Glass surfaces commonly contain traces of polishing material and also occluded 
air. In practice, it appears that ordinary clean surfaces are sufficiently sharp to 
give results substantially in accord with 3(56). The sizes of irregularities are 
probably a little greater than the diameters of atoms and molecules (i.e. only 
1/100 of a wavelength of light). The presence of thin films of grease, etc., or of 
any slight roughness in the surface seriously affects the reflection. 


3.30. Optical Path Difference. 


In many optical problems it is necessary to calculate the phase 
difference between two beams of light which have started from the 
same source and reached the same point by different paths, having 
been reflected or refracted by systems of mirrors or prisms (see fig. 
4.1). The phase difference between such beams is made up of two 
parts. The first part, which has just been considered, consists 
of changes of phase on reflection; the second is due to a possible 
difference in length of the two paths. A sine wave undergoes a phase 
change of 27 when the wave advances through a distance equal to a 
wavelength. Thus the phase change 5¢ when the wave advances a 
distance 5s in a medium of refractive index n, is given by 


ap =~" bs, epee © 3157) 
1 


where A, is the wavelength in the medium, 
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If \ and « are the wavelength and wavelength constant for a wave 
of the same frequency in a vacuum we have 


Op aa tre geited Os: ha al area 2), 


The phase difference is thus proportional to , 6s and the optical dis- 
tance between two points is defined to be the integral of this function 
along the path traversed. 

The optical path difference is the difference between the values of 
this integral taken along the two alternative paths. The phase dif- 
ference is « times the optical path difference. If one beam of light 
passes through a plate of glass of thickness e and another follows a 
parallel path in air, the optical path difference is (n, — 1)e, although 
there is no difference in the lengths of the geometrical paths. 


3.31. Corpuscular Theory of Reflection and Refraction. 


In a corpuscular theory of light, the law of reflection, equation 3(23), is easily 
pictured as a form of elastic reflection. The corpuscles impinge on a perfectly 
smooth and perfectly elastic surface; the component of their velocity perpen- 
dicular to the surface is reversed, while that normal to the surface is unchanged. 

In order to be able to explain refraction, the corpuscular 
2 8 theory has to assume that some, but not all, of the cor- 


I 
va is puscles are able to penetrate the surface. This constitutes 
a fundamental difficulty, because the natural assumption 
OO eo is that the corpuscles representing one kind of light are all 
) the same. If this is so, it would be possible to explain why 
some particles penetrate the surface and others do not, by 
©. & assuming that the surface has some form of structure—due 
206 perhaps to the atomic structure of matter. On this view 
(OG) & a corpuscle would be reflected if it struck one of the surface 
a) So atoms directly (see fig. 3.14), and would be refracted if it 
@ Qe fell on one of the spaces, just as some particles penetrate 
ree a thin sheet of metal while others do not. 
Glan these roe hes This type of theory involves many difficulties. If it were 
tion and transmission correct the corpuscles would almost certainly be scattered 
of light. at the surface and there would be diffuse instead of regular 
reflection and refraction. Also it would be very difficult 
to explain rectilinear propagation in a medium whose atoms exerted such 
powerful forces on the corpuscles. It is therefore necessary to consider the 
possibility that the corpuscles may not be identical. 


3.32.—If a beam of monochromatic light falls normally on a sheet of trans- 
parent glass, a certain fraction is transmitted. If the transmitted light falls upon 
a second sheet of glass similar to the first, the same fraction is transmitted. 
Thus it appears that, in this case, the light transmitted does not differ essentially 
from the incident light—both contain the same proportion of corpuscles capable 


§ 3.33 CORPUSCULAR THEORY 69 


of being transmitted. This implies that there are not some corpuscles perman- 
ently capable of transmission and others which must be reflected. On the contrary, 
all the corpuscles must be capable both of transmission and of reflection. As 
Newton suggested they must have “ fits of reflection ” and “ fits of transmission ”, 
and must pass periodically from one to the other. There is also no way of pre- 
dicting when any one corpuscle will be in a “ fit of reflection”. Thus the cor- 
puscular theory would appear to involve a certain element of indeterminacy—to 
admit that the behaviour of the corpuscles cannot be followed in detail and 
described in terms of cause and effect: it also seems to involve a kind of periodicity 
—a characteristic feature of the wave theory. 


3.33.—Even if the corpuscular theory should succeed in giving an account 
of the fact that some light is reflected and some refracted, it would still have to 
provide means for calculating (i) the proportion of light transmitted, and (ii) 
the relation between the angle of incidence and the angle of refraction (Snell’s 
law). It has never been able to attack these problems with any degree of success. 
It is well known that an attempt was made to explain Snell’s law by the special 
assumption that the speed of the corpuscles increased in a certain ratio in passing 
from a light to a dense medium, the component of velocity parallel to the surface 
remaining unchanged. This is a very artificial assumption since normally energy 
would be needed to increase the speed of the corpuscles. It is directly opposed 
to the results of measurements of the velocity of light. 


3.34.—It thus appears that while the wave theory can give an elegant account 
of the basic phenomena of reflection and refraction, the corpuscular theory can 
give only a fragmentary and unsatisfactory description of these phenomena. 
In order to do even this, it has to import special assumptions which lead towards 
a wave theory. In considering the great superiority of the wave description, it 
is desirable to remember that later we shall have to discuss a group of phenomena 
where a corpuscular theory is entirely successful, and the wave theory has cor- 
respondingly great difficulties. 


EXAMPLES [3(ix)-3(xv)] 


3(ix). Show that if the refractive index were exactly represented by the first 
two terms of 3(37) it would be possible to construct a lens free from chromatic 
aberration by combining a positive and negative lens made of different glasses. 


[Let the refractive indices be given by 
n’ —1=A’+ A’B’/ 
and n” —1= A’ + A’B’/. 


Let the powers of the two lenses be F’ and F” respectively and let p’ = 
(1/r, + 1/r,) for the first lens and p” the corresponding function for the second. 


Then F=F,+ F, = (n’ —1)p’ + (n” — 1)p” 
a A’p’ + A”o” + (A’B’ 0’ + A” B’9”)/24, 


and if A’B’’ + A”B”p” = 0, then F is independent of .] 
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3(x). Show that the process suggested in the last example fails if A’/B’ = 
ALB 
3(xi). The refractive indices of a flint glass and a crown glass are as follows: 
Red light Blue light 
Flint 1-644 1-664 
Crown 1-514 1-524 


Find the focal lengths of two lenses, one made of flint and the other of crown 
glass, such that, when combined, the resultant focal length is 10 metres for each 
kind of light. [—5-784 m. and 3-664 m. for blue light.] 


3(xii). Calculate the ratio of the amount of light transmitted normally through 
a piece of glass whose refractive index is 1-5, to that transmitted through a piece 
of fused quartz whose index is 1-55. 
[1:019. Allow for reflections at two surfaces. ] 
3(xiii). Insert epoch angles 3,’ and 8, in 3(51) and 3(52) and apply the con- 
ditions 3(49) and 3(50). Hence show that 5,’ and 6, are either zero or integral 
multiples of 7. 


3(xiv). In an experiment similar to Wiener’s, the film was one centimetre 
long. One end was in contact with the reflecting surface and the other was sepa- 
rated from it by a piece of mica 10-® centimetre thick. The distance between 
successive dark lines on the plate was 0-025 centimetre. Find the wavelength of 
the light used. [5000 A.] 


CHAPTER IV 


Representation of Light by Wave Trains 
of Finite Length 


4.1. Sources of Light. Types of Spectra. 


The classification of sources of light is an important preliminary 
to the application of wave theory. From this point of view, the most 
significant classification is made by means of spectra. Modern instru- 
ments, developed from the simple apparatus by which Newton first 
discovered the dispersion of light, enable the spectra produced by 
different sources to be examined in detail. These instruments are 
called spectroscopes when they are designed for visual examination of 
the spectrum, and spectrographs when they are arranged so that it 
may be photographed. Using these instruments, three main types of 
spectra have been discovered. These are called line spectra, band 
spectra, and continuous spectra. Kach type may be observed either as 
an emission spectrum or as an absorption spectrum. Plate I (p. 72) 
and Plate II (p. 126) include some typical spectra. 


4.2. Inne Spectra and Continuous Spectra. 


An emission-line spectrum consists of a number of fairly narrow 
lines with dark regions between them (see Plate Ia, 6, c). There 
may be only a few, or there may be several thousand lines. Narrow 
(or “ sharp ’’) lines are produced when atoms are able to radiate light 
without being greatly affected by collisions with other atoms. Sharp 
lines are usually produced by an electrical discharge in gases at low 
pressure. Each line is characteristic of the kind of atom by which it 

~is emitted. Sodium emits two lines fairly close together in the yellow 
“region of the spectrum (Plate Ia); cadmium emits a strong red and 
a strong green line, as well as many weaker lines (Plate Ib); mer- 
cury emits several strong lines (Plate Ic). When an electrical dis- 
charge is produced in a gas at a pressure of a few atmospheres, 
the lines become less sharp (Plate Id), and when the pressure is made 


higher still the lines run together to form a continuum. The spectra 
7 
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of light from hot solids are also continuous. ‘This type of spectrum is 
usually produced under conditions such that each atom is strongly 
influenced by its neighbours. 


4.3. Band Spectra. 

A band spectrum consists of a very large number of lines which 
crowd together in certain regions of the spectrum to form charac- 
teristic “heads” (Plate IIa). Spectra of this type are due to mole- 
cules and a given system of bands is characteristic of the molecule 
which emits them. The theoretical description of these spectra is more 
complicated than the corresponding description of line spectra, but 
does not involve any essentially different principles. 


4.4. Infra-red and Ultra-violet Radiation. 

Using suitable photographic plates, it is possible to photograph 
lines, bands, etc., which lie outside the limits of the visible spectrum. 
This indicates that there are certain types of radiation to which the 
plate is sensitive but the eye is not. This is confirmed by taking a 
very sensitive thermopile and moving it through the spectrum. The 
thermopile gives a reading in the visible region and its reading in- 
creases greatly when it passes through a region where a bright line 
can be seen. The reading does not, however, fall to zero at the ends 
of the visible spectrum. Beyond the red end it usually increases; 
beyond the violet end the reading is usually small but still sufficient 
to indicate the presence of radiant energy. The radiation beyond the 
red end of the visible spectrum is called infra-red radiation; that 
beyond the violet end is called ultra-violet radiation* (Plate IIb, p. 126. 
See also fig. 1.5). 


4.5. Absorption Spectra. 


When light from a source which normally gives a continuous spec- 
trum is passed through certain vapours or gases, it is found that a 
number of dark lines appear in the spectrum (Plate IIc, d). Continuous 
absorption may also be produced by vapours, or by gases, or by liquids. 
Absorption lines or bands are characteristic of the absorbing gas or 
vapour, and it is found that their positions in the spectrum coincide 
with the positions of some of the lines or bands which are emitted by 
the same gas or vapour under the influence of an electrical discharge 
(Plate IIc, d, e). These absorption lines or bands enable us to detect the 


* This radiation is sometimes called ultra-violet light. The word “ light ” should be 


reserved for “ visible radiation ”’. 


(a) Emission spectrum (sodium). 
(6) Emission spectrum (cadmium). 
(c) Emission spectrum (mercury, low-pressure). 


(d) Emission spectrum (mercury, higher-pressure). 


(e) Newton’s rings. (f) Fabry-Pérot fringes (mercury, blue only). 


(g) Fabry-Pérot fringes (mercury, blue and green). 


PLATE 1] 


Facing p. 72 


§ 4.6 TYPES OF SPECTRA 73 


presence of the corresponding atom or molecule in the gas or vapour. 
This type of spectrum was first discovered by J. von Fraunhofer 
(1787-1826), who showed that the spectrum of light from the sun is 
crossed with a number of dark lines. The position of these lines in the 
spectrum coincide with the positions of some of the emission lines ob- 
tained in laboratory spectra (Plate IIc, e). These lines originate in the 
following way. The centre of the sun is a dense mass of very hot gas 
which emits a continuous spectrum. This light passes through the 
cooler and less dense outer layers of the sun, where part of the light is 
absorbed, producing the dark lines. These lines show the presence of 
certain of the terrestrial elements in the outer layers of the sun. The 
central region is called the photosphere, the main absorbing region is 
called the chromosphere. The corona is a much less dense region of the 
sun which extends far beyond the chromosphere. It is normally seen 
only at eclipses when the main light of the sun is excluded by the 
moon. In this region a number of weak but very sharp lines are 
emitted. 


4.6. Atomic Oscillators. 


Let us now assume, on the basis of certain experiments which will 
be described later, that each line in a spectrum corresponds to a 
definite wavelength. It also corresponds to a definite frequency, 
the relation between wavelength and frequency being given by equa- 
tion 2(25). The wavelengths and frequencies for different regions 
of the spectrum are given in fig. 1.5. The emission and absorption of 
spectra which consist of sharp lines suggest that the atom may be re- 
garded as a system of simple harmonic oscillators. Each oscillator 
emits light of the wavelength corresponding to its natural frequency 
and thus produces a line in the spectrum. When white light passes 
through a gas or vapour, the oscillators in the various atoms resonate 
and absorb light of the wavelengths which correspond to their own 
natural frequencies of oscillation. Thus the absorption lines coincide 
with the emission lines. When an atom is subject to strong interaction 
with its neighbours (as in a gas at high pressure, or in a solid or liquid) 
the oscillators are continually being disturbed. They emit irregular 
pulses instead of simple harmonic waves, and these pulses (which have 
no well-defined frequency) make up a continuous spectrum. Some of 
the natural periods of atoms or molecules correspond to wavelengths 
greater or less than those to which the eye is sensitive, and they give 
lines in the infra-red and ultra-violet respectively. 


4,.7.—This general description of the emission and absorption of 
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radiation by atoms and molecules includes many of the observations, 
but there are certain difficulties. It is not easy to understand why 
some atoms should emit so many lines if each line corresponds to a 
distinct mode of oscillation which has its own natural frequency. This 
difficulty is greater when we consider that even the hydrogen molecule, 
which consists of only four particles, emits an extremely complicated 
spectrum containing tens of thousands of lines. It is also found that 
normally only some of the emission lines appear in the absorption 
spectrum. 

In the emission spectra of atoms some lines appear only in the 
spark spectrum and not in the are spectrum. Others appear only in 
the gaseous discharge. These observations indicate that under a given 
set of conditions some of the oscillators are not available, and the 
theory does not suggest any simple reason why this should be so. 
Although there are many difficulties, the simple picture of the atom 
as a set of harmonic oscillators is still very useful. At a later stage 
it will be incorporated in a more detailed theory of the emission and 
absorption of light. At present it may be regarded as a working hypo- 
thesis to be amended when more detailed experimental data are avail- 
able. It suggests that it is desirable to see whether all the properties 
of the light belonging to one of the sharp lines in the spectrum are 
characteristic of the long trains of sine waves which would be emitted 
by a simple harmonic oscillator. For this purpose it is necessary to 
isolate one of the lines of the spectrum. This may be done by placing 
a mask over the spectrum with a slit placed so as to allow only a narrow 
region, containing one line, to pass. Such an arrangement is called a 
monochromator. Sometimes the same result can be more easily achieved 
by the use of colour filters which transmit only a part of the spectrum. 
By passing the light through a suitable combination of filters, it is 
possible to arrange that only one line is transmitted, provided that the 
source does not have too complicated a spectrum. When the light 
corresponding to one line of the spectrum has been isolated, its proper- 


ties may be studied in detail by means of the instrument which will be 
described in the next paragraph. 


4.8. The Michelson Interferometer. 


The apparatus shown in fig. 4.1 was invented by A. A. Michelson 
(1852-1931). S, is an extended source of light such as a gaseous dis- 
charge-tube or a sodium flame. Light from S, passes through the 
filter F and is made roughly parallel by the lens L. It then falls upon 
the mirror M,. This mirror is a plate of glass half-silvered on the side 
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remote from §,. M, and Ms; are fully silvered on the front surfaces. 
Some of the light from §, passes through M, and is reflected, first by 
M,; and then by M,, so as to enter the telescope T. Another portion 
of the light is first reflected by M,, then by M,, from which it passes 
through M, to the telescope. The light entering the telescope is viewed 
through the eyepiece EZ. The compensator OC is a plate of unsilvered 
glass equal in thickness to M,. Light reflected from M, passes twice 


Aten 


ennaeet 


Fig. 4.1.—The Michelson interferometer 


through C and thus passes through the same thickness of glass as the 
beam from M,, which passes through M, three times. The mirror M, 
is mounted on a carriage which can be moved by a screw in a direction 
parallel to the axis of the telescope. It moves along accurately con- 
structed guides, so that no rotation occurs during its movement. Let 
R be a plane coincident with the image of the mirror Ms, reflected in 
the mirror M,. This plane is called the reference plane. Then the 
difference in phase between the beam reflected from M, and that re- 
flected from M, is the same as if the latter beam had been reflected 
from R.* In the usual adjustment of the instrument M, is set parallel 


* For studying the interaction between two beams of light, the Michelson inter- 
ferometer is superior to a simple thin film arrangement (such as would be produced by 
placing a half-silvered mirror at the plane R), because (a) there are no beams due to 
multiple reflections (such as reflection from M, to R, thence to M, again and from M, 
to the telescope); (b) M, can be made to coincide with R; and (c) it is fairly easy to 


make the two beams of equal amplitude. 
4 (Gc 577) 
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to and about a millimetre from R. Circular fringes are seen in the 
telescope when it is suitably adjusted.* 

4.9.—We account for these fringes in the following way. Since 
the light from §, is not accurately parallel some beams reach T having 
been reflected normally from M,, others after reflection at a small 
angle. If ¢ is the distance from M, to the reference plane R, the path 
difference + for beams reflected at an angle 6 to the normal is 2e cos 8, 
and the phase difference is 


47re cos 6 
Cac 


If the two beams are of equal amplitude, the relative energy is 
proportional to 


2a,2 + 2a,? cos 5 = 4a,? cos? 46. (See §3.4). . . 4(1) 


§ =~" (2¢ 008 8) = 


The relative energy is a maximum when 6/7 is an even integer, i.e. 
when the path difference 2e cos @ is an integral multiple of A. It is zero 
when 6/7 is an odd integer, i.e. when 2e cos @ is an odd number of half 
wavelengths. A parallel beam of light falling on a telescope is 
focused at a point in the focal plane of the objective. The hollow 
cone of light consisting of all these rays which make a given angle 6 
with the axis of the telescope is seen as a circular ring. The phase 
difference for all points on the ring is the same and the ring con- 
stitutes a bright fringe if this phase difference is an integral multiple 
of 27. 

The order of interference between two beams for which the phase 
difference is 2p (corresponding to a path difference of pA) is p. In 
this definition of order of interference p is not necessarily integral. 
The maximum which corresponds to an integral value (p,) of p is called 
the maximum of order p, or the bright fringe of order p,. In a similar 
way we may speak of the minimum of order (p, + 4) or the dark 
fringe of order (p, + 4). 

Let p (not necessarily integral) be the order of interference at the 
centre, and let @, be the angular radius of the bright fringe of order 
p, (where p, is an integer), Then 


2¢ == py A 2. wae ae Bg 42a) 
and 2€ cos 8, ==), \, eg ee (20) 


agar for adjusting the Michelson interferometer are given in Appendix 


t See § 5.13. 
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Note that the order at the centre (p,) is always greater than the 
order of any of the rings (p,). When e is constant the loci of maximum 
relative energy depend only on 6, and are therefore circular rings.* 
If M, is moved away from R, fresh rings appear at the centre. Hach 
ring moves outwards but the central rings move more rapidly so that, 
in any given part of the field, the angular separation of the fringes 
becomes smaller. 
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Fig. 4.2.—Variation of visibility with path difference for (a) cadmium red line 
- (6438 A.) and (6) sodium yellow lines (5890 A. and 5896 A.) 


4.10. Visibility of the Fringes. 


‘The reduction of the separation of the fringes when the path 
difference is large makes them more difficult to see if they are viewed 
with the same telescope, i.e. under constant magnification. Michelson 
found that apart altogether from this effect the clearness of the fringes 


* It is shown in Chapter V that this is still true for sources of finite size. 
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varies in a way characteristic of the source used. He defined the 
visibility of a fringe to be 


pers 


max) — Fata) say, a cD 
E (max) — E (min) 


where E max) is the relative energy for a bright fringe and E,,,,,, is the 
relative energy for the neighbouring dark fringes. The visibility so 
defined is independent of the angular diameters of the rings. Michelson 
devised an ingenious method * of measuring the variation of V with e. 
Results of measurements of the value of V for fringes near the centre 
of the field, obtained with cadmium red light, are shown in fig. 4.2a. 
Corresponding results for sodium yellow light are shown in fig. 4.26 
(Dart). 

4.11.—If the radiation from the source 8, is exactly represented 
by a pure sine wave, the value of V may be calculated from 4(1). 
This equation gives H,,, = 0, so that V1, no matter how large 
the path difference. This calculation does not agree with either of the 
experimental results and therefore the light from the sources cannot 
be exactly represented by pure sine waves. The next most simple 
assumption is that the light is represented by a mixture of two sine 
waves of slightly different wavelengths A and A’. The fringes produced 
by wavelength ’ are then similar to those produced by A, but if 0’,, is 
the angular diameter for order p, of A’, we have 


cos 0’, NV 
x SS Te 

cos 6, A 
1 


4(4) 


In some parts of the field the two sets of rings coincide and rein- 
force one another. Owing to difference of separation, they go “ out of 
step” in other regions. Certain values of @ correspond to maxima for 
one wavelength and to minima for the other so that the rings become 
confused. There are thus series of alternations of rings “in step ” and 
“out of step” leading to a variation of visibility. Just as the ratio 
of the periods of two pendulums may be determined by observing the 
frequency of coincidences, so the ratio of the wavelengths may be 
determined by observing the fluctuations of the visibility of the fringes. 


4.12.—Observation of the variation of the visibility may also be 
used to determine the ratio of the amplitudes of the two waves and 
hence the relative energies. Two sine waves of equal amplitude give 
zero visibility when the waves are exactly out of step. If the ampli- 


* See Reference 4.1. 
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tudes are not equal the visibility is never zero since the weaker fringes 
do not completely obliterate the stronger ones. If the amplitudes of 
the sine waves are a, and ay, the maximum visibility is unity and the 
minimum visibility is 


V a,” Pa Gon 


min — OM ee os 
a,” + a,” 


Thus by measuring (a) the separation of the maxima, and (6) the ratio 
of the maxima to the minima in the visibility curve, it is possible to 
determine both the ratio of the wavelengths and the ratio of the ampli- 
tudes. Let us now apply this method of analysis to fig. 4.2b, tempo- 
rarily ignoring the gradual decrease of visibility with increasing values 
of e, and considering only the alternations. We find that yellow sodium 
light contains two components whose wavelengths differ by about 
1 part in 1000. One contributes about twice as much as the other to 
the total intensity of the source. 


Michelson’s method is very powerful in the detection of small amounts of 
inhomogeneity in the source. He was able to show that the red Balmer line 
of hydrogen contained two components with a separation of 0-14 A. or about 
one part in 40,000. Modern methods have shown the presence of weaker 
components and have given a value of 0-1358 A. for the separation of the two 
strong components. As a method for the analysis of sources of light, Michelson’s 
procedure suffers from two defects. On the theoretical side Rayleigh (J. W. 
Strutt) showed that the analysis of the visibility curve does not always give a 
unique result. In complicated cases, different sets of components lead to the 
same visibility curve. On the practical side, Michelson’s procedure is laborious 
and demands very great experimental skill. The accuracy of the result he ob- 
tained for the hydrogen line is an indication of Michelson’s own genius as an 
experimental scientist as well as of a considerable capacity for taking pains! 
The analysis of sources of light can now be carried out by methods which show 
directly what he had to infer (see Chapters V and IX). Michelson’s interferometer 


is no longer used for this purpose. _ 


4.13.—The visibility curve for cadmium red light does not show an 
alternation of intensity but a gradual decrease of approximately 
exponential form (fig. 4.22). The visibility curves for sodium light 
also show a gradual decrease superimposed upon the alternations. 
Two explanations of this gradual decrease will now be considered. In 
the first place let us suppose that cadmium red light is represented by 
a very large number of sine waves, differing slightly in wavelength 
but with energies falling off sharply on either side of a certain wave- 
length for which the energy is a maximum (fig. 4.3). Zero path 
difference gives a maximum relative energy for all wavelengths. Since 
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most of the light is nearly of the same wavelength, the fringes are 
clear for small path differences. They become less clear when the path 
difference is increased, because the positions of the maxima due to 
wavelengths on the edge of the line (i.e. to wavelengths which have a 
comparatively large difference from the central wavelength) deviate 
from those due to the mean wavelength. As the path difference is 
further increased, more and more of the light goes to form fringes 
which are not “in register” either with the fringes due to the central 
wavelength or with each other. Thus the fringes gradually become 
less and less clear and there are no alternations. 


fa} 
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Fig. 4.3.—Distribution of energy with wavelength for the cadmium red 
spectrum line (low-pressure lamp) 


The situation may be illustrated by a simple analogy. If a number 
of men, with slightly different lengths of stride, start off walking in 
step, they will gradually fall out of step. They will all be in step again 
at a distance which is the least common multiple of all the pace lengths, 
and at 2,3... times this distance. If the number of men becomes 
indefinitely large and the differences of pace length become infinitesimal, 
there are no alternations; the group falls gradually out of step and 
never comes together again as a whole. 

Michelson showed that his results for the cadmium red line were 
explained if the light was represented by a distribution (see fig. 4.3) 
in which the energy falls to half its maximum value for wavelengths 
differing from the mean by +0-0065 A. This distance is called the 
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half-width of the line.* He showed that, in a similar way, sodium light 
could be represented by two components, neither of which is strictly 
monochromatic. 


4.14.—As an alternative explanation of the decrease in visibility, 
we now suppose that cadmium red light is represented, not by a single 
continuous train of waves but by a series of wave trains of finite length. 
Kach train of waves is divided into two trains of equal length by the 
mirror M, (see fig. 4.1). These return from M, and M, to the telescope. 
When the path difference is small, the telescope receives the returning 
trains of waves nearly simultaneously, and they can interact. When M, 
is at a sufficient distance behind R, the train from M, enters the tele- 
scope after that from M, has passed. It is as though light from two 
independent sources was being received in the telescope. There is no 
interaction and no fringe system. For intermediate value of the path 
difference, the wave trains partially overlap and fringes of reduced 
visibility are formed. Thus Michelson’s results may be explained, at 
least qualitatively, either by postulating a group of waves of slightly 
varying frequency or by postulating a wave train of finite length. 

In order to discuss this matter further, it is necessary to examine 
the properties of groups of waves and to employ a mathematical 
method for the analysis of such groups. The complete theory involves 
rather lengthy mathematical calculations. In the following paragraphs, 
the results of these calculations are given without proof. The proofs 
are given in outline in Appendix IV B. 


4.15. Waves of Irregular Profile. 


The starting point for our discussion is a mathematical theorem 
due to J. B. J. Fourier (1768-1830), who showed that a wave of irregular 
profile may always be regarded as the sum of a series of simple har- 
monic waves. This analysis is very helpful in solving particular prob- 
lems when the irregular profile has some special form that gives a simple 
series. It is also useful because we can prove certain general propo- 
sitions for a single simple harmonic wave and then, using the principle 
of superposition, show that they apply to the sum of a set of simple 
harmonic motions. Fourier’s method then shows that they apply 
generally to waves of irregular profile. 

In connection with the Fourier analysis it is important to remember 
that when we write a mathematical equation without qualification, 


* Some writers define a half-value width which equals twice the half-width defined 
above. 
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we imply that it is true for all values of the variables. The displace- 
ment for a simple harmonic wave is given by 3(3) and this expression 
is valid for all space and time. The wave whose profile is shown in 
fig. 4.4 is not a pure simple harmonic wave. Over a considerable 
region the profile is that of a simple harmonic wave, but to the left 
and to the right of this region the displacement is zero. Therefore the 
profile as a whole is not that of a simple harmonic wave. When the 


Fig. 4.4.—A short train of waves 


profile of a wave follows a simple sine curve (with constant or slowly 
varying amplitude) over an appreciable region, and the displacement 
is zero elsewhere, we call it a wave tram. When the region over which 
it simulates a simple harmonic wave is large compared with the wave- 
length we speak of a long wave train, even though in our ordinary 
measure the length may be rather short. A train of light waves one 
millimetre long would contain 2000 waves and would be a fairly long 
wave train. 


4.16.—In Chapter III we described methods of calculating the 
resultant of a number of simple harmonic waves of the same frequency. 
The Fourier mathematical method enables us to calculate the resul- 
tant of a large number of simple harmonic waves, not necessarily of 
the same frequency, provided that the amplitudes and epoch angles 
are given. One important case to which the Fourier method has been 
applied is that of the wave group. So long as we are confined to one- 
dimensional problems, we may define a wave group as the resultant of 
a set of simple harmonic waves closely grouped round a certain mean 
frequency. If any members of the group have frequencies which differ 
from the mean frequency by more than a small fraction of this fre- 
quency, then their amplitudes are a small fraction of the amplitudes of 
waves whose frequencies are near the mean frequency. Thus nearly 
all the energy is concentrated in frequencies near to the central frequency. 

We have defined the term “ wave train” by reference to the pro- 
file, and the term “ wave group” by reference to the distribution of 
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energy among different frequencies. We shall show that a long train 
of waves with constant or slowly varying amplitude is associated 
with a narrow range of frequency. A long wave train is a wave group. 
When the wave train is very long, the frequency range of the corre- 
sponding wave group is correspondingly narrow. The reverse relation 
is also true; the synthesis of a group of waves whose frequencies cover 
a narrow range is a long wave train. We may deduce this result in 
a qualitative form from very elementary arguments. In a very short 
wave train no one frequency is dominant. We should expect any 
analysis in terms of simple harmonic waves to yield a wide distri- 
bution of frequencies. It is well known that irregular sounds give such 
a distribution. If a wave train covers a large number of wavelengths, 
one frequency becomes well established. When the train becomes very 
long it approaches very nearly to a simple harmonic wave, and we 
should expect the analysis to represent this by a gradual narrowing 
of the frequency range. In the limit, the frequency range tends to zero 
as the length of the wave train tends to infinity. Whether we consider 
the frequency distribution or the profile, the limit is a simple harmonic 
wave of exactly constant amplitude extending over all space.* If we 
consider the other extreme, we may imagine a wave train which is so 
short or so irregular that no one frequency predominates markedly. 
This is called a pulse. 


4.17. Fourier’s Series. 


Fourier’s method enables any suitable mathematical function of 
one variable to be expressed either (a) as the sum of a series of cosine 
functions whose wavelengths are all submultiples of a certain chosen 
wavelength or (6) as an integral involving a set of cosine functions 
whose wavelengths vary continuously from 0 to «. The series ex- 
pansion is valid over only a finite range of the variable but the integral 
is valid over the whole range. Generally, the theorem applies to any 
function which can be shown by a graph and not merely to functions 
which are given by a single algebraic expression. Thus both con- 
tinuous functions and functions which have discontinuities of slope 
or magnitude may be expressed in terms of Fourier’s series, provided 
that the number of discontinuities in the relevant range is finite. 
Fourier’s series is especially convenient for the representation of 
functions which cannot be expressed by one simple algebraic function 

*In this chapter we apply the Fourier method to a one-dimensional problem. 


Later we shall have to generalize the concept of a wave group to deal with problems in 


two and three dimensions. 
4° (G 577) 
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but consist of parts each of which can be so expressed. Examples of 
such functions are shown in figs. 4.5 and 4.6. 


Loon 


£(X) 


(0) 
Fig. 4.5.—The relation between (a) a non-periodic function and 


(6) the sum of a related Fourier series. 


Suppose that it is desired to replace € = f(x) by a series of sine 
functions and that the expansion is to apply to a range from —a, to +2». 
Then if X = wx/x, Fourier’s series is defined by the relation 

J(X) =a) + a, cos X + a,cos2X +... 


+ 6,sn X-+b6,sm2X +... . . 4(5) 
It may be shown that * 


il nm 
o=9o | SX) aX, 
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* See Appendix IV B and Reference 4.2. 
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By introducing new constants Ao, A,, etc., and 5,, 5, etc., defined by 
Ay =%, A,sind,=a,, and A,cos§,;=b, . 4(7) 
we may write 4(5) in the form 
f(X) = Ay + A, sin (X + 8) + Asin (2X +8,) +... . 4(8) 


Hach term in 4(8), except the first, represents a pure sine wave. In 
a similar way 4(5) may be expressed as the sum of a series of complex 
exponentials (see § 2.26 and Appendix IV B). 


f(a) 


Fig. 4.6.—The “‘ top-hat ” curve 


4.18.—The values of functions such as snmmX and cosmX for 
X = X, + 27 are the same as the values of the corresponding func- 
tions for X = X,. Let f,(X) be the sum of the series 4(5) for any value 
of X. Then, since f,(X) is the sum of a series of terms such as sin mX 
and cos mX, we shall have 


Is(Xo + 27) = f(Xo); 


ie. the sum of the series must lead to a function which repeats its 
values when X, changes by 27. The sum of the series f,(X) always 
agrees with the original function f(X) in the range —z to +7, but does 
not agree with it outside this range unless f(X) happens to be a periodic 
function for which f(X + 27) =f(X). 
Fig. 4.5a shows a function which is proportional to X in the range 
—mn to 7, and zero elsewhere. The Fourier series 
m1 Sn MX 


AX) =2 3 (1 Seg 


m 


shown in fig. 4.5b, agrees with the corresponding function in the range 


86 WAVE TRAINS OF FINITE LENGTH 


(¢) 


Fig. 4.7.—Representation of a function by a Fourier series: (a) sum of 
3 terms of the series, (b) sum of 6 terms of the series, (c) sum of 9 terms ot 
the series. 

In (a), (6), (c) the dotted line shows the original function f(X) = X. 
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—7 to +7 but not outside this range. On the other hand, the “ top- 
hat curve” shown in fig. 4.6 can be represented by an appropriate 
Fourier series [see answer to Example 4(iii), p. 101] for all values of Lo 
because the curve to be represented is periodic. The relation between a 
limited number of terms of a Fourier series and the corresponding 
function is shown in fig. 4.7. [See also Example 4(ii) and fig. 4.8.] 


4.19. Fourier’s Integral 


In the preceding paragraphs we have discussed the analysis of a 
wave whose profile is given, into a number of simple harmonic waves. 
This process is the inverse of the combination of a number of simple 
harmonic waves, each of known frequency and amplitude, which we 
discussed in Chapter III. Using the principle of superposition, we may 
calculate the resultant of a large number of simple harmonic waves 
whose amplitudes are a,, dj,...#,, and whose circular frequencies 
AIC W1, Ws,...- Wn. Fourier’s integral theorem, which we shall now 
state, enables us to extend this calculation to the limit in which the 
number of simple harmonic waves to be combined is indefinitely large, 
and in which the differences of frequency and of amplitude between 
successive members of the set are infinitesimal. It also shows the 
relation between the processes of analysis and of synthesis in an elegant 
and symmetrical form. 

Let us first consider the combination of n simple harmonic motions, 
of which one is represented by 


&, = d, exp U(w,t — K,v) + a_, exp — (wt — K,2). 


Then, from the principle of superposition, the resultant is * 


€é= DY a,expiwt—K« a), . .. . 49) 
where w_, = —w,. Let us define a function a(«) by the relation 


Oy = AK) (Kray — Kr), 


where x has some value between x, and k,.4. 
We now imagine the number of waves to increase without limit 
and the intervals to become infinitesimal. Then we put «4; — kr = dk 


and write 


£= f(z, t) =/) a(x) exp t(wt — xx)dx, . . 4(10) 


* The interpretation of the “negative harmonics” is discussed on p. 105. 
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i.e. we make the usual transition from the sum of a large, but finite, 
number of elements to the definite integral.* In general a(«) will be 
a complex quantity of the form 


a(x) = a’(«) exp 28,, 


where 5, represents an epoch angle (§§ 2.4 and 2.26). The profile at 
t = 0 is given by the real part of 


£ = 7,(2) = [awe de. Je 4(11) 


This equation gives the profile when a(x) is known; this is equivalent 
to knowing the distribution of energy among the different frequencies 
(see Appendix IV B). 

The complementary problem, to find the energy distribution when 
the profile is given, can be solved by an integral theorem which Fourier 
derived as an extension of the method of analysis described in §§ 4.17 
and 4.18. In the form relevant to the present problem, this theorem 
states that 


aie) = 5 il “paetede, . . . 4(12) 


This equation is valid for all values of x and x. Note that 4(11) and 
4(12) differ, not only in the factor 1/27 (which is unimportant), but 
also in that 4(12) contains a positive exponential and 4(11) contains 
a negative exponential.t 


4.20.—Fourier’s series enables us to analyse a wave of irregular 
profile into a discrete set of harmonic waves whose wavelengths are 
all submultiples of a certain fundamental wavelength. This analysis 
is valid over a range —2, to +2, equal to the fundamental wavelength. 
If we choose a different range, say —x, to +2,, the composite wave 
appears to be made up of a different set of harmonic waves [see Example 
4(iv), p. 101]. If we extend the range from —oo to +00, the analysis 
is in terms of a continuous distribution. It is important to realize that 
there is no inconsistency in the fact that different methods of analysis 
give different results when applied to the same wave-profile. If x, is 


* The discussion of the conditions under which this transition can be made is given 
in standard works on the integral calculus. The physical interpretation of the “ negative 
values of x” in 4(10) is discussed in Appendix IV B. 

t The function g(x) used in the Appendix is equal to a(x) V (27). Using this function 
the factor outside the integrals is the same [see equations 4(60) and 4(61)]. It is 
also shown that equation 4(11) may be replaced by one containing e+ixz, and that the 
negative exponential then appears in the equation corresponding to 4(12). 
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greater than 2», the analysis in terms of a set of waves based on the 
fundamental wavelength x, applies in the range —X) to +m. Within 
this range, the two sets of harmonic waves are equivalent. They give 
different resultants in the ranges —a, to —a and 2 to 2,, but here 
the analysis based on a does not apply.. The equivalence of the two 
results of analysis exactly represents the results of experiment. 


4.21. The Gaussian Wave Group.* 


We shall now use the method of Fourier to discuss the properties 
of the particular kind of wave group for which 


a(«) = A’ exp {—a( 1 — ko)?}, a 4(13) 


where A’, «, and x, are constants. This type of distribution results 
when an oscillator is subject to irregular disturbances which cause a 
large number of small random variations in its period. This is called 
a Gaussian wave group because many physical problems of random 
variation were investigated by Gauss. The shape of the wave pro- 
file when ¢ = 0 [obtained by using equation 4(11)] is represented by 


So(%) = ij A’ exp {—a(« — ky)? — inatde. . 4(14) 


feo) 


In Appendix IV B this is shown f to give 


KO a) -o 5 Haby 


ed 


This profile is shown in fig. 4.8a for the case where ak,” = 2000; 
in fig. 4.8b for the case where ax? = 200; and in fig. 4.8¢ for ax,” 
— 20. Note that the amplitude of the wave is proportional to e~*/**. 
This curve is shown by the dotted line in fig. 4.80. 

When «x,? is very large compared with unity, the expression 4(15) 
represents a close approximation to a pure sine wave whose wave- 
length is 27/«,. The amplitude remains nearly constant over a region 
which covers many wavelengths and only begins to decrease at dis- 
tances from the origin such that 2 becomes comparable with »/«. 
Even there the decrease in a region of one wavelength is small. Thus, 
when 4/a/A is large compared with unity, i.e. when ax,” is large, 4(15) 
represents a wave group with a well-defined frequency. As ax,” 


* See Appendix IV B, p. 112, and Reference 4.3. 
+ Use equations 4(99) and 4(103). The constant A = 2A’. 
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becomes smaller the train becomes shorter and shorter until when 
ax? is of the order of unity, the profile is that of a pulse. 


4.22.—Figs. 4.9a, b, c show the function a(x) for different values 
of ax,2 corresponding to figs. 4.8a, 6, c. From this figure, or by com- 
parison of equations 4(15) and 4(13), it may be seen that when the 


£ (oe) 


(2) * 


(0) 


Fig. 4.8.—Gaussian wave groups, (a) «x, = 2000; (b) ««,2 = 200; 
(c) %*9* = 20, The maxima are adjusted for equal total energy. The 
real part of f,(x), which is the physical variable, is shown. 


train of waves is short, the energy is spread over a wide range of 
frequency, but that as the wave train becomes longer the energy 
becomes concentrated within a narrower and narrower range of fre- 
quencies. In the limiting condition the energy all passes into an in- 
definitely narrow range of frequency as the train of waves becomes 
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indefinitely long. Then, and only then, we have a pure sine wave. If 
we had considered a wave group of any other suitable mathematical 
form, defined by some function a(x), the details of the calculation 
would have been different but, qualitatively, the final result would 
have been the same. When the parameters of a(x) were adjusted 


a(k) 
(a) 
K 
a(K) 
(5) 
= K 
a(K) 
(c) 
K 


Fig. 4.9.—Gaussian wave groups. Distribution of energy with « for 
(a) aK? = 2000, (5) ako? = 200, and (c) ax)? = 20. The scales of a(x) have 
been adjusted to give equal values at the maximum. The actual maxima 
for (a), (b), (c) are in the ratio 10: 3: 1. The scale of « is arbitrary but is 
the same for each curve. 


so that the frequency distribution became more and more restricted, 
the length of the group would increase and the amplitude would 
become more nearly constant. The pure sine wave would appear as 
the limiting case. Some forms of the function a(x) are discussed in 
Appendix IV B. 

4.23.—In § 4.14 we considered two possible theories of the gradual 
decrease of visibility with increasing path. One possibility was to 
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represent the light emitted from the cadmium atom by wave trains 
of finite length, the other was to represent it by a series of infinitely 
long wave trains having slightly different frequencies. The foregoing 
discussion has shown that these are not two alternative theories such 
that if one is right the other must be wrong; on the contrary, they 
are two ways of stating the same theory, so that if either is right the 
other must also be right. If we represent the light by a beam of finite 
length, a sufficiently accurate measurement of wavelength will show the 
presence of a distribution of energy over a finite interval of wave- 
length. On the other hand, if we choose to represent the beam by 
a series of infinitely long wave trains of slightly different frequencies, 
we shall find that the resultant disturbance is zero except in a finite 
region of space. In other words, the resultant is a wave train of finite 
length. 


4.24.—Michelson analysed his observations on the visibility of 
fringes obtained with cadmium red light and he found that this light 
could be adequately represented by a Gaussian distribution with a 
value of « such that the half-width is 0-0065 A. He obtained values 
of the same order for the half-width of the lines emitted by sodium 
and other sources at low pressure. The corresponding length of the 
wave train is about half a metre—or about a million times the wave- 
length. Although the light is not perfectly homogeneous, it does possess 
a remarkably high degree of homogeneity. 


4.25. Width of Spectral Lines. 


Experiments such as those of Michelson can, at best, determine 
only the distribution of energy with wavelength and cannot lead 
directly to any theory of the way in which atoms emit spectral lines of 
finite width. General atomic theory, however, suggests three main 
causes, operating together, for the broadening of spectral lines. These 
are (a) natural damping, (b) Doppler effect, (c) pressure broadening. 


(a) Natural damping. 


Dirac’s theory (see Chapter XIX) of the emission of radiation shows that the 
atom is to be regarded as a damped oscillator. The emission of energy causes the 
amplitude of oscillation to fall and therefore the amplitude of the emitted wave 


is falling while it is being emitted. In the simplest case, the wave train emitted 
is represented by 


& = exp [— ac +e) + Hot + xax)], 6 6 3 ShCIG 


CT 


where + is a constant. The energy is proportional to 2&* and its damping constant 
is y= 1/t. Equation 4(16) represents the wave due to an oscillator situated at 


§ 4.29 WIDTH OF SPECTRAL LINES 93 


% = a) which began to oscillate with unit amplitude at t = —x,/c. The profile 
(for ¢ = 0) is given by 
fo(x) = e- @/2ct e— iran, oo go & 6 o Chal) 


This profile is shown in fig. 4.10. The wave is travelling to the left. It corres- 
ponds to a damped wave. Fourier’s method * shows that the energy distribution 
is proportional to [a(«)]?, where 
Ao 
Ak — oe @ e@ @ 
[a(«)] bite dt eeeaa 4(18) 


and A’ is a constant. 


£ (oc) 


Fig. 4.10.—Profile of a damped wave [the real part of fo(x)] 


The half-width of the line (see § 4.13) is given by 


Ivers Bo ee ee AEs 84419) 


It is inversely proportional to t. The value of t may be calculated from Dirac’s 
theory. The values obtained differ a great deal according to the emitting state. 
For the type of line we have considered + is of order 10~® second. It is seldom 
much less than this, though it is sometimes much greater. Since about 101° 
waves are emitted per second the damping is very small. The wave trains are at 
least 10? waves long. The half-widths of the lines may be calculated when y is 
known and are found to be of order 0-0005 A. or less. Natural damping can there- 
fore account for only a small part of the observed widths. 


(6) Doppler effect. 

Owing to thermal motion, the emitting atoms are moving in different direc- 
tions relative to the measuring apparatus. Even if the light emitted by stationary 
atoms were perfectly homogeneous, the light observed would not be homogeneous. 
The observed frequency (v) for light received from an atom which is approaching 
the observer with velocity v is given by 


v= Vy == Yo: Pe a ee eri wey 420) 
C 


* See Appendix IV B, p. 111. 
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where v, is the frequency for a stationary atom [see equation 2(57)], or 


en Se ee 
c 


It may be shown that the number of atoms whose component of velocity in a given 
direction lies between v and (v + dv) is proportional to 


exp (— 7) do, 2 ee 


where m is the mass of the atom, 7’ is the temperature, and & is Boltzmann’s 
constant.* Hence the energy distribution due to this cause is a Gaussian dis- 
tribution whose parameter is 

ie 


2. 
ZV eg 


4(23) 


The value calculated from the thermal constants gives a half-width of 0-0038 A. 
for cadmium red light at room temperature. Note that 2« is the parameter for 
the energy. 


(c) Pressure broadening. 


It is not difficult to see that collisions with other atoms may disturb the 
vibrations of an emitting atom so as to cause it to emit a wave of irregular profile 
(i.e. an imperfect simple harmonic wave). The complete theory is very compli- 
cated, especially when the two atoms are similar, so that a certain type of reso- 
nance between them occurs during the interaction. Detailed calculation shows 
that the distribution of energy is given by an expression somewhat similar to 
4(18), but with a value of y proportional to the pressure. The value varies a good 
deal from one gas to another. Ten atmospheres’ pressure of argon increases the 
half-width of the mercury line (2537 A.) by 0-12 A. Collisions also cause a certain 
asymmetry in the energy distribution and the centre is moved usually in the 
direction of shorter wavelengths.t 


4.26.—From the above it may be seen that, at low pressures, the 
most important cause of inhomogeneity is the Doppler effect. Michel- 
son’s results give a half-width only a little larger than that calculated 
from the Doppler effect. Also the variation of visibility is consistent 
with a Gaussian distribution which would be given by the Doppler 
effect, but too much importance should not be attached to this last 
point since the measurement of visibility is not sufficiently accurate 
to detect small departures from a Gaussian distribution. The width 
due to natural damping can be detected only when special methods 
have been used to eliminate the Doppler broadening.{ 


* See Chapter III, § 11 of Reference 4.4. + See Reference 4.5. 
{ Reference 4.7. 
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4.27 —it is interesting to compare the distribution given by 4(18) with the 
Gaussian distribution given by 4(13). When « is nearly equal to «x, they both 
reduce to the form 


x)= A — Ble — Ky 424) 


where A and B are constants; i.e. for any given value of «, it is possible to choose 
a value of y which gives the same distribution of energy for wavelengths near to 
the wavelength of maximum energy. 
Thus measurements on the distribution 
of energy near the centre of the line 
cannot directly distinguish between a 
curve represented by 4(18) and one 
represented by 4(13). In regions remote 
from the centre of the line the energy 
given by 4(13) is very much less than 
that given by 4(18). Thus, if a line has 
a half-width of 0-005 A., the energy at 
a distance of 0-02 A. from the centre of 
the line should be 1:5 x 10-5 of the 
maximum energy according to 4(13), and 
6 x 10-* of the maximum energy ac- 
cording to 4(18) (see fig. 4.11). Moderately 
accurate measurements on the edges of a 
line, combined with measurements near 
the centre, distinguish between a dis- 
tribution due to Doppler effect and one 
due to natural damping or collision 
broadening. Certain observations on the shape of absorption lines in the solar 
spectrum show that the shape of the line near the centre is mainly due to Doppler 
effect, but that in the “ wings ” of the line the distribution of energy is determined 
by natural damping.* 


Fig. 4.11.—Energy distribution for 
a spectrum line 


4.28. Propagation of a Wave Group in a Dispersive Medium. 


In a dispersive medium, the components of a wave group move 
with different speeds, and the phase relations between the components 
are altered. We shall now show that, provided the group includes only 
a fairly narrow range of frequencies, the alteration of the profile owing 
to dispersion is fairly slow. Over considerable regions the group is 
propagated as a whole so that the positions of well-marked features 
of the profile, such as the point of maximum amplitude, remain well 
defined. Under these conditions the group has a definite velocity 
which is called the group velocity. This is not, in general, equal to the 
wave velocity. 


* Reference 4.7. 
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Let us first consider the Gaussian wave group. The displacement at time ¢ 
is obtained by inserting into 4(10) the expression for a(x) which is given in 4(13). 
The result is 


ges f "Ai exp'(= ole — my iol ea)idines a2} 


In integrating this equation, we need to remember that o is in general a function 
of x, and not usually a very simple function. We assume that over the range of 
wavelengths included in the group, the relation between w and « is given by 
taking the first three terms in a Taylor series, i.e. we put 


@ = @) + U(K — Ko) + Wk — Ko) - - » + 4(26) 


where «, is the value of o when x = x, and U and W are the corresponding 
values of dw/dx and 4d?w/dx*. It is shown in Appendix IV B that, when this 
expression for w is substituted in 4(25) and the integration carried out, € is given 
[see 4(104) and 4(105)] by 

_ (« — Ut? 


a A Ms 
& exp dol 


+ ia'|. ee ram 


In this equation $’ is a rather complicated function of x and ¢ which represents 
the fact that the phase is now varying in a complicated way with x and ¢. The 
value of «’ is 


(oh. Way, © ee Be earodt 


Thus the boundary curves of the profile (shown by the dotted line in fig. 4.80) 
is still a Gaussian curve, but the width has been increased in the ratio given by 
4(28). When the group is confined to a narrow range of frequencies, « is large and 
if Wt is small compared with « the group spreads only very slowly. Yet it does 
spread and, given sufficient time, «’ increases without limit. From 4(27) it may 
be seen that the group as a whole travels forward with velocity U = dw/dx. 


4.29. Group Velocity. 


The way in which a group spreads as it advances depends on the 
form of the group. The velocity with which the group moves, so long 
as it retaims its form, will now be shown to be independent of the 
distribution of energy between the different components, provided 
that the group is confined to a fairly narrow range of frequencies. 
Consider first two components whose wavelength constants are 
« — 3dx and « + 3d« and whose amplitudes are equal. Then 


& = a, sin [(w — $dw)t — (« — ddx)a] 
+ a, sin [(co + $deo)t — (4e + Fda] 


= 2a, cos3(t do — xdx) sin (wt-— Ka). . . 4(29) 
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This is represented in fig. 4.12. The vibration is enclosed between the 
“beat wave” curves shown as dotted lines. This beat wave is 
represented by the cosine factor in 4(29) and travels with a speed 


Uh Bi he ce ee) 


This is the same as the speed obtained for the movement of the outer 
curve which encloses the profile of the Gaussian group. 


f(z) 


Fig. 4.12.—Simple beat wave 


4.30.—Generally the phase of any component of a complex group 
is given by 
d = wt — Kx + 6, ee ie ee tel) 


where 6 is a constant. 
¢ varies with x and ¢, as well as with w and x. If we consider a 
variation of ¢ with x and ¢ (« and w constant), we obtain 


d¢, = wdt — kdz; egrets te CGY) 


whereas, if we consider ¢ to vary with w and « (x and ¢ constant), we 


have 
don COG GOK. 4... » 2) S(33) 


The points for which dé, = 0 move with velocity w/«. This is the 
velocity of a component of one frequency, i.e. it is the phase velocity 
(b). The points for which dé, = 0 move with velocity U. This is the 
velocity of the points where the phases of different members of the 
group are in the same phase relation. In particular, it is the velocity 
of the point of maximum agreement of phase. 


4.31.—The expression 4(30) for U may be put in various forms, 
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most of which will be required in later applications. Since w = Qarv » 


and x = 27/A, we have 
dv. 


= —\'_; 4(34) 
U A Dr 
and since w = bx, we may write 
pps 4(35) 
dk 
=b+k ge 4(36) 
dk 
db 
=b—dA—. 4(37 
b—A D (37) 
Since n = c/b, we have 
c A dn 
=- eat) ee i pt cits) 
2 n (1 oh n =| (3) 


It is sometimes convenient to have an expression for 1/U, and we 
put 


1 _1dnw) 4(39) 
U c dw 
n ,wdn 
Scares: 
1 1 wdn 
i i, ne al See eee 2 
i.e. Ty Ata ae (40) 


From 4(37) it may be seen that in a non-dispersive medium U = b. 
In a dispersive medium U may be greater or less than b. Note that in 
equations 4(29)-4(40) the symbols A and « represent the wavelength 
and the wavelength constant in the medium of index n [see Example 
4(x), p. 102]. 


4.32. Representation of Light by Wave Groups. 


In experiments on light, we never deal with infinitely long wave 
trains or with light of one wavelength. It is possible to give a general 
account of the results of many experiments by means of a picture in 
which sharp spectral lines are represented by simple harmonic waves 
of one wavelength and white light is represented by a combination 
of such waves. The concept of a simple harmonic wave is valuable 
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because it enables us to express many of our data in a convenient 
way, but it is usually necessary to represent “‘ monochromatic ” light 
by a wave group in order to give a satisfactory account of the details 
of any experiment. For example, in Michelson’s experiments, the 
concept of pure sine waves is sufficient to account for the presence of 
the fringes and to explain the relation between the diameters of the 
different rings. It does not, however, give any account of the variation 
of the visibility when the path difference is altered. 


4.33. White Light. 


Towards the end of the last century there was a considerable con- 
troversy concerning the nature of white light. One side held that 
white light “really consisted’ of superimposed trains of pure sine 
waves and the other that it “really consisted” of irregular pulses 
from which it was possible to create trains of waves by suitable ex- 
perimental arrangements. Thus the one side held that Newton’s 
famous experiment showed that white light “was composed of” 
various colours; on the other view, the colours were produced by the 
prism. Various attempts were made to discover a crucial experiment 
which would show which view was correct. These all failed since, 
whenever an experiment was “explained” on one view, the pro- 
tagonists of the other view were always able to produce an equally 
good “explanation ”’. Sometimes one explanation was more compli- 
cated than the other, but the more complicated one was equally 
logical. 

4,34,—Rayleigh and Schuster showed that the two ways of repre- 
senting light are equivalent. By means of Fourier’s theorem, a pulse 
may be analysed (mathematically) into a series of simple harmonic 
waves. Therefore, if white light is adequately represented by pulses, 
it is equally well represented by a series of sine waves. Thus there are 
not two theories but only two different ways of stating the same theory. 
The difference is one of mathematical form. Consequently, there is no 
possibility of a crucial experiment in which one side would be proved 
to be right and the other wrong. 

In considering the representation of white light by a series of simple 
harmonic waves, it is necessary to remember that our experimental 
arrangements are never able to produce infinitely long wave trains of 
one frequency. In practice, when we seek to analyse light, we always 
analyse it into wave groups—not into infinitely long wave trains. 
With suitable experimental arrangements we can produce wave trains 
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which are over a million waves in length, but they are not infinitely 
long, i.e. the light is never of exactly one frequency. 

As an example of the sort of difficulty that arose through neglect- 
ing the group concept we may take the paradox suggested by Carvallo. 
He said that if white light “ consisted of ” a combination of infinitely 
long wave trains, these wave trains would be separated by a spectro- 
scope, so that it would be possible to see the spectrum both before the 
source was lighted and after it had gone out. His mistake lay in the 
assumption that the spectroscope selected light of exactly one wave- 
length. If we put a fine slit in a spectrum we select a group of waves 
covering a small but finite range of frequency. Such a group may be 
regarded as made up of an infinite series of pure harmonic waves. 
These interact in such a way that the total amount of energy passing 
through the slit before the source is lighted, and shortly after it has 
gone out, is zero. Thus the “ analytic’ view is quite correct provided 
that we remember that practical analysis produces wave groups, not 
pure sine waves. 

We shall not give a detailed account of the various arguments put 
forward during this controversy, though in §§ 8.32-8.36 it is shown 
how the dispersion of white light (a) by a prism, and (0d) by a grating, 
can be calculated on the two views. It will be understood that these 
two calculations are, from our point of view, simply different mathe- 
matical devices. Although the controversy concerning the “ nature 
of white light ”’ is now chiefly of historical interest, it was important 
in that it called attention to the necessity for representing actual 
beams of light by wave groups rather than by infinite wave trains. 
We shall see later that this concept of wave groups plays an 
important part in the modern quantum theory of radiation. 


EXAMPLES [4(i)-4(ix)] 


4(i). Show that when e is large compared with 4, the angular diameters of 
the rings near the centre (see § 4.9) are given by 


20, = [ee = ae 
7 e 
[Put cos 6,, = 1 — 30,2.) 


4(ii). Show that f(x) = 2* may be represented in the range —2, to +a, by a 
series in which (—1yr4a,2 
— 1 . — = 4 
hy = $2073 Oy, = a O.. 0, 


Fig. 4.13 shows the sum of 2, 4, and 8 terms of the series compared with the 
function. 
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4(iii). Show that the “ top-hat curve” (fig. 4.6) is represented by 


ym cos (2m — 1)ra/aq 


fa) == 3 (- 


m=1 2m — 1 


for all values of x. 


(2) 


0) 


(c) 


= 2, + 2C, 


Fig. 4.13.—Representation of a function by a Fourier series: (a) sum of 
2 terms of the series, (b) sum of 4 terms, (c) sum of 8 terms. In (a), (0), 
and (c) the dotted line shows the original function f(x) = x7. 


4(iv). Show that if f(x) = « from —a, (fig. 4.14) to +a, and f(x) = 0 when 
a > x”, the function may be represented in the range —2p to a (where x < 2) if 
sin (mra/x) 


fof) = 272 5 (—1)™ 


T m=1 m 
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Show that the series defined by 


2 


22 are MTX. Lo _. MM. 
1 Gos 1 _ “2 gin — 2 
Tw m=1 


m Te m* Xo 


would represent the function from —a, to +2, if 2a, > x, > %} 


Gop 


Fig. 4.14.— Representation of a function by a Fourier series: (a) dotted line shows 
the function to be represented, (b) full line shows the sum of the series fy,(x). (See 
Example 4(iv).) 


4(v). For waves on the surface of a liquid* of depth h 


Show that when h is small the group velocity is nearly equal to the wave 
velocity, and that when h is large the group velocity is approximately half the 
wave velocity corresponding to the central frequency of the group. 


4(vi). Show that if the relation between n and « is given by n? = A’ + B’x?2 + 
C’x4, then 
eee Ae eee 
A’ + Bx? + Ont 


4(vii). Find the group velocity when (a) db/dA=b/d, and (b) when 
b = A + Bd (with A and B constant). ((a) U = 0 and (6) U= A.] 


4(viii). Show that in a medium which has norma! dispersion (§ 3.18) U is less 
than 6. 


4(ix). Show that, if 1, = 27c/w is the wavelength in vacuum, then 


=o EY ya Wee ee AA) 


*See Chapter V, equation (32) of Reference 4.3. 
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APPENDIX IVA 
ADJUSTMENT OF THE MicHELson INTERFEROMETER 


(1) Set the movable mirror M, (fig. 4.1) so that its distance from the half- 
silvered side of M, is about equal to that of M,. This brings M, near to the refer- 
ence plane R. At this stage, M, and R will not necessarily be parallel and the 
centre of M, may be up to two millimetres from the centre of R. 

(ii) Taking the interferometer alone (i.e. without S,, F, L and the telescope 
shown in fig. 4.1), place a small bright source, such as a pea-lamp, in the position 
indicated for S,. Look into the instrument in a direction roughly normal to M, 
with the eye in the position indicated by E. Several images of the bright source 
may be seen. If the silvering of M, is in good condition, two images will be much 
brighter than the others. These are formed by rays which have followed the paths 
shown in fig. 4.1, the others being due to internal reflections in M,. The two strong 
images should be brought into coincidence by adjusting the screws at the back 
of M, (and if necessary M,). M, and R are now parallel within about a minute of 
are. 

(iii) Replace the pea-lamp by the source 8, and F (conveniently a low-pressure 
mercury source with a green filter). The lens L must be placed so as to allow an 
approximately parallel beam to fall on M, in a direction approximately normal 
to M,. With the eye placed at E, fringes should be seen crossing the field of view. 
The screws at the back of M, are adjusted so as to broaden the fringes. At a cer- 
tain stage the fringes are seen to be circular but with the centre of the system 
outside the field of view. For the final adjustment of the Hilger instrument two 
special screws, which alter the angular setting of M,, are provided. The centre of 
the fringes is now brought into the field of view. M, is now traversed a little until 
the diameter of the fringes does not change when the eye is moved from side to 
side. In the final adjustment, it may be necessary to traverse M, a little, and make 
small alterations in the tilt of M;, successively. 
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(iv) If white-light fringes are desired, a lamp is placed at the position 8, 
leaving L in position. M, is then traversed slowly until it moves into coincidence 
with the reference plane R. A movement of not more than about one tenth of a 
millimetre should be sufficient. 

Note.—If a sodium lamp is used instead of a mercury source, the fringes have 
good visibility when the path difference is 0, 10004, 2000), etc., and very poor 
visibility at half-way between these positions (see fig. 4.26). If fringes are not 
seen in the early stages of (iii) above, the mirror M, should be traversed a little. 


APPENDIX IVB 
Fourrer’s SERIES AND Fourtrer’s INTEGRAL THEOREM 


1.—The complete mathematical investigation of the validity of the methods 
by which certain limits are derived is difficult and very lengthy. These limit 
processes are essential to any formal logical proof of the Fourier integral theorem, 
and their investigation is needed for a complete understanding of the Fourier 
series. A reader who is interested in the mathematical side should consult one 
of the standard mathematical texts.* Other readers may be willing to accept the 
general result of this investigation, namely that the Fourier expansions, in the 
forms in which we shall derive them, are applicable to a wide range of mathe- 
matical functions, including all the functions in which we are interested. The 
derivation given below shows that the theorem is at least plausible, and should 
help the reader to understand and to apply the Fourier methods. It does not 
claim to be a complete proof. 


2.—Let us assume that, in the range —7x to 7m, a mathematical function f(X) 
may be represented by a series of sines and cosines so that 


f(X) =a + La, cosnX + >» Bssin 7 Xs meee 42) 
n=1 


n=1 


On integrating each side, we find that 
1 na 
Pie a | fe) ax. oe ee oe 
Multiplying each side by cos nX and integrating, we obtain 
1 % 
ae =i £0) cos nX GX). ee emery 
—7 


7 
since i cos nX cosmX dX = 0 when m =+ n, and = x when m=n; 


—T 


and ii 08 nX sin nX dX = 0 for all values of m and n. 


mt 


* See References 4.2 and 4.8. 
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pet oat gy 
Similarly by = = i; f(Z)sinnXdX. . . . . . (45) 


The expansion may also be written 
ce) 
S(X) =A, + BA, sin (nX 8), 5 2 22. 448) 
n=1 
where Ay = 4; A, sin $, =a,; A, cos 8, = },. . . 4(47) 


In a similar way, the function may be represented by a series consisting of 
a constant term plus a series of cosines. Essentially the analysis is in terms of a 
constant plus a number of simple harmonic waves, each of which is represented 
by two terms in 4(42) and by one term in 4(46). Two constants, a, and 6b, in 
4(42), and A, and 38, in 4(46), are associated with each harmonic wave. The 
relative energy associated with the nth harmonic is a,? + b,,2 if we use the repre- 
sentation of 4(42), and A,,? if we use that of 4(46). 


3.—If we make the substitutions 
2 cosnX = (eX + e-ink) 5 2 0 6 oo CER 


and 2sinnX =i(e-mX —einX) |. . . . .  4(485) 


we may express the series in the form 


@ 
(x) =" ce", BA ie ed ee te ee EOS) 
n=—-@ 
where 2c,, = A, — Wy, 
ss en eo \ Oe. ge ote a 24 (49D) 
2¢_» = 4, + 16, 


except that Cy = Ay. 


These relations imply that 
On =O.” ee mea tes 9 3 Pans oe 4(D0) 


1 pa 
ned al f(Ke-mXdX, . . . . . ABl) 
—-n 


Equation 4(51) is valid when n is zero or negative, as well as when it is positive. 


4.—So far we have considered f(X) simply as a mathematical function. If we 
now assume that it is a wave profile, we know that it is always a real function and, 
while we can attach a meaning to the nth harmonic when n is positive, we give 
no physical meaning to a negative harmonic. In § 2.26 we stated a convention, 
according to which a wave motion is represented by a complex quantity, with 
the understanding that the real part of the complex gives the actual physical 
displacement. When we apply this convention to the interpretation of 4(49), we 
see that every negative term in the expansion must be taken with the corres- 
ponding positive term. By virtue of 4(50) the two together give a real number 
which represents one pair of terms in 4(42) or one term in 4(46). This term (or 
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pair of terms) refers to “ the nth harmonic ”—with n always positive. The relative 
energy associated with the nth harmonic is 


A,2 = Gg? + By? = 4en0q* = 4e_pon® . . . . 452) 


5.—We may extend the range over which a given type of function is repre- 
sented by a Fourier series in the following way. Let « = 1X/n, 


then {@) = oy Cn @XP (“=), sce ee oe 7 459) 
+1 7 
where Ca - ip f(x’) exp (- == Oa. ee re ADA) 
-l 
QT tle fee int 
H = = f) — (a — 2’) da’. . . 4(55) 
ence f(x) See af f(x’) exp i (e— a 


We write x’ instead of x in 4(54) in order to distinguish the variable to be 
integrated in 4(55). The expression on the right-hand side of 4(55) represents the 
function on the left-hand side between the limits —/ and +/. Since / may be made 
as large as we please, the representation is available for any finite limits. Subject 
to the necessary investigation of limit processes we may extend the limits to 
-+-co. Consider the nth harmonic of the series, for which the wavelength 4, = 
2l/n. The corresponding wavelength constant «, = 2r/A, =nr/l. Similarly 
for the (n + 1)th harmonic, we have 


1 
Kay >= (n fh ae 
1 
Hence Keegy — 10) Ne oP a eee 400) 
Equation 4(55) may therefore be written 
1 C3) +1 
f(z)=— ZX Ax] f(x’) exp ifn Ax(x — 2’)} da’. . 4(57) 
2 n=-® —t 


It is usual to approach the concept of a definite integral by considering the 
sum of the areas of narrow strips. The integral is the limiting value of the area 
when the strips are made indefinitely narrow. Thus we have 


Ky N 
il Gn)de= lim S G(mAn)An,  . . . 4(58) 


An—>0 n=-N 


where lim (nAx) =k, 
Axn—>0 


as the definition of the integral. Thus we have 


1 +0 +00 
fe) = 5 ip de if fla’) exp ix(z —2’)de’. . . (59) 
il +00 
If m0) = 795 f flae-ttdz, =... . . . . . (60) 
1 +0 


then Ta 7a= Goce Od . . 4(61) 
@ 
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The accent on x is omitted in 4(60) since it is no longer needed to distinguish 
one part of the expression. By returning to 4(53) and replacing Cy by c_, and 
exp (inra/l) by exp (—inna/l), we could derive the relations 


g(x) = aoe Ne JAD CESS day erent en 462) 
1 fae ; 
and ie) Vin J OGRE VP Ei 6 5 o » » CGR) 


When a pair of functions is connected either by 4(60) and 4(61) or by 4(62) and 
4(63), each is said to be the “‘ Fourier transform ”’ of the other. Note that in one 
relation of the pair there is always a positive exponent and in the other a negative 
exponent. 


6.—Equation 4(63) may be written 


= 1 a ike i "4 — +ik K 
fe) = 7. f gi(x)et det vee f g(—Kjeti@de . . . . 4(64) 


1 ee 1 co : 
zs al {a(«) + da(— x)} 08 Ke de — Fo i (0) a —W)} sin fe me 


and similarly we obtain 


ale) = Jae fh (fle) +4(—a)} 008 weds + Fo fe) — f(—a) sin we de 


4(66) 
and 
OE Fes ak (f(z) + f(—a)} cos xa da — ee oak {f(@) —f(—2)} - a a 
Hence 
(i) If f(z) is real for all values of z, 
gi(«) = 9,*(—k). ae een pee kee 8 4(68) 


(ii) If f(x) is real everywhere and is an even function [i.e. f(z) = + f(—2)]. 


we have also 
93(K) = 91(—k) See ee ee ee 4(69) 


and g,(«) is real. 
Then 4(65) and 4(66) become 


f(z) =f? i laverseeidhe, 0 o a oo CUD) 
Tw YO 
and g(x) = A? [te cos Kx dz. of we wo AWAD) 


(iii) If f(x) is real everywhere and is odd [f(x) = —f(—2)], 
gi(«K) = —91(—«) oe te al ee PS) 


and is a pure imaginary. 
(+) Pp ginary ees 
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Equations 4(65) and 4(66) then become 
2 os) 
fix) = ~inl? Pao gin sae ie ghee RAT 
40 
9 o 
and ale) =ial? f f(a) sin «x dx. ie ee, AS) 
™/O 


7.—In one kind of optical measurement we place a receptor in a system of 
interference fringes and record its reading at various points. From these readings 
we deduce a wave profile, i.e. we calculate a wave profile which would lead to the 
observed distribution of energy in the fringe system. A typical experiment of 
this kind is the measurement of the visibility of fringes obtained with the Michel- 
son interferometer. In a second kind of experiment, we place a receptor in the 
focal plane of a spectrograph and observe the variation of reading as it is moved 
along the spectrum. We usually interpret the result in terms of a distribution 
of energy with wavelength (or wavelength constant). The purpose of many of 
the applications of Fourier analysis to optics is to correlate the results of these 
two kinds of experiment. We may be given a profile, i.e. a space function f(z), 
and we wish to calculate a relative-energy function H(«) such that the relative 
energy corresponding to the range (« —4dx) to (x + $dx) is E(x) dx. Alterna- 
tively, we may be given H(«) and wish to calculate f(x). Directly, the analysis 
deals not with H(«) but with g(x), and we must now consider the relation between 
g(x) and H(«x). Let us first consider cases when f(x) is real. When equation 4(62) 
is used we shall obtain a function g(x) which satisfies 4(68), but is not necessarily 
real, and which has values corresponding to negative values of x. Physically we 
must regard g(x) and g(—«) as both belonging to the frequency range (x — 4dx) 
to (x + $dx) just as, in 4(52), c, and c_, both belong to the nth harmonic. By 
analogy with 4(52) [since g(x) is analogous to V2m.c,] we expect E(x) to be 
given by 


2 
Ex) dic = — gy) 94*(x) de. 2 Se ame EA(0) 


4(75) gives the energy associated with the frequency range dx and, in it, « is an 
essentially positive quantity. Detailed examination of the process by which an 
expression for the energy based on 4(52) passes into the integral form justifies 
4(75). 


8.—Consider a wave profile represented by 


f(x) = R(x) cos Koz, se a oe & CLOG) 
where h(a) is a real function of z. 
We may put 
f (x) = $h(x)etot 4 Lh(x)e— ior, ea eee aCOTY 


Then V 279,( 1) = +f Va) eXp UK + Ky) da + af ‘hax) eXp Uk — Ky)u dx 
Gil) = 391'(« + Ko) + 4gy/( — ko), Ae cece Be SO) 


; ae ce 
where n(x) = S5 if h(aei* de, ee A795) 


FOURIER SERIES 109 


i.e. g,’(x) is the Fourier transform of the function h(x) itself. Many physical 
problems involve functions of the type on the right-hand side of 4(77). It is 
often convenient to proceed by first finding g,’(x), using 4(79), and then g,(x) 
from 4(78). When this function is inserted in 4(75) we obtain the relative energy. 
It often happens that the first term on the right-hand side of 4(78) is numerically 
small compared with the second term and may be ignored in the final calculation. 


*9.—The following procedure is sometimes used but is not correct in principle, 
though it does lead to the correct result in some cases of practical importance. 
According to the convention discussed in § 2.26, the right-hand side of 4(76) is 
replaced by h(x)e—*ot, with the understanding that the real part of the complex 
function represents the physical displacement. Equation 4(62) is then used to 
obtain 


” 1 y 
OS ip H(2) exp ise — wg) de 


Fah Casal is eoerenes be nie tt TEG 


i.e. we obtain twice the second term of 4(78). When, as explained in the preceding 
paragraph, this is the predominant term, the function g,’(«) differs from g,(x) 
only by the constant factor 2. If this function is inserted in 4(75) we obtain a 
sufficiently good approximation to the relative energy. It will, however, be 
understood that, if we had taken f(x) to be the real part of h(x)e+*%, we should 
have obtained the first term on the right-hand side of 4(78), i.e. the term which is 
usually negligibly small. The procedure described in this paragraph involves 
multiplying the complex function h(x)e—‘? by a complex function e**”, integrating, 
and then extracting a real function at the end. This procedure does not give the 
Fourier transform of the real part of h(x)e*o%, and, although it can sometimes 
be manipulated to give correct results in an apparently simple way, the procedure 
of § 8 should always be used. 


10.—Analysis of a sharply limited Wave Train. 


We may first consider a particular case which is so simple that it can be solved 
first by elementary methods and then by the procedure described in § 8. Suppose 
that the profile, at t = 0, of a wave is represented by 


f(z) =Acosxx from —x, to +2, peer 4( 81) 


and f(a) = 0 outside the above range (see fig. 4.4). Since f(x) is real and even, we 
use 4(71) to obtain 


Dy 
g(x) = re 4 cos gx cosxadz . . . . . . 4(82) 
oo 0 


@y 
= =f {cos (Ko + «)% + cos (Ko — «)x} da, 
0 


A_(ein(ro tsi psn — HR), weg 


i.e. T(r) = ae mone ar 5 


* This paragraph may be omitted on first reading. 
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and the energy distribution is given by substituting from 4(83) into 4(75). Only 
positive values of x need be considered. Using the procedure described in § 8, 
we note that 4(81) is of the same form as 4(76), with h(x) = A from —a, to a, 
and zero elsewhere. We have 


Att 
4, ike 
gi(x) = galt eine dy 


met oa sis 45g AL A 


Hence using 4(78) we obtain g,(x), and the result is identical with 4(83). It is 
easy to verify that, if we had used the incorrect procedure described in § 9, we 
should have obtained one or other term in 4(83), but not both. Also there would 
have been an incorrect factor of 2. 


11.—We are usually interested in cases where there is a fairly large number 
of waves in the train, i.e. x,v, is large compared with 2x. We note that the second 
term in the bracket of 4(83) is equal to 2, when x = xy. Since x may take only 
positive values, the first term never reaches a comparable value and may be 
neglected. We may put 


Aye aS 2 sin 2Az, 85 
Hn) = TSN Gran on ie 


where 2A = ky — kK. 


The energy distribution is shown in fig. 6.9a (p. 177). A high proportion of the 
energy is included in the range x = ky — 77/2, to kK = ky + 77/21, ie. between 
the two minima on either side of the central maximum. The width of this range 
is inversely proportional to x, and we see that, for this wave form, a long wave- 
train implies that the energy is concentrated in a narrow range of x. 


12.—Profile for sharply limited Wave Band. 


Let x» and x, be two fixed values of « with «, > kp. 


Suppose g(x) = 1 when kg < k < Kj, and g(x) = 0 outside this range. Then, 
using 4(61), we have 


Von x, 
= 1 1 Kye een ik o@ 
V2n pet or) Aaecdar Wee eSO) 
and the real part is 
He = 1 sin n% — sin xox 
£ 
= nie sin 3(«y — Ko)@ COS (Ky + Ky)% 4(87) 
x 
ae Ae sin Ax cos kt 
cae aia 4(88) 
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where 2A = x, — ky and 2k,, = «, + Ko. When A is small compared with x,, 
the first factor in the numerator of 4(88) varies only slowly, and we have a train of 
2 sin Ax 
a & 
the wave train increases as A decreases, i.e. as the effective range of x decreases. 


waves whose profile is bounded by the curve ae ———. The effective length of 


13. Distribution of Energy for a Damped Harmonic Wave. 


It is sometimes convenient to consider the disturbance as a function of ¢ and 
the energy distribution as a function of w. Mathematically the relation between 
f(é) and g(w) is similar to that between f(x) and g(x). As an example we may 
consider the wave whose disturbance at x = 0 is given by 


f(é) = 0 from ¢ = —m» tot=0, 
f(t) = Ae-v#/2 cos wot from t = 0 tot = +0. . . 4(89) 


Such a wave would be emitted by an oscillator which commenced to radiate at 
time ¢ = 0 and was subject to logarithmic damping with constant y. This is the 
same form as 4(76) with h(t) = Ae—?#/2 from 0 to and zero from — to 0. We 
have 


no) = [ “exp {—y/2 + ico} dt a 4620) 


A 2 
Se oes cy ee ee ee 4/91) 


Using 4(78) we obtain an expression with two terms, one containing (w + ap) 
in the denominator and the other containing (o — ,). Under most practical 
conditions the former is negligible and we write 


nee A 1 
coe V 27; Qi(e — wo) — 


The relative energy is equal to 


2 Pere 1 

= 91()g1*(@) = 7 Mea, - . . 4(92) 
When the damping is small, the energy is concentrated in a narrow range of 
frequency round w,. Thus, again, a long wave train is associated with a narrow 
range of frequency. In this example the problem has been worked out in terms 
of tand w; it could equally well have been worked in terms of x and x. For some 
purposes it is desirable to introduce a constant A,” equal to the total energy for 


all frequencies. We have, in this case, 


==f" 9,() )9i*(@) dw -[< af dao — “, are 4(o — )? +7? 


= oe (5+ ton 2). a tee a wy Ae 9 4(93) 
Oxy \2 14 
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If y is small compared with wo, then tan-!(2e,/y) = $m and 27yA,? = A?. We 
then have 


a Se eee 4(94) 
9(@)gi(@) sae Aaa 
14. The Gaussian Wave Group. 
Consider the wave whose profile at time ¢ = 0 is given by 
fox) =A AE: e- 2/40 Cos Kt. 21. OR eee 9s) 
ow 
This again is of the form of 4(76) with 
h(x) = A ae e-a*/4e, 
a 
A ee aes 
Then 9: (x) = Was, ip “exp -(F — ix) | dx. ~ a we #4(96) 


o ; ce - 
Now f exp (au — bu?) du = aaah exp [-2 (u rae S) au 
[2 fed 2b 
2 oh T a 
eared ii e- dy = Re e*/4b, - 4(97) 


Putting a = 7x and b = 1/4«, we have 
(i (nj = AV Qazle-" es  At88a) 
We neglect the part of g,(«) which contains exp [—a(x) + «)?] and obtain 
g(x) = AV (4m) exp[—a(kp — x)?]. . ~ « . 4(98b) 
The relative energy for a range dx is proportional to [g,(«)]??d«. Figs. 4.8 and 


4.9 show the relation between the length of the wave train and the distribution 
of energy. 


15.—Progress of the Wave Group in a Dispersive Medium. 
Consider the system of waves for which the displacement is given by the 
real part of 


ik fo 0) 
B= ae f_tiln) exp lot — na) de, os Baten) 


where g,(«) is given by 4(98b). (The physical problem includes only the part of 
g(x) from 0 to o, but since the part from —oo to 0 is negligibly small, we may 
take the whole range—and we do so for convenience of manipulation.) 
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In a dispersive medium « is a function of « and, for a small range of « near 
tO Kg, we have 


© = @) + U(K — ko) + Wk — Ko)” 
= @ + 2UA + 4WA2, ee ee 4 (100) 
where 2A =x — 3 U =dw/de and W = id?w/dx, . 4(101) 


the values of U and W being taken at ky. 
Then 4(99) becomes 


Mer AcE t(cagk eet) if exp {2i(Ut — x)A — (4a — 44) dA. 4(102) 


As a first approximation we take only the first two terms of 4(100), i.e. we assume 
W =0. In 4(97) we put a = 2¢(Ut — x) and b = 4a. We obtain 


A = 2 : 
CaS ae exp [- a exp U(aot — xr), . . 4(103) 


i.e. to this approximation, the form of the wave is unchanged, but the curve 
which bounds the profile moves forward with velocity U = dw/d«. In the second 
approximation we integrate, putting a = 27(Ut — x) and b= 4(a — iW?) in 
4(97). The difference is that « in 4(103) is replaced by (« — iWt), and we write 


_4 mt —(x — Ut)*(x + iW) mt Ea 
a= 9 Vle Ea atl c=y Sas | CXP U(Wot ov). 4(104) 


The imaginary parts can be separated to form a complicated phase term which 
varies slowly with the time. The important effect in which we are interested is 
that the curve which bounds the profile is still a Gaussian curve, but the para- 
meter « is replaced by 

a2 + Wt? 


a 


4(105) 


i.e. the half-width is increasing with time, and the group is spreading slowly as it 
advances. 


CHAPTER V 


Interference 


5.1. Law of Photometric Summation. 


The Michelson interferometer, which we have described in the 
preceding chapter, is one of a large number of experimental arrange- 
~ments which produce interference fringes. In the most general sense, 
“interference fringes are variations of resultant amplitude (and hence 
of the relative energy and the illumination) from point to point in the 
field of view. The variations are due to varying path differences 
between the interfering beams of light. These produce varying phase 
‘differences, so that the waves reinforce one another at some points 
~and oppose each other elsewhere. The variations of relative energy 
~ may be calculated by applying the principle of superposition. We shall 
later have to make many calculations on fringe systems, but first we 
consider an important related problem. 

It is a matter of common observation that we do not obtain inter- 
ference fringes due to interaction between light from two different 
sources (such as a ceiling light and a reading lamp). Photometric mea- 
surements show that, for such sources, the resultant relative energy at 
any point is the sum of the relative energies produced by the individual 
sources, each acting alone. This empirical law, which we shall call the 
law of photometric swmmation, applies also to energy received from 
different parts of a large extended source of light. Any satisfactory 
wave theory must include an account of this law, which is ob- 
viously of great practical importance. The theory must be able to 
show what conditions must be fulfilled in order to obtain fringes, and 
must be able to describe what happens under the more common con- 
ditions of everyday experience, when we do not observe fringes. 


5.2. Interaction of Independent Sources of Light. 


Suppose that light is being received at a point Q (fig. 5.1) from an 
extended source of light S,. Some light will come from an atom at 
A,, some from another at A,, and so on. At any one moment the dis- 


turbance at Q is the sum of the disturbances which would be produced 
114 
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by each atom acting independently. If each atom were emitting an 
infinitely long train of pure sine waves, the resultant relative energy 
would be given directly by equation 3(12), which is based upon the 
principle of superposition. The experiments described in Chapter IV 
show that the light from a given atom must be represented by trains 
of waves which are seldom more than 10® waves long, and which take 
about 10-° second to pass a given point. The shortest practical period 


Se 


Fig. 5.1 


of observation is of the order of a few microseconds. During this time 
the train of waves from a given atom is interrupted frequently, and 
each interruption constitutes an arbitrary variation of the relation 
between the phase of the wave from the given atom and the phases of 
the waves from other atoms. The illumination at Q due to a number 
of sources may be calculated if it can be assumed that the phase dif- 
ferences vary in a purely random way. 
From 3(12) we have 


™m 


_E, = (> a, cos €,)? + (= a, sin €,)? 


r=1 r=1 


™ ™m m 
=DYa?2+>d dX a,a,(cos €, cos €, + sin e, sin €,) 


r=1 r=1 s=1 
(87) 
m mm” 
Gt Dy G8, C08. (e7 1 e,) ee ee (1) 
r=1 r=1 s=1 


(s+r) 


If the phase differences are varying in a purely random way, the average 


value of the second summation is zero, since to every possible positive 
50 (¢ 577) 
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value of any term there corresponds an’ equally probable negative 
value. Therefore the mean value is 


Foy Sig aes re 
r=1 r=1 


The resultant illumination at Q is the sum of the illuminations due to 
the individual sources. 


It is important to recognize that equation 5(2) applies only to an average 
taken over a time sufficiently long to include many random variations of phase. 
If a series of extremely short-period observations of the illumination at Q could 
be made, widely varying fluctuations would be obtained. Rayleigh showed that, 
under such conditions, the probability of observing values very different from the 
average is not small. 


5.3. Coherent and Non-coherent Beams of Light. 


Two beams of light are said to be coherent when the phase difference 
between the waves by which they are represented is constant during 
the period normally covered by observations. Two beams are said to be 
non-coherent when the phase difference changes many times and in an 
irregular way during the shortest period of observation. 


“ce 


The terms “coherent” and “non-coherent”’ describe idealized concepts 
never exactly realized in any practical situation. It follows from the discussion 
of Chapter IV that perfectly monochromatic waves of exactly the same fre- 
quency, i.e. infinitely long wave trains, are always completely coherent. No other 
waves are coherent in the strictest sense of the term. It is reasonable to apply 
the term to wave groups which have geometrically similar profiles since such 
wave groups may be regarded as the sums of coherent monochromatic waves. 
In practice we go a stage further and apply the term to a set of wave groups 
whose profiles are not quite the same—provided the differences are so small that 
they do not produce appreciable effects under ordinary conditions of observation. 
Non-coherence, i.e. completely arbitrary variation in the sense understood by 
statisticians, is also rare, but in practice any two beams from two different lamps 
are effectively independent. It is usual to apply the terms “ coherent ” and “ non- 
coherent ” to sources of light according to the properties of the radiation which 
they emit. Coherent sources of light are always images of one original source. 


5.4.—We have shown (§ 5.2) that the resultant relative energy at 
a given point, due to a number of non-coherent sources, is equal to the 
sum of the relative energies which would be produced at this point 
by the individual sources acting separately. A similar rule applies to 
the illumination because this quantity is proportional to the relative 
energy. With » equal, non-coherent sources each capable of producing 
a relative energy H,, the resultant relative energy is nZ,. 
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When a certain area is irradiated simultaneously by a number of 
coherent sources, the relative energy usually varies from point to 
point, giving rise to fringes. In Chapter III it was shown that the 
relative energy due to a number of coherent sources is (Xa,)2 when 
all the waves have the same phase. It was also shown that, when the 
representative vectors form a closed polygon, the resultant relative 
energy is zero (§ 3.5). Thus m coherent sources each capable of pro- 
ducing a relative energy EZ, = a? acting jointly will produce a resul- 
tant relative energy of 


(na)? = n2B, 


at any point where their waves are all in phase. At another point 
their resultant may be zero. The interaction between coherent sources 
alters the distribution of energy but does not alter the total amount. 
Whether the sources are coherent or not, the resultant relative energy 
integrated over the whole region covered by the waves is equal to the 
sum of the integrals of the relative energies due to the individual 
sources. It will be understood that the total energy received at a given 
point from two non-coherent sources is equal to the energy which 
would be received at the same point from two coherent sources acting 
successively, so that the wave trains do not overlap. For this reason 
non-coherent sources are said to be independent. The discussion of 
§ 5.2 shows that it is misleading to say that they do not interact. 


5.5. Formation of Interference Fringes. 


It will now be shown that both interference and photometric sum- 
mation are involved in the theoretical description of fringes such as 
those of the Michelson interferometer. 

Consider the light entering the telescope of the Michelson inter- 
ferometer within a small solid angle. This light has come from many 
different atoms (A,, A», etc.) in the extended source §, (fig. 5.1). It 
includes many pairs of wave trains. When the mirror M, (fig. 4.1) is 
near to the reference plane R, the phase difference between the two 
members of any pair is constant. The members of the pair are mutually 
coherent. The relative energy due to the pair is given by 4(1). Also 
the phase difference between the pair of wave trains from A, is the 
same as that between the pair of wave trains from Ay. 

Let 6 be the angle between a given direction for light entering 
the telescope and the axis of the instrument. Then if light from A, is 
a maximum in a direction defined by 0, that from A, is also a maximum 
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in that direction. Similarly, if the relativé energy due to light from 
A, is zero in a direction defined by 6’, that from A, is also zero, The 
resultant of the two wave trains from A, has a phase which depends 
on that of the light emitted from A,. Similarly the phase of the re- 
sultant of the two trains from A, depends on that of the light emitted 
from A,. Since emissions of light from A, and A, occur independently, 
the resultant of a pair of trains from A, has no permanent phase re- 
lation to the resultant of a pair from Ag, i.e. the resultants are non- 
coherent. The relative energy propagated in a given direction is, 
therefore, obtained by first calculating the resultant for a pair of 
wave trains from one atom, using 4(1), and then summing the relative 
energies for all the resultants, using 5(2). Fringes are seen only because 
all the resultants have their maxima in the same directions (such as 
6) and their minima in another set of congruent directions (such as 0”). 
When the path difference is increased so that it is much greater than 
the average length of the wave trains emitted by Aj, etc., the pairs 
of wave trains no longer enter the telescope simultaneously. All the 
light entering the telescope at any given moment is then non-coherent 
and no fringes are seen. Obviously similar conditions would hold in 
an optical system designed to bring light from a source by three or 
more paths to the same point instead of by only two paths. 


5.6.—The general conditions for the observation of interference 
fringes include the following: 

(a) The light reaching the observing apparatus must contain sets 
of wave trains, such that all members of a given set have come from 
the same atom by different paths. 

(6) The path difference must be short enough to make these sets 
at least partially coherent. 


(c) The location of the fringes produced by light from different 
parts of the source must be the same or nearly the same. 


This last condition is automatically fulfilled if the two sources are both images 
of one very small source. Conditions (6) and (c) are not rigidly defined conditions. 
Obviously the maximum visibility will be obtained when the path difference is 
very short, so that the sets are exactly coherent, and when the fringes formed by 
different parts of the same source exactly coincide. The observation of fringes 
when these conditions are not exactly fulfilled depends greatly on the system of 
observation. Visual observation is greatly affected by the brightness of the field. 
Fringes will not usually be observed if the maxima due to light from the edges 
of an extended source are separated by more than a quarter of the width of a 
fringe from the maxima due to the central part of the source, 
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§5.7 


5.7. Interference between Two Sources Side by Side. 
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. to pass through a 


(fig. 5.2a). He observed fringes 


One of the first attempts to observe interference was 


Grimaldi, who allowed the light from a source 8 
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on the screen C. It was later shown by Young that interference fringes 
should be seen only if the source §, is fairly small. He used an extra 
screen A with a single slit a, to reduce the effective size of the source, 
and observed interference fringes on the screen C (fig. 5.26). This is 
generally regarded as the first true observation of interference fringes. 
The fringes observed by Grimaldi were probably due to diffraction 
(Chapters VI and VII). Essentially similar fringes could have been 
obtained with one slit. In any modern repetitions of Young’s or 
Grimaldi’s experiments, a medium-power eyepiece would be used to 
view the fringes. 


5.8.—The maximum size of the slit which will allow fringes to be observed 
may be calculated in the following way. 

Consider the interference of light received at the point Q on the screen C from 
the point P on the source (fig. 5.3.) Let X’OX be a line perpendicular to the 
screens and halfway between the slits, which are each placed at a distance h 


B C 


Fig. 5.3 


from it. Let P be distant y’ and Q be distant y from this line. Let X’O =I, 
XO = 1, and let be the wavelength of the light used. Then the path difference 
of the two beams from P to Q is equal to 


As = (Pa, + 4,Q) — (Pag +a,Q). . . . . . 5(3) 
Also (Pa,)? =172 + (h —y’)? 
and (Pa,)? = 1% + (h + y’). 
Hence (Pa,)? — (Pa,)? = 4hy’ 
4hy’ — 2h’ 
or (Pa, — Pa,) = y= any approximately. 
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The value of (a,Q — a,Q) is found in a similar way, so that 5(3) becomes 


2hy’ , 2hy 
As = = Seg Mey 
8 Y cr i . . 5(4) 


The positions of the maxima are obtained by putting As =n. From 5(4), it 
may be seen that the fringes due to light from P are equidistant, the separation 
being 1A/2h. If y’ varies, the fringes move as a whole without altering their 
separation. The change dy in y due to a small variation dy’ in y’ is given by 
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If dy is not to exceed /)/8h, to fulfil the condition stated at the end of § 5.6, it 
is necessary that 

by’ aA 

eh 
Thus if the slits a, and a, are one millimetre apart (so that h = 0-5 millimetre) 
and the wavelength of the light used is 6 x 10-4 millimetre, the angle which the 
source subtends at the point O should not exceed 1-5 x 10-4 radian. If the 
screen A is two metres from the screen B, the hole in A should not be more than 
about three-tenths of a, millimetre wide. 


5.9.—Other arrangements for observing interference with two 
sources side by side are: 

(a) Fresnel’s Mirrors. 

Two images (S’ and 8”) of a slit source S are formed by two plane 
mirrors M’ and M” set at a small angle (fig. 5.4a, p. 122). 

(b) Fresnel’s Buprism. 

Two images (S’ and 8”) of a slit source S are formed by refraction in 
two prisms (P’ and P’’) of small angle (fig. 5.46, and Plate IIId, p. 214). 

(c) Lloyd’s Mirror. 

One image (S’) is formed by reflection in a plane mirror M, and 
light from this interferes with light coming directly from 8 (fig. 5.4c). 

(d) The Billet Split Lens. 


The two images are formed by the parts of a lens which has been 
bisected and the parts separated a little (fig. 5.4d). This is equivalent 
to the use of one lens and two small prisms. In each case the fringes 
are usually observed with a low-power eyepiece. 

With the arrangement used in fig. 5.2b, no light reaches the centre of screen 


C (where the interference fringes are seen) by uninterrupted rectilinear paths. 
The methods illustrated in fig. 5.4 do bring light by rectilinear paths (of the type 
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to which geometrical optics applies) to the region of interference. It has been 
suggested, therefore, that Young’s fringes are due to a mixture of diffraction and 
interference, while the Fresnel and Lloyd experiments depend on interference 
alone. The difference is not very important. The central fringes in Young’s 
experiment disappear if a, or a, is covered and are clearly due to interference, 
but the distribution of light in any of the fringe systems cannot be accurately 
calculated without applying the theory of diffraction. In the arrangements of 
Fresnel, Lloyd, etc., some diffraction occurs at the edges of the prisms or mirrors. 


(d) 


Fig. 5.4.—(a) Fresnel’s mirrors. (6) Fresnel’s biprism. Lloyd’s mi 
(a) Billees ecli: lenaun a ae 


5.10.—The most interesting of these arrangements is that due to 
H. Lloyd (1800-81). With the arrangement shown in fig. 5.4c only 
half the system of fringes is seen. By interposing a thin are 
parent plate in the path of the direct beam the bands can be shifted 
so that the central part of the system can be seen. With roughly 
monochromatic light, such as that produced by a sodium flame, the 
fringe of zero path difference is not distinguishable from any oe 
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fringe. Using white light, the central fringe is seen clearly, a few 
fringes on either side of the centre are coloured, and farther out 
the fringes overlap to such an extent that they cannot be distinguished. 
The fringe corresponding to zero path difference is clear because, with 
zero path difference, the phase difference has the same value (7) for 
all wavelengths. The distance between successive bright fringes is, in 
general, a function of the wavelength. For example, in the simple 
arrangement of Young, it is proportional to the wavelength. As we 
go away from the centre, the fringes of different colours become more 
and more displaced relative to one another. 

For path differences which are small, but not zero, the fringes 
appear coloured, but for larger path differences they become com- 
pletely confused. If there is no change of phase on reflection, the 
centre of the system should be bright, since zero path difference would 
then mean zero phase difference for all wavelengths. Lloyd found 
that the centre is dark, thus indicating a change of phase of 7 due 
to a reflection in a less dense medium. This result (which is con- 
firmed by experiments of Fresnel and others) is in agreement with 
the theory given in § 3.27, and justifies the choice of the boundary 
condition. 


5.11.—The distribution of light in the above fringe system cannot be cal- 
culated without making allowance for the diffraction of light by the slit (Chapter 
VI). One effect of the slit width may be noted here. In the experiments of Fresnel 
and Billet the virtual sources are images of the same source and are formed in 
such a way that the upper part of one source (fig. 5.4a, 6, and d) corresponds to 
the upper part of the other. Thus, with a source S of finite width the distance 
between different corresponding points on S’ and 8” is constant. The fringe width 
is the same for all parts of the source, but the fringe systems due to different 
parts of the source are displaced relative to one another. In Lloyd’s experiment, 
the centres of the fringe systems due to different parts of the source coincide, 
but the outer bands are confused, because the width of the bands is not the same 
for different parts of the source. Lloyd’s arrangement is thus more suitable for 
studying the central achromatic fringe. The other arrangement gives clearer 
fringes in the outer parts of the field with monochromatic light. 


5.12. Interference produced by Thin Films. 


_ Coloured fringes are often seen when a thin film of transparent 
material is viewed by reflected light. The film may be a layer of oil 
on water or on the surface of a road. Similar colours are seen in the 
wall of a soap bubble or of a very thin glass bulb. The films may 
be of lower refractive index than the surrounding medium, e.g. a 
film of air or liquid between two glass plates. Fringes are often seen 
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between the components of an old cemented lens when the cement has 
failed locally, leaving a small inclusion of air. These colours are due 
to interference between beams which, having been reflected at least 
once in the film, reach the observer by paths of different lengths (fig. 
5.5). When the surfaces of the film have a low coefficient of reflection, 
the fringes are best seen by observing the light which emerges on the 


a b c 


’ a / 
a b c 
Fig. 5.5.—Beams of light emerging from a thin film. (Each beam is 
represented by a single ray.) 


side of incidence. Such fringes (due to beams a, ), ¢ in fig. 5.5) are said 
to be seen by reflected light. The fringes due to interference between 
beams which emerge on the opposite side of the film (beams a’, Bb’, ¢’ 
in fig. 5.5) are said to be viewed by transmitted hight. They are very 
weak and not easy to observe when the coefficients of reflection are 
small, but they become very sharp and clear when the film has a high 
reflection coefficient. 


Fringes may be obtained by taking two pieces of good plate glass, cleaning 
them carefully, and then sliding two surfaces into contact. A film of air of varying 
thickness is formed between the two plates. If the glass is moderately good, the 
film will be nowhere more than a few wavelengths thick. If the plates are placed 
on a dark cloth and viewed by reflected light from a window, brilliant coloured 
fringes are obtained. It is inadvisable for an inexperienced person to carry out 
this procedure with good optical glass owing to the risk of scratching the surfaces 
if the plates are not perfectly clean. Also if the plates are of very high quality, 
the air film may be too thin to show good fringes. 


5.13.—The path difference, for a film of constant thickness, may 
be calculated as follows. Let e be the thickness of the film and wu 
the index of refraction from air to the material of which the film 
is composed. Then, in fig. 5.6, the difference in optical path is 


(AB + BC) — AD, and if 6, is the angle of incidence and @ the angle 
of refraction, AE = ABsin @ and 


AD = 2AB sin @ sin 6, = 2uAB sin? 6. 
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The path difference (/) is then 24AB(1 — sin? 0) and this gives 
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Tt may easily be shown that the path differences between b and c, 
between a’ and 6’ and between 0’ and ¢’ (fig. 5.5) are all equal to 1, 
Tt may also be shown that when the film is a wedge of small angle «, 
the path difference is approximately 2ue(cos 6 — sin 0 tan «), where e 
is the thickness at a point midway between rays a and b. This may 
be taken to be equal to 2ue cos @ except when the light is near grazing 
incidence. 


Fig. 5.6.—Path difference between successive beams 


There is a change of phase of 7 at the upper surface if the film is 
optically denser than the surrounding medium, and at the lower sur- 
face if it is optically less dense. Thus the phase difference between the 
first two beams is 

5 = = (20 c0s 8) Bell) So el eiig: Pe POC) 

Since a phase difference of 27 is immaterial, it does not matter which 
sign is used in 5(7), and we shall therefore use always the plus sign. 
The second term in 5(7) is usually omitted in calculations of the sepa- 
ration of the fringes. If, however, this term is not included when 
calculating the amount of light reflected from an infinitesimally thin 
film, we should conclude that such a film would give strong reflection. 
When the phase change at one, and only one, surface is included, the 
calculated reflected energy tends to zero when the thickness of the 
film tends to zero. 


5.14. Visibility of the Fringes. 

When the two surfaces are unsilvered, the reflection coefficient is 
low except for very large angles of incidence. We may assume a re- 
flection coefficient of 0-05 at each surface and calculate the fraction 
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of the incident energy in each of the beams shown in fig. 5.5. We 
find that for the beams a, b, c, which emerge on the upper side of the 
film, the relative energies are 0-05, 0-045, 0-0001 respectively. The 
amplitudes of the waves which represent beams a and 6 are nearly 
equal and are very much greater than the amplitudes of all the other 
beams which emerge from the upper surface. Thus we need only con- 
sider these two beams in an approximate calculation of the distri- 
bution of energy in the fringes seen by reflected light. Moreover, we 
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Fig. 5.7.—Variation of amplitude and of relative energy for transmitted and 
reflected light. (Unsilvered plates, r* = 0-05.) The negative amplitude corresponds 
to a resultant whose phase is opposite to that of the incident beam. 


shall expect these two nearly equal beams to give fringes of high 
visibility, provided the path difference is small. The approximate 
relative energies of beams a’, 6’, and c’ are 0:90, 0-002 and 0-000 006 
respectively. Again, we need take account of only two beams, but 
since these beams are represented by waves of very unequal ampli- 
tude, the fringes will have a very low visibility. Fig. 5.7 shows the 
variation of the amplitude and the relative energy of the resultant with 
phase difference for the fringes seen by reflected light and the corre- 
sponding functions for the fringes seen by transmitted light. (See 
also Plate IIg and IIh, p. 126.) 


5.15.—Interference fringes are observed only if at least two of the 
beams enter the eye. For moderate angles of incidence the displace- 
ment of beam 6 relative to beam a is of the same order of magnitude 
as the thickness of the film. When this thickness is a good deal smaller 
than the diameter of the pupil (i.e. when it is 0-5 millimetre or less) 
- it is easy to place the eye so as to receive both these beams. For films 
of greater thickness it is necessary to use an optical instrument to 


(a) and (5) are negatives, (c), (d), (e), and (f) are positives. 


(a) Nitrogen emission bands in the region 4000-3000 AS 


(b) Hydrogen emission lines with sodium absorption lines in the ultra-violet (3000-2000 A). 


(c) Solar spectrum showing Fraunhofer absorption lines. 


(d) Sodium absorption spectrum (visible region). 


(e) Sodium emission spectrum (visible region). 


(f) Channelled spectrum. 


The wavelength scale applies only to (c), (d), and (e). 


(g) Contour fringes (wedge-shaped 
air film between unsilvered 
plates viewed by reflection). 


() Contour fringes (wedge-shaped 
air film between silvered plates 
viewed by reflection). 


(k) Contour fringes (air film be- 
tween a piece of mica and an 
optical flat viewed by reflec- 
tion). 
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(h) As (g) but wedge of smaller 
angle viewed by transmitted 
light. 


(j) As (i) but viewed by transmission. 


(2) As (k) but viewed by transmis- 
sion. 
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collect the beams or else to arrange to view the film by rays which are 
nearly normal to the surface of the film (fig. 5.8). The above con- 
dition for observing the fringes is necessary, but it is not the only 
condition which must be fulfilled.. When white light is used, coloured 
fringes are obtained with films which are only a few wavelengths 


Fig. 5.8.—Thick plate viewed by nearly normal rays. The mirror M 
may be an unsilvered piece of glass 


thick, but no fringes are seen under ordinary conditions of observation 
with thicker films.* With monochromatic light, fringes may be ob- 
tained with plates of thickness up to a few centimetres, provided that 
the eye, or the optical instrument, is focused on the correct plane 
(§ 5.20). 


5.16. Fringes as Loci of Constant Path Difference. 


— A fringe is a locus of points, in the plane on which the eye is focused, 
for which the phase difference xe cos @ has some constant value, say 


~ d, for one fringe, ¢, for the next, and so on. The phase difference may 


vary owing to a change f in any one of the three quantities p, e, and 


6. Consider the arrangement shown in fig. 5.9, where a thin film is 
viewed with the naked eye, using an extended source of light such as 
the sky or a sodium flame. The film may be of constant optical thick- 
ness, or there may be a slow variation of ye from point to point, 
due to variation of either p or e. If the film is a few wavelengths thick, 
fringes will be seen when the eye is focused on the film. Fringes are 


* We shall later discuss special methods of producing achromatic fringes (see § 5.34). 
+ We shall see later that it is also possible for variations in one of the quantities 
to compensate variations in one of the others (§ 5.20). 
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seen under these conditions because the eye subtends only a very 
small angle at a given point on the film. 

For example, suppose that the film is being viewed at 30° from the 
normal with a pupil of 3 millimetres diameter situated 50 centimetres 
from the film. The angle of incidence for light from S, entering one 
side of the pupil is 30-17° and for light entering the other side is 29-83”. 


Fig. 5.9 


The difference between the cosines is only 0-003. Thus cos @ is effec- 
tively constant. With sodium light, frmges may be seen when the 
thickness is more than a few wavelengths, provided that the thickness 
does not vary too rapidly. If it does vary by more than about 5A per 
millimetre, measured along the surface of the film, then the fringes 
become too close to be observed with the naked eye. 


5.17. Fringes of Constant Inclination. 


It is not possible to make precise deductions from observations 
obtained with the above arrangement, because the variation from one 
fringe to another is partly due to variation of 6, and partly to variation 
of optical thickness. In laboratory experiments, we usually keep 
either the optical thickness or the angle @ constant. The fringes ob- 
served with a film of constant optical thickness are loci of constant 6 
and are known as fringes of constant inclination. Such fringes are ob- 
tained with the Michelson interferometer when M, is set accurately 
parallel to the reference plane. They may also be seen with a plate 
of glass several millimetres thick, which is of moderately good quality, 
using the arrangement shown in fig. 5.8 to obtain nearly normal inci- 
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dence. With thicker plates or larger angles of incidence, a telescope 
must be used to collect the beams of light. 

The fringes of constant inclination obtained with thick plates are 
called Haidinger’s fringes, though they were first systematically studied 
by Mascart and by Lummer. Since the light in a given fringe refers to 
a constant value of 0, the telescope should be focused for infinity and, 
when the axis of the telescope is normal to the surface, the fringes are 
circular rings in the focal plane of the objective. When fringes of 
constant inclination are viewed with the naked eye, it is desirable to 
focus the eye for infinity but, owing to the small range of angles in- 
cluded by the eye pupil, there is great depth of focus and the fringes 
may still be seen when the eye is focused near the film, provided it 
is very thin. 


5.18. Fringes of Constant Optical Thickness. 


When the sides of a thin film are not quite parallel, we may use 
an arrangement which makes the angle 6 constant over the whole 
field of view, and may then observe fringes which are essentially con- 
tours of constant we. These are known as fringes of constant optical 
thickness. 

For example, consider a wedge of angle 1 in 1000 viewed at nearly 
* normal incidence by an arrangement such as that shown in fig. 5.8. 
Dark fringes will then occur when 2e = nA and the distance between 
* successive dark fringes will be 1000A/2 or about a quarter of a milli- 
- metre. If the eye is placed even a few centimetres from such a film, 
~ the variation of @ from one fringe to the next (or even over ten fringes) 
_ is very small. The fringes are conveniently viewed with a magnifying 
. glass or a low-power microscope, unless the wedge angle is very small. 
> Fringes of this type may be produced with the Michelson interfero- 
meter by setting the mirror M, (fig. 4.1) at a small angle to the re- 
‘ference plane. When the wedge is more than a few wavelengths thick, 
approximately monochromatic light must be used. Using sodium 
light and a long wedge of angle about 1 in 100, variations in visibility 
may be observed. The fringes are clear when e is small, disappear 
when 2e is about 500A, and are very clear again when 2e is about 1000A. 
The explanation of these variations, in terms of the superposition of 
_the fringe systems due to the two sodium yellow lines, is similar to 
- that given in Chapter IV for the corresponding effects observed with 
the Michelson interferometer. 
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5.19. Newton’s Rings. 


Fringes of constant optical thickness are formed when two spherical 
surfaces of unequal curvature are placed in contact (see Plate Ie, p. 72). 
The loci of equal thickness are then circles. Such fringes were first 
observed by Hooke (1635-1703) but were first studied by Newton and 
are known as Newton’s rings. They may be observed by placing a 


Fig. 5.10.—Newton’s rings 


convex lens on a flat plate and using the reflex arrangement shown in 
fig. 5.8. The rings are of convenient size for viewing with a low-power 
microscope when the radius of curvature of the lower surface of the 
lens is about one metre. From the geometry of fig. 5.10 it may be seen 
that, if d, is the diameter of the nth dark ring and R is the radius of 
curvature of the lens, 


d,2 = InA(2R — na/2) 
and approximately d,, ==124/ (KA) eee) 


Owing to the change of phase of 7 at the lower surface, the centre 
is dark. The radii of the rings are thus proportional to the square 
roots of the natural numbers and the distances between successive 
rings decrease as n increases. With white light, a few fringes near the 
point of contact may be seen. 
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EXAMPLES [5(i)-5(ix)] 


5(i). Let r be the ratio of the amplitude of the reflected beam to the ampli- 
tude of the incident beam which is taken to be unity. Write down the ampli- 
tudes of the beams shown in fig. 5.5; also of the nth beam which emerges on the 
upper side and the nth beam which emerges on the lower side, assuming that the 
film is perfectly transparent. Note that the reflection coefficient = r?. 


[Amplitude for beam a is r, for beam 6 is r(1 —r?), for beam c is 
r°(1 — r?), and for the nth beam on the upper side 7r?*—-3(] — r2), 
The amplitude for beam a’ is (1 — r®), for beam 0’ is r%(1 — r*), 
for beam c’ is r4(1 — 7”), and for the nth beam on the lower side 
r2n—2(] — r?), The first formula does not apply when n = 1. Note 
that the relative energy of the beam transmitted through one surface 
is 1 — r?, and its amplitude is (1 — r?)¥/,] 


5(ii). Find an expression for the resultant amplitude due to all beams 6, c,... 
etc. up to the nth beam when the phase difference is a multiple of 2x. To what 
limit does this expression tend when n becomes indefinitely large? What will 
be the phase relation between this last resultant and the wave which represents 
beam a? 


[The resultant amplitude is r{1 — r@"-1)} (except when n = 1) which 
tends to r as n>, sincer<1. Resultant will differ in phase from 
beam a by 7. ] 


(iii). Lf for a given thickness and angle of incidence the film absorbs a fraction 
f of the energy which passes through it once, write down expressions corresponding 
to those required in Example 5(i). Assuming that only two beams need be con- 
sidered, calculate the visibility for fringes seen by reflected light when r? = 0-05, 
(a) when f = 0, and (b) when f = 0°8. 


[The amplitude for beam a is r, for beam 6 is r(1 — 7?) (1 — f), for beam 
c is r3(1 — r?) (1 —f)?, and for the nth beam from the upper side 
2n—3(] — 2) (1 —f)?-1. The amplitude for beam a’ is (1 — 7°) 
(1 — f)"2, for beam b’ is 72(1 —r?) (1 — f)3?, for beam co’ is r4(1 — r*) 
(1 — f)5, and for the nth beam on the lower side r°”~*(1 — 1?) 
(1 — f)@"-D/2, When there is no absorption, the visibility of the 
fringes (as defined in § 4.10) is practically unity. When f = 0:8, it 
is approximately 0-36. ] 


5(iv). Show that the diameters of Newton’s rings, when two surfaces of radii 
r, and r, are placed in contact, are related by the equation 


1 1 4nd 
Se a rTaa 
Y T2 d, 


Consider in what circumstances the sign on the left-hand side is positive, 
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5(v). Three surfaces A, B, C are placed in contact in pairs successively, and, 
using light of wavelength 5000 A., the diameter of the 25th bright ring is found 
to be: i 

20 mm. when A and B are in contact, 
26 mm. when B and C are in contact, 
16 mm. when C and A are in contact. 


Find the three radii of curvature. Give the answer to two significant figures. 
[8:3 m., 560 m., 14 m.] 


5(vi). A film of oil of refractive index 1-7 is placed between an equiconvex 
lens and a flat plate. The refractive index of the glass is 1-5 and the focal length 
of the lens is one metre. Find the radius of the 10th dark ring when light of wave- 
length 6000 A. is used. (An equiconvex lens is one in which both surfaces are 
convex and the radii of curvature are numerically equal.) 

[Radius of 10th ring = 1:88 mm. Refer to equation 3(32).] 


5(vii). Why would the rings be more difficult to see with the arrangement of 
Example 5(vi) than with an air film? 

[The fringes would be less bright in the ratio 10 : 1 because the index of 
refraction oil/glass is much smaller than the index glass/air. Some 
light reflected from the top surface of the lens “ dilutes” the fringes 
and this is the same in both cases. ] 


5(viii). Show that elliptical rings are obtained when a convex cylindrical 
surface of radius r, is placed in contact with a convex spherical lens of radius r,. 


{If the axis of the cylinder is the x axis, the thickness of the air film at 
: F y? x + y 
point (7, y) is = + “ 
2r, 2r, 
5(ix). Show that the loci of points at which the path difference of beams 


from two point sources is constant, are hyperboloids of revolution about the line 
passing through the sources. 


5.20. Localization of Interference Fringes. 


Fringes due to the interference of light from two small sources 
(as in Young’s experiment) may be received upon a screen placed at 
any convenient distance from the sources. If the screen is too close 
to the sources the fringes are inconveniently small, and if it is too far 
away the illumination is too weak. Over a considerable range, how- 
ever, the fringes may be obtained either by photography or by view- 
ing the light through an eyepiece. There are, in fact, a set of surfaces 
of constant phase difference. It may be shown that when point sources 
are used these surfaces are hyperboloids. The fringes observed form 
the intersection of these hyperboloids with the plane of observation. 
The beams of light from the sources to any point on the plane of 
observation subtend very small angles and no focusing process is 
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involved in the formation of the fringes. The interference of light 
from extended sources must involve a certain type of focusing. Clear 
fringes will be observed only when the phase differences of pairs of 
beams received at a given point from different parts of the source are 
the same or nearly the same. This condition will, in general, be satis- 
fied only when the point of observation lies on a certain surface, i.e. 
they will be seen only if the observer’s eye (or his instrument of obser- 
vation) is focused upon this surface. Such fringes are said to be 
localized. 

It is found that fringes of equal inclination are best seen with an 
instrument focused for infinity. Fringes of equal thickness are found 
to be localized near the film and, for nearly normal incidence, they are 
most clearly seen by means of a microscope focused on the film. When 
fringes are formed by narrow pencils of light there may be consider- 
able depth of focus. 


5.21.—In a system of fringes of equal inclination a given phase 
difference corresponds to a definite direction of observation no matter 
from what part of the source the light originates. The light at a 
given point in the focal plane of a telescope objective will thus corre- 


Fig. 5.11.—Localization of fringes 


spond to a definite phase difference, and the fringes will be clearly 
seen through an eyepiece focused upon this plane. The localization 
of fringes of equal thickness formed by reflections at the surfaces of 
an air-film between two glass plates may be investigated by the follow- 
ing method which is due to G. F. C. Searle.* 

Suppose that the two surfaces of reflection are planes normal to 
the plane of the diagram (fig. 5.11) which they cut im the lines MN and 


* Reference 5.1, 
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RS, and let these lines meet at the point O.;/ Consider a ray from a 
particular point P on the extended source (8.) which is reflected by 
the upper surface at the point A, and by the lower surface at the point 
B. Suppose that these two rays meet at the point HK. Then E is the 
image (formed by reflection in the surface MN) of some point C and 
also the image (formed by reflection in the surface RS) of some pomt 
D, both C and D lying on the original direction of the ray PAB./Since 
MN is the perpendicular bisector of CE and RS of DE, it follows that 
E, C and D lie on a circle whose centre is O. The path difference of 
the two beams of light received at E is equal to AB + BE — AE and 
this is equal to AD — AC, ie. to CD. If @ is the angle between the 
plates and r is the radius of the circle, CD is equal to 2r sin 6. Thus 
the phase difference is the same for all pairs of paths leading from any 
points on the source to a point on the circle. 

Suppose that a microscope is focused on E with its axis directed 
along the tangent to the circle. The light focused at the centre of the 
field of view comes from E and, owing to the finite depth of focus, 
from points on the circle near to E. All this ight has the same phase 
difference and, if 2r sn 6 = nA, a maximum is seen at E. The system 
of fringes is traversed by moving the microscope perpendicular to its 
axis (i.e. parallel to the radius OF). 


One advantage of Searle’s treatment is that, since the fundamental relation 
is derived from the image-forming property of a reflecting surface, it applies 
even when the ray considered is not in the plane of the diagram. It is also of 
interest that the separation of the fringes is equal to /(2r sin 0) and is indepen- 
dent of the inclination of the incident light. This result may easily be verified 
experimentally. The location of the fringes may be studied by viewing the system 
with the naked eye and moving a pin until coincidence is obtained, using the 
method of parallax. In this way the circle appropriate to a given fringe may be 
plotted. For a further discussion of the localization of fringes of constant thick- 
ness, see References 5.1, 5.2, and 5.3. 


5.22. Non-reflecting Films. 


The reflection of light at glass/air surfaces is very undesirable in 
camera lenses and in many other optical components. In a compound 
lens with four glass/air surfaces, about 20 per cent of the light is lost 
by reflection. This reduces the light-gathering power of the lens. Also 
some of the light reaches the image plane after multiple reflections. This 
reduces the contrast in the picture. The reflection of light may be 
reduced by coating the lens surfaces with a film of crystalline material 
whose refractive index is less than that of the glass (fig. 5.12). The 
ght reflected from the air/crystal surface interferes with the light 
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reflected from the glass/crystal surface. If the index of refraction and 
the thickness of the film are correctly chosen, the two reflected waves 
exactly annul one another for one particular wavelength and one 
angle of incidence. ' 


<I ZY 


<< Kp “a ur 
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x Glass 


ee 


Fig. 5.12.—Non-reflecting film 


In order that the two beams shall annul one another two con- 
ditions must be fulfilled: (a) the amplitudes must be equal, and (6) the 
phase difference must be 7. Consider light at normal incidence. If p, 
is the refractive index for air/glass, and yz, the index for air/crystal, 
then peg = p,/,, and from 3(55) the condition that the amplitudes 
shall be equal in magnitude is 


Lonel pen cones 1 
Be+1l beg +1 
This is satisfied if Teeth Bos Ieee. acer RMSE) 


Both reflections take place in the less dense medium so the change of 
phase on reflection is the same for both. Thus in order to produce a 
phase difference of 7 it is necessary that 


2u,¢=(2n-+1)tA. . . . . = 8(10) 


In addition to satisfying 5(9), the ideal crystalline material should 
be very hard, should not be affected by moisture, etc., and should 
adhere well to the glass surface. No crystalline material meets all 
these requirements. Magnesium fluoride or cryolite (sodium aluminium 
fluoride) is generally used. The refractive indices are 1-38 and 1:36 
respectively. When used with heavy flint glasses (u = 1-7) they 
satisfy 5(9) approximately, but when used with crown glasses (u = 1:51) 
their refractive indices are too high to give the best effect. 
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It is usual to make the optical thickness equal to a quarter 
wavelength of green light (A = 5500 A.). The reflection for green light 
is then very low, while the reflection at the ends of the spectrum 
is larger. Thus, if white light is incident on the composite surface, 
the reflected light is mainly red and blue. It has a purple colour 
rather like the “ bloom ”’ on some kinds of ripe plum. For this reason 
the process of applying the film is known as “blooming”. By this 
process, it is now possible to reduce the reflection of visible light from 
about 5 per cent to less than 1 per cent. 


5.23.—The films are now usually applied by evaporating the crystals in vacuo 
on to the glass surfaces. It is necessary to have a fairly good vacuum and to clean 
the glass surfaces by special methods in order to secure good adhesion. The 
thickness of the film is usually adjusted by observing the reflected light and 
watching for the characteristic purple colour. If the amplitudes are equal the 
relative energy is given by putting 


y= = (2, e cos 9) 
in 4(1). This gives 
E = 4a,? cos? (= Up & COS 0). ee ah ome OLE) 


By differentiating 5(11) it may be seen that when 5(10) is satisfied, 02/00, 0#/02, 
and 0H/ée are all zero at 8 = 0. For normal incidence and one wavelength the 
effectiveness of the film is not greatly reduced if the thickness is not exactly right. 
Also if the thickness is right for normal incidence and one wavelength, it is nearly 
right for a considerable range of angle about normal incidence and for a con- 
siderable range of wavelength. 


5.24. High-efficiency Reflecting Films. 


In optical instruments it is sometimes desirable to divide a beam of light into 
two beams of nearly equal energy. If partly reflecting mirrors are made by coating 
glass with a thin film of aluminium, a considerable part of the light is absorbed 
by the metal (a typical film gives 35 per cent transmission, 35 per cent reflection 
and 30 per cent absorption).* Composite reflecting films of high efficiency may be 
produced by coating a glass surface with a thin film of low refractive index and 
then laying down a thin film of high refractive index. If the thicknesses are cor- 
rectly chosen, the waves from the three reflecting surfaces are all in phase. An 
overall reflection coefficient of nearly 50 per cent can be obtained and nearly all 
the light which is not reflected is transmitted. Higher reflection coefficients may 
be obtained using many layers. With many layers, however, the films become 
strongly coloured because the condition for strong reflection is exactly satisfied 
for only one wavelength. 


* For a given reflecting power, silver films show much lower absorpti 
They are liable to tarnish rapidly unless protected. aa * amas 
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5.25.—Attempts have been made to produce non-reflecting films by treating 
glass surfaces with chemical reagents which dissolve part of the material. This 
leaves a surface layer whose refractive index is lower than that of the bulk material. 
The process is very difficult to control. Films are often seen on old glass or metal 
surfaces. Sometimes these give low reflection and sometimes high reflection. 
They are due to the chance production of thin surface layers of abnormal refractive 
index either during manufacture or by the subsequent action of the air or of 
cleaning materials on the surfaces. 


EXAMPLES [5(x)-5(xii)] 


5(x). Calculate the thickness which gives (2) maximum and (b) minimum 
reflection for light of wavelength 5000 A. when a crystal of index 2-0 is deposited 
apon a glass whose index is 1:50. Consider normal incidence. 


[(@) 6-25 x 10-cm., (6) 12:5 x 10-&cm. Note that reflection at the 
glass/crystal surface takes place in the denser medium]. 


5(xi). A film of index 1-4 is deposited on a glass of index 1:6, and the thick- 
ness is adjusted to give minimum reflection for 4 = 5000 A. and for normal 
incidence. Calculate the effective reflection coefficient for (a) 5000 A., 6 = 0°; 
(b) 6000 A., 6 = 0°; (c) 5000 A., 6 = 30°; (d) 6000 A., 6 = 30°; (e) 4000 A., 
6 = 30°. Give two significant figures in the answers. Assume that, to the 
accuracy required, the reflection coefficient for one surface at 30° is the same 
as that at normal incidence. 


[(a) 1-0%, (6) 13%, (¢) 12%, (d) 18%, (e) 11%.) 
5(xii). Show that the reflecting power for white light of a glass surface coated 
with a film many wavelengths thick is approximately half that of an uncoated 
surface. 


[Passing from one end of the spectrum to the other, the cosine in 5(11) 
goes through many periods. The mean value of the square is 0:5.] 


5.26. Interference with Multiple Beams. 


If the surfaces bounding a film have a fairly high reflection co- 
efficient, fringes of transmission with very sharp bright maxima on a 
dark ground may be produced (Plate If, p. 72). These fringes are pro- 
duced by the mutual interference of several beams which have suffered 
different numbers of reflections. Let us first consider an air-film 
bounded by two plane, parallel, half-silvered surfaces. Several parallel 
beams of light are produced by an initial beam incident at an angle 0 
(fig. 5.13). The transmitted beams are collected by the lens L and 
brought to a focus at a point Q in its focal plane. The lens brings all 
the beams together at Q with the phase differences which they had 
when they crossed the plane AB which is normal to OQ. Suppose 
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that the two films are similar, and that ‘a fraction o of the light 
is transmitted and a fraction p reflected at each incidence. Let the 
change of phase on reflection be «. With metallic films, owing to 
absorption, p + a is not equal to unity. Also « is not exactly 0 or z. 
The ratios of the amplitudes of the transmitted and reflected waves 
to the amplitude of the incident wave are p’” and o” respectively. 


Fig. 5.13.—Multiple-beam interference 


The phase difference between two successive beams is 


Qa 
8 = 2¢ 008 8 + 2e. oe DUIS) 


If the incident beam is represented by 
a, exp (at — Kx) = a,e’”, 
the resultant transmitted wave is represented by 
aa,e'? + poae?—® +. p2oa,e?-*) 4, , 
If P is the complex amplitude of the resultant (§ 2.26), we have 


P =a,{o + poe® + poe +, , 4) 


ele 
1 — pe? 


5(13) 


The complex conjugate P* is given by 


Pe ee 
1 — pe 
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and by a calculation similar to that given in § 3.6 we have 


Fe rae ate nS eer, 
1+ p? — 2p cos 8 


which may be written 


B(14) 


Maxima occur when cos 6 = 1 (i.e. when 5 = 2m) and the minima 
are half-way between the maxima. The positions of the maxima and 
minima are thus independent of the values of p and c. The maximum 
relative energy (E,,,.) i8 @,20?/(1 — p)? and the minimum (Z,,,,) is 
a,*o7/(1 + p)?. Using equation 5(12), it may be seen that the maxima 
occur when 


22.008 0 = a(n —£), ee eae O(LOG) 


TT 


This reduces to 
2e cos 0 = ni, oe dea ee el thaty) 


if the change of phase on reflection may be neglected. 

Circular fringes are obtained with the arrangement shown in fig. 
5.14. The order of interference decreases from the centre outwards, 
because the path difference is smaller when the rays impinge at an 


i | 
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Fig. 5.14.—Plate of constant thickness viewed by convergent light 


angle than when they are normal to the plates. The fringes are localized 
at infinity and are usually viewed with a telescope. The light reaching 
a given point in the focal plane of the objective corresponds to a cer- 
tain direction of incidence. It comes from all parts of the film. 


5.27.—From equation 5(14), it may be seen that a high reflection 
6 (G 577) 
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coefficient produces sharp maxima. If 6 differs a little from nz, so that 
sin? $6 has some value 7, then 


E 
Bee et eo at aaa SUD 
= (16) 
4p 
where thy = =— 
(lie); 


When p is of the order of 0-05 corresponding to unsilvered plates L = 
0-2, but when p is 0-8, corresponding to fairly heavily silvered plates, 
L =80. Thus with strongly silvered plates the illumination in direc- 
tions which differ only a little from the directions of the maxima is 
very low and the fringes appear as sharp bright lines on a dark ground. 
The value of p chosen is determined by the necessity of compromising 
between the increase of sharpness due to high p and the reduction of 
overall brightness due to the consequent reduction of o. The effect of 
multiple beams in producing sharp maxima is discussed in §§ 9.15 and 
9.50. 


5.28. Fabry-Perot Interferometer. 


Several different methods of using the fringes formed by multiple 
reflections in plates of constant thickness have been designed. The 
Fabry-Pérot interferometer consists of two glass plates, one fixed and 
the other mounted on a carriage similar to that used in the Michelson 
interferometer. This plate can be slowly moved in a direction perpen- 
dicular to itself. The guides are so accurately constructed that the 
moving plate remains parallel to the fixed plate to within less than 
a second of arc. The plates are coated with a film of silver or other 
metal of high reflection coefficient. 

In the Fabry-Pérot etalon the two plates are at a fixed distance 
apart. This distance is determined by separators accurately made so 
as to secure very good parallelism. The applications of the Fabry- 
Pérot apparatus will be described in Chapter IX. Examples of fringes 
obtained with a Fabry-Pérot etalon are shown in Plate If and Ig (p. 72). 


5.29. Lummer-Gehrcke Plate. 


The interference apparatus shown in fig. 5.15 was invented by 
Lummer and developed by him in collaboration with Gehrcke. Light 
from an extended source is totally reflected at the hypotenuse of the 
right-angled prism and is incident on the lower surface of the plate 
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at an angle slightly less than the critical angle. A small fraction of 
the light is refracted to form beam 1. The rest is reflected and is inci- 
dent on the upper surface where again part is refracted (forming beam 
2) and part is reflected. Thus the light travels along the plate and at 
each incidence on the surface a portion escapes. The refracted light 
emerging from the lower surface forms a series of parallel beams with 
a constant phase-difference. The amplitudes decrease in geometrical 
progression. Fringes due to multiple reflections are thus formed. 
A similar set of fringes is produced by the beams 2, 4, 6, etc., which 
emerge from the upper surface. 


Fig. 5.156.—Lummer-Gehrcke plate 


With the Fabry-Pérot arrangement, using nearly normal inci- 
dence, all the beams which have any appreciable amplitude are col- 
lected by the lens (fig. 5.13). When the Lummer plate is used, the 
number of beams available is normally limited by the length of the 
plate. The resultant amplitude is calculated from the sum of a series 
similar to that given in equation 5(13), but restricted to a finite number 
of terms. Partly for this reason the formule giving the positions of 
the bright fringes and the variation of brightness in the interference 
pattern are rather more complicated with the Lummer-Gehrcke plate 
than with the silvered plate etalon.* 


5.30. Channelled Spectrum. 


When a parallel beam of white light is allowed to fall upon a Fabry- 
Pérot etalon and the transmitted light is viewed in a spectroscope 
(fig. 5.16), the spectrum is crossed by a number of dark bands (Plate 
IIf, p. 126). It is therefore called a channelled or banded spectrum 
though such spectra have, of course, no connection with band spectra 
due to molecules (§ 4.3). From equation 5(14), it is clear that maximum 
brightness occurs at wavelengths for which sin $6 = 0, i.e. when 6 is 
an integral multiple of 27. If the phase change on reflection [equation 


* See p. 94 of Reference 9.1 for details of theory. 
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5(12)] may be neglected, maxima occur at wavelengths Ap Av Az 
etc., which satisfy the relation 


2e cos 0 = pry = (p + 1)Ay = (p + 2)Az, . 5(17) 


where p is an integer. 

By a simple extension of the discussion given in § 5.27, it may be 
shown that the maxima are sharp when the reflection coefficient is 
high, but a very high reflection coefficient implies a low transmission 
and makes the bands difficult to observe. In practice very sharp 
bands are obtained only if the beam of light is well collimated and 
if the plates of the etalon are accurately plane and parallel. 
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Fig. 5.16.—Edser-Butler method 


Channelled spectra may also be observed by spectroscopic ex- 
amination of light in the outer parts of a fringe system produced by 
any of the arrangements described in §§ 5.9-5.10. The bands so 
obtained are not so sharp because only two interfering beams are 
involved. 


5.31. Edser-Butler Method of calibrating the Spectrometer. 


If the thickness of the etalon has been measured (by any of the 
methods described in Chapter IX), the bands may be used to deter- 
mine a curve, or formula, giving the relation between wavelength and 
position in the spectrum. The method is a convenient one because 
the bands provide a series of calibration marks suitably spaced 
throughout the spectrum. By choosing the right thickness of etalon, 
the spacing may be made as close as is desirable for the particular 
spectrograph or spectroscope which is being calibrated. Fringes of 
this type were first discovered by Fizeau and Foucault (1850) and 
were first used in the above way by Esselbach (1856). The method of 
calibration did not come into common use until it was rediscovered 


in 1896 by Edser and Butler and it is generally known in England by 
their name. 


The banded spectrum may be used, in conjunction with two known wave- 
lengths, to determine the thickness of the etalon. The light from the etalon is 
allowed to form a banded spectrum and, by means of a small mirror, the line 
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spectrum including the known lines , and A, is made to appear above or below 
the channelled spectrum. The number of maxima between the two lines is counted. 
If this number is m we have approximately 


2e= py =(pi+m)rAy, . . . . . . 8518) 
and hence 2ef— A ): ey ee i O19) 
Ay — Ag 


Equation 5(19) is exactly correct only if two bright bands happen to coincide 
with the lines. When this is not so, the positions of the maxima on either side 
of A, and 1, may be measured. Using these readings and interpolating by pro- 
portional parts, two fractional parts to be added to m may be determined, and 
5(19) may then be applied. This method of determining the thickness of the 
etalon forms an instructive class experiment, but is generally less accurate and 
less convenient than the method described in § 9.32. 


EXAMPLES [5(xiii)-5(xvi)] 


5(xili). Compare and contrast the fringes formed by the Fabry-Pérot etalon 
using convergent monochromatic light with Newton’s rings. 


5(xiv). Show that the Edser-Butler method provides a set of marks spaced 
at equal intervals of wavelength constant (x). 


5(xv). Show that for a given direction of incidence the phase change on reflec- 
tion is equivalent to a small correction to the separation of the plates of a Fabry- 
Pérot etalon. 


5(xvi). The circular fringes formed by a Fabry-Pérot etalon are numbered 
1, 2, 3,...p from the centre outwards. Show that if the separation of the plates 
is a large integral multiple of the wavelength, the angular diameter of the pth 
ring is approximately proportional to V(p — 1), when p is fairly small. 


5.32. Fringes of Superposition. 


Consider a beam of light incident successively upon two etalons 
(fig. 5.17). There will be a considerable number of emergent beams 
corresponding to different internal reflections. Under suitable con- 
ditions certain sets of emergent beams may have small path differences 
and give rise to interference fringes with white light. Consider, for 
example, two etalons of thicknesses e, and ¢,, inclined at a small angle 
a to one another. Suppose that the emergent light is observed in a 
telescope and consider light which makes an angle 6 with the normal 
to the first etalon. The path difference between (a) light which has 
made two reflections in the first etalon and four in the second, and 
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(b) light which has made six reflections in the first etalon and two in 
the second is 
6e, cos 0 + 2¢, cos (8 + «) — 2e, cos 6 — 4e, cos (8 + «) 
= 4e, cos 9 — 2e, cos (4 + x) 


= (4e, — 2e, cos x) cos 9 + 2e,sin@sinw. . 5(20) 
oo 
Wad —- : 


Fig. 5.17.—Fringes of superposition 


If the second etalon is slightly more than twice as thick as the first, 
this path difference will be zero for some fairly small value of 6. Sup- 
pose that the inclination («) has been adjusted so that the path 
difference is zero for 6 = 0. We then have 


26, = y COS a ae bee cet OE 
or, approximately, €y — 2e, = 4e,x” 1 oe ha ee eee ies) 


and bright fringes will be obtained when 
nA == 26, sin O sino. 5) 5) Seen eO(3) 


Since the maxima correspond to a definite value of 0, the fringes are 
localized at infinity and may be seen in the telescope. If the telescope 
is normal to the first etalon, the central achromatic fringe will be in 
the centre of its field and the angular separation 6’ of the fringes will 
be given approximately by 


; A 
Ge ee 5(24) 
A measurement of the angular separation of the fringes determines « 
and equation 5(22) gives (e, — 2e,), provided an approximate value of 
e, is available. Fringes of this type are called fringes of superposition. 
They were first observed by Brewster in 1815. He used two glass 
plates of nearly equal thickness. The above method of using the 
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fringes to compare the thicknesses of two etalons was suggested by 
Fabry and Buisson and was used by Sears and Barrell (§ 9.45). 


5.33.—An alternative method of using the fringes to compare the 
thicknesses of two etalons is to set the two etalons so that « = 0, and 
to allow the light to pass also through a thin wedge. In these circum- 
stances fringes localized in the wedge are obtained. The centre of the 
fringe system is located at the point where the path in the wedge 
exactly compensates for the difference in path due to the etalons. 


This method of comparing two etalons was used by Benoit, Fabry and 
Pérot (§ 9.41). 


Hither of the methods described may be used to compare etalons the ratio 
of whose thicknesses is approximately p :q, where p and q are two small whole 
numbers. Fabry and Buisson state that etalons of ratio 10 : 1 may be compared. 
If the numbers p and gq are not small, large numbers of internal reflections are 
involved with a corresponding loss of light. The fringes then become indistinct 
because they are seen against a brighter background due to beams which have 
not made the correct series of reflections to give interference fringes. Although, 
in the above treatment, we have considered only two beams, fringes of super- 
position are formed by multiple-beam interference when silvered plates are used. 
The reflection coefficient affects their sharpness just as it does with the circular 
fringes. 


5.34. Achromatic Fringes. 


If the geometrical path difference between two routes from a source 
of light to a point of observation is the same for all wavelengths, the 
phase difference will depend on the wavelength. Fringes are then 
obtained with white light only when the path difference is small. If, 


Fig. 5.18.—Lloyd’s arrangement for achromatic fringes 


however, the geometrical path is different for different wavelengths, 
then there is a possibility that the geometrical path difference may be 
made proportional to the wavelength, so that the phase difference 1s 
the same for all wavelengths. If this condition is fulfilled, achromatic 
fringes may be obtained with white light even when the path difference 
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is fairly large. A simple arrangement for producing fringes of this type 
is shown in fig. 5.18. The slit source used with Lloyd’s mirror is re- 
placed by a short spectrum RV formed by the slits and a prism or 
grating placed at G. The grating is to be preferred since it produces 
a spectrum in which distances are directly proportional to wavelength 
(§ 6.31). The separation of the “ sources” in Lloyd’s mirror is then 
proportional to the wavelength and the separation of the fringes is 
the same for all wavelengths [equation 5(4)]. 


5.35.—The example we have just considered shows the possibility 
of the formation of a system of achromatic fringes, but is too re- 
stricted to show the general conditions required for their observation. 
In discussing the wider problem let us start by considering two 
extreme cases. With the Michelson interferometer, using cadmium 
red light, fringes corresponding to orders of interference up to about 
a million have been obtained. There is a very gradual decrease 
in visibility at high orders due to the imperfect homogeneity of 
the light, but apart from this effect all fringes are identical. This, as 


. 


Fig. 5.19.—Energy distribution as measured by bolometer 


Energy 


Distance from centre 


we shall see later, sometimes occasions a practical difficulty when it 
is desired to identify the fringe of a particular order (see § 9.32). 
The other extreme case may be represented by the fringes formed 
in Young’s experiment with white light. The centre of the system 
corresponds to zero phase difference for all wavelengths, but there is 
no place where the phase difference is 7 for all wavelengths. Thus there 
is not even one fringe which is strictly white on black. By eye, about 
half a dozen fringes can be seen. 

If a bolometer is used to measure the energy arriving at different 
places on the screen, a curve of the type shown in fig. 5.19 is obtained. 
The bolometer is a non-selective detector of radiation; it measures 
the energy and is equally sensitive to all wavelengths. The two minima 
on either side of the maximum are present because ordinary white 
light contains more energy of some wavelengths than of others (Chapter 
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XVII). A source of light for which (in the notation of § 4.19) a(x) is 
independent of « shows no trace of interference. If, however, a filter 
transmitting a small region of the spectrum is placed in front of the 
bolometer, fringes are recorded just as they would be if the same filter 
were placed in front of the source. If the.light from a certain narrow 
region is analysed in a spectroscope, bands are seen in the spectrum 
(§ 5.30). Thus interference is observed when either 

(a) the source emits radiation in which some wavelengths pre- 
dominate, or 

(5) the receptor is able to analyse the energy it receives into a 
spectrum. 

To observe high orders of interference, it is necessary either to have 
a source of very homogeneous light or to use a receptor which can 
make a very fine analysis. A selective receptor (such as the bolometer 
covered with a filter) from this point of view makes a very simple 
analysis of the light, distinguishing between (a) light to which it is 
sensitive and (5) light to which it is not sensitive. The eye makes an 
analysis of light in terms of three primary colours and is therefore able 
to see a few fringes where the non-selective bolometer could detect 
none. 


5.36. Achromatic Systems of Fringes. 


In Young’s experiment, there is one place in the field of view where 
the phase difference is the same for all wavelengths. There is thus one 
achromatic fringe. In the experiment described in § 5.34, in which 
Lloyd’s mirror is combined with a grating, the phase difference is 
independent of the wavelength at all parts of the field. We then 
have a system of achromatic fringes. It is important to distinguish these 
two cases. In the one we have a single place where the fringes of all 
wavelengths coincide, but the separation of the fringes is a function 
of the wavelength, and therefore the system is achromatized for only 
one fringe. In the second case the separation is independent of the 
wavelength so that, if the fringes are made to coincide at one 
point, they do so everywhere. 

5.37.—Analytically, we may suppose the order of interference (p) to be a func- 
tion of 2 and of a co-ordinate 2 which locates the position of the fringe in the field 
of view. p is not necessarily integral (§ 4.9). Then for an achromatic fringe we 
require 
Coe Mes er (25) 


on 


at some point in the field. 
6* (G 677) 
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For an achromatic system we require 5(25) and also 


2 (2) = OF ren ee 
aa \ar/ ax Od 


For perfect achromatism, 5(25) should be true for all values of 4, and 5(26) for all 
values of 4 and z. In practice we usually call a lens “ achromatic ” when the 
variation of focal length with wavelength has a maximum or minimum for 
some wavelength near the middle of the visible spectrum (fig. 5.20). In a 
similar way, we call a fringe achromatic if 5(25) is satisfied for some value 
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Fig. 5.20,—Variation of focal length with wavelength for an 
achromatic lens combination 


of } near the middle of a range in which we are interested, and a system 
achromatic if 5(25) and 5(26) are satisfied for one wavelength and at one 
point. The central fringe in Young’s experiment is perfectly achromatic, to the 
extent to which we can neglect secondary effects due to finite slit width, etc. 
Subject to a similar limitation, the system described in § 5.34 is perfectly achro- 


matic when a grating is used. It is achromatic, in the less restricted sense, when a 
prism is used. 


5.38.—It is possible to shift the centre of a system of fringes, such 
as those obtained by Young, Fresnel or Lloyd, by inserting a plate of 
optically dense material in front of one of the real or virtual sources of 
light, e.g. to the right of slit a, in fig. 5.26. If this material is non- 
dispersive, the central fringe will move to the position where the 
difference of optical path is zero, ie. where the paths from the two 
sources to the point are equal when measured in wavelengths. In 
general the material has some dispersion. One of the optical paths is 
a function of the wavelength and the other is not. Therefore, the path 
difference is a function of the wavelength, and there is no point for 
which this difference is zero for all wavelengths. In these circumstances 
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the central fringe is located at the point where 5(25) is satisfied, i.e. 
at the point of maximum agreement of phase difference. This does 
not, in general, coincide with the place where the path difference is 
zero for the central, or indeed for any one, wavelength. 


5.39.—It was shown in § 4.29 that when a non-homogeneous beam of light 
travels through a dispersive medium, the point at which the phases of the dis- 
turbance, of different wavelengths, are in best agreement, travels with the group 
velocity. Thus, in the type of experiment which we are considering, the maximum 
agreement of difference of phase will occur at a point P such that the time taken 
for the light to travel from S to P by the non-dispersive path is equal to the 
time taken for a wave group to travel from S to P by the dispersive path. We 
shall now show that when this condition is satisfied, 5(25) is also satisfied. 

Suppose that the non-dispersive path from § to P is of length 7 and that the 
other path from S to P consists of a distance L — ¢, in the non-dispersive medium, 
which for simplicity we take to be a vacuum, and ¢, in the dispersive medium. 
Then the phase difference between light arriving at P from S by the two routes is 


2 
p= {L—1+ (n— lt}, Peete (27) 


where A is the wavelength in vacuwm. 
Differentiating with respect to 4, condition 5(25) gives 


dn ze 
(L—1) + (n—2%—1)t, =0. ee a BES 


This equation determines the position of the new achromatic fringe. 
The condition that the wave groups shall arrive together is 
it; 


bg 
ae rn) Mee aa is ee OAS) 
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where U is the group velocity. Inserting the value of U from 4(41) we have 


(in ts (n-~Z—1)t, =0. 530) 
dn 
in agreement with 5(28). : 

It was at one time thought that the achromatic fringe was located at the 
point where the path difference is zero (presumably for the mean wavelength). 
The condition so calculated differs from 5(28) in that it does not include the term 
rdn/di. The essentials of the present theory were originally put forward by 
Sir G. B. Airy (1801-92) in reply to certain critics who, basing their argument on 
the incorrect formula, thought that the wave theory did not give the right value 
for the shift of the fringes. The modern development of the theory is due to 
Rayleigh (Reference 5.4). 


5.40. Interference Filters. 
Coloured glasses or dyed gelatine filters may be used to isolate a 
region of the spectrum covering a range of 500 A. but, for many experi- 
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ments in photo-chemistry and for other purposes, it is desirable to 
isolate a band 50 A. wide centred on a chosen wavelength; and occasion- 
ally much narrower bands are desired. Interference filters may con- 
veniently be used for these purposes. We have seen in § 5.30 that the 
spectrum of a parallel beam of light which has passed through a Fabry- 
Pérot etalon consists of a series of sharp bands separated by wider dark 
regions (Plate ITf, p. 126). If the distance between the reflecting surfaces 
is reduced, then the wavelength difference between the transmission 
maxima is increased. Equation 5(17) shows that for an optical thickness 
of ,/2, and for normal incidence, the transmission maxima are Ap, A,/2, 
A,/3, etc. If Ay is placed in the visible spectrum then all transmission 
bands, except the first, lie in the ultra-violet and are absorbed by a 
suitable glass. If the silver surfaces have a reflection coefficient of 94 
per cent and A, = 5000 A., the transmission band-width (measured 
between wavelengths for which the transmission is half the maximum 
transmission) is 50 A. (fig. 5.21a). 


S 
ro) 


° 
a GLASS 
9 t 
g 
5 HR, 
SILVER ES Zz fi 
Al vd 
SPACER SPACER (L 
SILVER- & H (L) 
(a) f IR 
2 
. i 
H 


4900 5000 5100 
WAVELENGTH —A 


Fig. 5.21.—Interference Filters. Typical transmission curve for (a) filter 
consisting of two layers of silver (94% reflectivity) separated by a dielectric 
“spacer”? whose optical thickness is 2500 A.. and (b) a filter consistin 

S OFAY of 
two reflectors R, and R, separated by a similar spacer. The reflectors oe 
sist of layers of high (H) and low (L) index material and the optical thick- 
ness of each layer is 1250 A. 


INTERFERENCE 151 


When silver films are used the high reflectivity is obtained only by 
increasing the thickness of the film and so reducing the maximum 
transmission (§ 5.30). This limitation may be overcome by using, in 
place of the silver layers, high-efficiency reflectors constructed in the 
way described in § 5.24. These high-reflecting “stacks” consist of 
layers of dielectric materials. The layers are of equal optical thickness 
and alternate layers are of high and of low refractive index. Since the 
highest reflectivity is needed only in a narrow range of wavelength, it is 
possible to use stacks of many layers, and reflectivities of 98 per cent 
may be obtained. The loss of light by absorption is very small. The 
layers are deposited by vacuum evaporation and there is a small loss of 
light by scattering since perfectly homogeneous films are not obtained 
by this process. It is possible to obtain a band-width of 25 A. with a 
maximum transmission of 75 per cent (fig. 5.216). In addition to band- 
pass filters for desired regions of the visible spectrum, many other 
devices for giving selective transmission or reflection may be made by 
suitable combinations of high and low index layers. For further details 
the reader should consult Reference 5.5. 


EXAMPLES [5(xvii)-5(xix)] 


5(xvii). Two etalons have separations of 19-9990 mm and 40-000 mm. Find 
the angular separation of fringes formed in the way described in § 5.32 when 
light of wavelength 5000 A. is used. [6-25 x 10-4 radian.] 

5(xviii). Discuss the achromatization of Lloyd’s mirror fringes by means of a 
prism of material which obeys Cauchy’s law (§ 3.18). 

5(xix). What effects are observed when the fringes formed in a thin film 
enclosed between two plane surfaces are viewed through a prism? 

[The fringes are shifted but not made achromatic. The position of the 
new central fringe is obtained by applying the discussion of § 5.39.] 
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CHAPTER VI 
Diffraction 


6.1. General Character of the Observations. 


When a beam of light passes close to the edge of an opaque obstacle, 
propagation is not truly rectilinear. If certain conditions (which will 
be discussed later) are fulfilled, fringes are observed near the edge of the 
geometrical shadow, and it is found that some light penetrates into the 
shadow. Typical effects are shown in Plate III (p. 214). Phenomena 
of this type were first reported by Grimaldi in 1665 and were studied 
by Newton. An attempt to relate these observations to wave theory 
was made by Young in 1802. He thought that the fringes were due to 
interference between light reflected at the edge of the obstacle and the 
direct beam. Fresnel showed that the fringes were nearly the same 
whether a razor edge or a rounded edge was used. Since the rounded 
edge would give a much larger reflection at grazing incidence than 
the razor edge, Fresnel’s observation showed that Young’s theory was 
unsatisfactory. Fresnel calculated the positions of the fringes from the 
mutual interference of the Huygens wavelets, taking into account the 
fact that part of the wavefront is obstructed by the obstacle, and he 
obtained results in general agreement with observation. In detail his 
theory is not entirely satisfactory, but his main ideas have now been 
incorporated by Kirchhoff in a logical development of the wave theory. 


6.2.—The name diffraction is given to all departures from recti- 
linear propagation of light. The most obvious diffraction effects are 
produced by opaque obstacles, although diffraction is also produced 
by obstacles which are not opaque. For example, diffraction fringes 
may be produced by air bubbles imprisoned in a lens. Diffraction is 
produced by any arrangement which causes a change of amplitude or 
phase which is not the same over the whole area of the wavefront. 
Diffraction thus occurs when there is any limitation of the width of a 
beam of light. In all optical experiments the width of the beam is 
limited by the dimensions of the apparatus, so that some diffraction 
is always present. Diffraction effects are often masked by imper- 


fections in optical images owing to lens defects and in other similar 
162 
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ways. It is only when these other effects have been reduced by suitable 
design of apparatus that diffraction becomes of great importance. It 
then sets an inescapable limit to the sharpness of optical images and 
to the accuracy of certain types of measurement. 


6.3. Fresnel and Fraunhofer Diffraction. 


Fig. 6.1 shows an arrangement in which a parallel beam of light 
passes through a slit in a screen §, (called the diffraction screen) and 
the light is received on a second screen §,. Fig. 6.2 shows, in a general 
way, the variation of illumination across the screen 8, for different 
distances between S, and S,. When the screens are very close 
(fig. 6.2a) the illumination is uniform within the geometrical image, 
and zero outside. Within the accuracy of observation we have recti- 
linear propagation. As the screen 8, is moved away from §,, there is 


Q 


oo  \) 
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Fig. 6.1.—Diffraction of a parallel beam of light at a slit 


a region in which the geometrical image is still easily recognizable 
although fringes appear on its edges (fig. 6.26). This is known as the 
region of Fresnel diffraction. When the screen 8, is removed to a very 
large distance the fringes spread so that they obliterate the geometrical 
image. A system of fringes is produced on S, and the distribution of 
illumination is determined by the shape and position of the openings 
in the screen S,, but it does not indicate the shape of these openings 
in any simple way. This type of diffraction is called Frawnhofer dif- 
fraction. 

To illustrate this last point, fig. 6.2c may be compared with fig. 6.3, 
which shows the variation of illumination across the screen S, when 
there are two openings of equal size in S,. The pattern differs 
from that shown in fig. 6.2, but not in such a way as to show imme- 
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diately that there is more than one slit. The kind of diffraction pro- 
duced when the screen 8, is placed at a very great distance from 8, 
is also found when a positive lens of wide aperture is placed between 
S, and 8,, at such a position that 8, is in its focal plane. The image of 
S, seen from §, is then infinitely distant from §,. 


E 


(a) 
0-1 0-05 Q, 0:05 O1 mm. 
E 
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° 


Fig. 6.2.—Variation of illumination across the screen S, in fig. 6.1 for slit 
0-05 mm. wide: (a) when S, is in contact with S,, (6) when S, is a few centi- 
metres from S,, (c) when S, is at 20 metres from §S,. 


In this type of diffraction the source of light is in focus on the 
screen where the fringes are obtained. Provided this condition is 
fulfilled, Fraunhofer patterns are formed when convergent waves 
are obstructed, or when a plane or divergent wave which passes an 
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obstruction is rendered convergent, i.e. it does not matter whether the 
obstacle is in front of, behind, or within the optical system which forms 
the image of the source (fig. 6.4). Fraunhofer patterns are located in 


400 200 fo) 200 400mm. 


Fig. 6.3.—Distribution of illumination in pattern due to two equal slits 


the plane which contains the centre of curvature of the wave surfaces. 
When a plane wave is received upon a screen at a great distance from 
the source and from the obstacles, an approximation to this condition 
is obtained. 
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Fig. 6.4.—Arrangement for the production of Fraunhofer diffraction patterns 
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6.4.—Three regions are thus distinguished: 

(1) Sharp image—eflectively rectilinear propagation. 

(2) Fringed image of the obstacle—Fresnel diffraction. 
(3) Fringed image of the source—Fraunhofer diffraction. 


It is convenient to distinguish these regions because they are 
observed with rather different experimental arrangements, and be- 
cause the mathematical methods used in the calculations are also 
different. It is, however, important to recognize that there is no sharp 
distinction between them. On the experimental side, as S, is moved 
away from §,, we pass gradually from one stage to another and, while 
three regions are easily recognizable, there is no well-defined boundary 
between them. 

Diffraction phenomena of the Fresnel type were discovered and 
studied in detail before the Fraunhofer phenomena. They are of very 
great importance in the historical development of the wave theory 
and still have some interesting applications. The Fraunhofer diffrac- 
tion phenomena are of greater practical importance, not only in pro- 
viding a theory of the action of diffraction gratings, but also in con- 
nection with the general theory of optical instruments. The theory 
of Fraunhofer diffraction may be regarded as an extension of the idea 
of wave groups discussed in Chapter IV. It is of great importance in 
relating the wave theory and quantum theory. 


6.5. Theory of Diffraction. The General Problem. 


The distribution of illumination in diffraction patterns of either 
type may be obtained in principle by finding a solution of the wave 
equation, subject to a set of boundary values corresponding to the 
physical conditions obtaining at the surfaces of the obstacles. Un- 
fortunately the mathematical difficulties are very great, and an exact 
solution has been worked out for only one special case. Sommerfeld * 
calculated the distribution of light energy produced when a beam 
passes the edge of a thin screen which is perfectly reflecting. Assuming 
that € = 0 over the whole area of the screen, it is possible to solve the 
wave equation and to pick out portions of the solution which corre- 
spond to the forward and backward diffracted light. 


6.6.—A summary of Sommerfeld’s calculation is given in Reference 6.1. Exact 
treatment of other diffraction problems involves detailed assumptions concerning 
the behaviour of the waves at, and near, the boundaries. For this purpose, it is 
necessary to make detailed assumptions about the type of wave. A general 


* Reference 6.1. 
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theory of the diffraction of light must be based on a theory of transverse waves. 
Modern calculations are referred to the electromagnetic theory of light, and have 
been made by Stratton and others.* 


6.7.—Let us now return to the diffraction problem illustrated in 
fig. 6.1 in order to see how approximate solutions may be obtained. 
Under the conditions of Fresnel diffraction, the illumination at a point 
Q on the screen 8, may be computed by calculating the resultant 
amplitude due to all the Huygens wavelets emanating from different 
parts of the aperture. In this treatment the plane wave on the left of 
S, is replaced, on the right-hand side of §,, by a system of spherical 
wavelets. Special assumptions have to be made concerning the phases 
and amplitudes of these wavelets but, if these assumptions are ac- 
cepted, the rest of the calculation is merely an application of the 
principle of superposition. For purposes of calculation Fresnel divided 
the area of the aperture into a series of zones known as Fresnel zones 


(§ 7.2). 


6.8.—Now consider an approximate treatment of the corresponding 
Fraunhofer problem. Let us suppose that two lenses are inserted as 
shown in fig. 6.4. Light from the point source L, is focused into a 
parallel beam by the lens L,, and the screen 8, is situated in the focal 
plane of the lens L,. It is assumed that the properties of the wave to 
the right of S, may be calculated by imagining the incident wave to 
be replaced by a system of plane waves. These plane waves originate 
in the aperture in the screen 8, and their phase relations are deter- 
mined by the phase of the incident wave in the plane of the aperture. 
In the case chosen, the phase of the incident wave is the same (at a 
given time) at all points in the aperture. It is therefore assumed that 
the distribution of phases on a plane such as ADE is determined by 
the distances from points on ADE to corresponding points of the 
apertures. In the case shown this implies that if ADE makes an angle 
6 with the screen S,, the phase at E is in advance of that at A by an 
amount (27/X)2d sin 6, where 2d is the width of the slit. For points 
intermediate between A and EH, the phase varies uniformly. The 
action of the lens + is such that a series of wavelets reaches a certain 
point Q on the screen §, with the same phase relations as they had 
when they left the plane ADE. 

The relative energy may be obtained by the use of the vector 
diagram (§ 3.5). The diagram for a large number of infinitesimal 


* See References 6.1, 6.2, and 6.3. 
+ We neglect aberrations of the lens. 
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elements whose phases vary uniformly is an arc of a circle, the resul- 
tant amplitude being the chord (fig. 3.20). 

If 2u, is the difference of phase between the elements at the two 
ends, the resultant amplitude is proportional to sin w,. If E(y) repre- 
sents the ratio of the energy at the point Q to the energy at the centre 
of the diffraction pattern, which is at Qo, we have 


a) (Sas — (eles. 


This function is shown in fig. 6.9a (p. 177). 


6.9.—Comparing the approximate methods of calculation described 
in §§ 6.7 and 6.8, we see that in one case the incident wave is replaced 
by a system of spherical waves and in the other by a system of plane 
waves. The difference between these substitutions is purely one of 
mathematical convenience. In Fresnel diffraction problems we wish 
to calculate the amplitude at a point fairly near the diffraction aper- 
ture. It is natural to draw radii from this point to elementary areas on 
the aperture and consider the interference of spherical wavelets pro- 
pagated along these lines. In Fraunhofer problems we are concerned 
with light diffracted in a given direction. It is then convenient to con- 
sider plane waves. There is only one basic theory of light behind both 
the Fresnel and the Fraunhofer methods of calculation. Both of these 
methods need to be justified by reference to the fundamental hypo- 
theses of the wave theory. 

Kirchhoff has made an important analysis which justifies the 
formule we shall use both in the case of Fresnel and in the case of 
Fraunhofer diffraction sulyect to certain approximations being accepted. 
The conditions of many diffraction problems are such that these 
approximations are valid. Owing to mathematical difficulties no 
general derivation of exact diffraction formule has yet been found. 
Kirchhoff’s analysis and its limitations are discussed in Appendix VI A 
(p. 191). In the text of this chapter we discuss the problems of Fraun- 
hofer diffraction, using Fourier methods, and obtain, in a somewhat dif- 
ferent way, some of the formule which will be derived in the Appendix. 


6.10. Extension of the Concept of a Wave Group. 


In Chapter IV it was shown that a train of waves of finite length 
does not constitute a pure simple harmonic wave, but can be analysed 
by Fourier’s theorem into a set of simple harmonic waves of different 
wavelengths. When the wave train is fairly long, the effective range 
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of wavelength is small and the system is called a wave group. In a 
similar way, we shall now show that a beam of light which is of finite 
width cannot be represented by a single plane wave, but may be 
regarded as the resultant of a system of plane waves travelling in 
different directions. When the width of the beam is very large in 
comparison with the wavelength, the effective angular spread is small, 
and the waves form a group of plane waves. All beams of light which 
occur in real problems are limited both in the direction of propagation 
and in the two transverse directions. There are certain problems for 
which the effects due to the limitation in the direction of propagation 
are unimportant. It is then sufficient to assume for the time being 
that the wave train is infinitely long in the z direction, which we take 
to be the centre of the small solid angle which contains the beam. 
This implies that we have a simple harmonic wave of one sharply 
defined frequency. In order further to simplify the initial stages of our 
calculation we consider, for the present, a beam which is limited in 
the y direction and unlimited in the a direction. 


6.11.—An unlimited plane wave propagated in a direction perpen- 
dicular to the x axis and making an angle 6 with the z axis may be 
represented by 


a exp t(wt — cysin@— xzcos@), . . . 6(2a) 

which may be written 
a exp t(wt — Kkyy — K,2), eee O( 2D) 
where Kee ait 0 alld 6k, =k COS.0. 85 = 2 0(9) 


Consider a group of waves whose directions lie within the range of 
angles which correspond to values of «, between («, — }dx,) and 
(x, + 4dx,). The amplitude due to all the waves is assumed to be 
proportional to dx, and to a function of «, which we denote by af{ky). 
Hence, if dé is the resultant disturbance for the infinitesimal group, 
we have 

dé = a(x,) exp t(wt — Kyy — K,2)dky. pe G(4) 


Consider a system of waves whose mean direction is along the z axis, 
and which lies within the range of @ corresponding to x, = —A to 
ky = +A where A is small but finite. 

The resultant disturbance for t = 0 and z= 0 is 


é(y) = i Aeelsaiel HeAihey an eed 


A 
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If it is understood that a(x,) = 0 for all values of x, outside the range 
+A, which corresponds to the angular spread of the beam, no alter- 
ation is caused by extending the limits of integration to infinity; thus 
we may write 


faty) = fae, exp (idee 646) 
By Fourier’s theorem this relation implies that 
uh o , 
ate) =o f Ey) exp (k,y) dys se OT) 


For a strictly parallel beam travelling in the direction of the 2 axis, 
a(x,) would be zero except when x, = 0; 6(6) shows that &(y) would 
then be independent of y. The displacement would then be the same 
at all points on the y axis and the beam would be infinitely wide in 
the y direction. If the beam is not strictly parallel, but a(«,) is given, 
then the disturbance at different points on the y axis for t= 0 can 
be calculated from 6(6). 

If, for example, a(x,) = A when x, is between +A, and zero out- 
side this range,* then 


_ 2A sn yA 
7 


Eo(y) 6(8) 


From this equation we see that &(y) has appreciable values only when 
y is in the range 7/A to —7z/A; if A is very small the beam must be 
very wide. If A is fairly large, then the main energy of the beam 
may be confined within a narrow range of y. 


6.12. Beam of Finite Width—One Dimension. 


Let us now assume that we are given that é,(y) = A when y is 
between —d and +d, and that &(y) =0 outside this range. The 
beam has constant amplitude on the line y = 0 over a range which is 
physically small, though still large compared with the wavelength. 
Equation 6(7) then gives 


A(Ky) = 


6(9) 


* See Appendix IV B, equation 4(88). Remember that the mean value of Ky COrTe- 
sponding to xm is zero. 
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If H is the ratio of the energy in the direction defined by x, to 
the energy in the direction of the z axis [for which «,—=0 and 
(sin x,d)/x, = d], we have 


6(10) 


vite ee ey ti (= [(2ad sin @)/A] a 


Ky Ind sin 6/A 


From 6(10) we see that if d is very large compared with A, the value 
of # is small except when @ is small. The beam is then nearly a parallel 
beam. As d decreases, the energy is effectively spread over a wider 
and wider range of angle. The width of the beam and the angular 
spread are connected by a definite mathematical relation.* 


6.13. St. Venant’s Hypothesis. 


In the preceding discussion we have assumed that if a(x,) is to 
be calculated, €(y) is given. If we are required to calculate the dis- 
tribution with angle, we are given the disturbance for ¢ = 0 and z = 0 
at all points on the line y= 0. In practical problems we are given 
that a screen with an aperture (or a series of apertures) is placed so 
as to intersect t the line y=0. It is usual to assume that the dis- 
turbance at all pomts corresponding to clear apertures in the screen 
is the same as if the screen were not present, and that the disturbance 
at all points covered by the screen is zero. This assumption is known 
as St. Venant’s hypothesis. St. Venant’s hypothesis cannot be exactly 
correct because, if it were, the value of 0&/0z, etc., at the edge of an 
opaque obstacle would be infinite and this would be inconsistent with 
the wave equation.t Nevertheless calculations based on this hypo- 
thesis do lead to results which are very closely in agreement with 
experimental results, except when the sizes of the apertures are of the 
same order as the wavelength. This is usually taken as sufficient 
reason for accepting the hypothesis as approximately correct. Once it 
is accepted we can apply the foregoing discussion to actual diffraction 
problems. 

* The relation we have derived applies when a plane wave is incident upon the 
slit. This gives the minimum spread of waves emerging from the slit. A greater 
angular spread will be obtained if converging or diverging waves are incident. 

+ The general problem involves restriction by a screen which is in the xy plane. 


At present we consider only one dimension. 
+ See Reference 6.1 for a general discussion of the mathematical difficulties in- 


volved, 
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6.14. Beam restricted in Two Dimensions. 


Before proceeding to particular problems it is convenient to obtain equations 
which correspond to 6(6) and 6(7), but which apply to two dimensions. We con- 
sider a beam restricted both in the 2 direction and in the y direction. 

A direction of propagation is now defined by the two variables x, and x,, where 


Ky = aK and x, = Br, eer owe ee 2OCLT) 


a and 8 are the cosines of the angles between the chosen direction and the axes 
of z and y. A group of waves now covers a small solid angle dx, dx,, and equations 
6(6) and 6(7) are replaced by 


Ele =f fh alee my) xP ig + Ky} Ang diy,» 6(12) 


UP et mn : 
and A Ky Ky) = hee f f Eo(z, y) exp (xu + xyy)dady. . 6(13) 
The last equation may also be written 
he pe Hee Qrt 
Oke ty) = 75 i if Eo(z y) exp (ux + By) dx dy. 6(14) 


This equation is of the form a(x, Ky) = C0 + wW, Sa oes Be ee CLD) 


where C' and S are real functions of x, and ky. 
The ratio of the flux of radiation in a direction defined by x, and x, to that 

in the centre of the pattern is 

C2 + S2 


Ekg, Ky) = 6(16) 
where Cy and S, correspond to k, = x, = 0. 


When the clear parts of the diffraction screen are symmetrical with respect to 
the axes of co-ordinates, S = 0. Equation 6(13) then reduces to 


A 
Ky ty) =O = = i ij 008 (seg) cos (x,y) dx dy . . 6(17) 


(where A is the constant value of & over the domain of integration), and, in this 
case, 

ar) 

G2 6(18) 
The calculation of the angular distribution for a beam of rectangular cross-section 
(width equal to 2d, in the x direction and to 2d, in the y direction) is carried out 
by inserting the appropriate limits in 6(17). The result is 


El keys ry) = (“2a Sel) (Sa (ee yy" = © 2 Hae) 


Eda yy 
From equation 6(19) we see that a restriction in the width of the beam in the x 


direction involves an angular spread in the xz plane, and a restriction on the width 
in the y direction involves an angular spread in the yz plane. In the type of prob- 
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tem with which we are now concerned the finite length of the wave train does not 


produce any important effects. We still use the assumption stated in § 6.10 that 
there is no restriction in the z direction. 


6.15. Diffraction at a Rectangular Aperture. 


The distribution of illumination on the screen S, (fig. 6.4), when a 
point source of light is used with a rectangular slit aperture in S,, 
is given by equation 6(19). If the screen 8, is distant z, from the lens 
L, and if x, and y, are given by 


——=k, and —“=x«,, e020) 
“ 


then all portions of the wave whose direction of propagation is defined 
by «, and «, are focused at a point Q whose co-ordinates are x, and yj. 
The distribution of illumination on the screen is given by 


sin ("7 25.) ; sin (2 & ) : 
a 1 Ve 


E(x, 41) = Qt dy Qn dy 6(21) 


The illumination is zero whenever d,2,/(2Az,) or d,y,/(2Az,) is a whole 
number (other than zero). Thus the diffraction pattern contains two 
sets of mutually perpendicular lines on which the illumination is zero. 
Regions of maximum illumination he between these lines. 

The pattern is shown in Plate IIIm (p. 214). It will be noticed that 
the long side of the rectangles in the pattern corresponds with the short 
side of the aperture. If the aperture is a very long vertical slit, the 
horizontal lines in the pattern are so close that they become confused. 
The resulting pattern is similar to that shown in Plate IIle. 


6.16. Diffraction at a Circular Aperture. 


In view of the symmetry of the aperture, equation 6(17) may be used. The 
integral is to be evaluated over the area of a circle whose radius we shall take to 
be R. It is sufficient to investigate the variation of illumination along any radius 
from Q,; we therefore choose the radius through Q, parallel to the x axis, for 
which x, = 0. Equation 6(17) is integrated over the region covered by the aper- 
ture, the limits of integration for y being --(R® — a*)"?: 


(R? gst)tia 
on Bf f ayo tne ae eee O22) 
T 

(R?—2?)1/2 


=35 =i (B® — 22)'2 cos (gx) de. . . . . 6(23) 
TS _—R 
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If we put = R cos y and pe = «,R, then 


2 pm 
0 = 2 [sin® 008 (9 008 7) dy Pate eee O24) 
27? 0 4 
Bessel’s integra] of order unity is defined by the equation 
Jip) = © [ sin? x cos (p cos x)dy. . . . . 6(25) 
TJ 
Ee) 


| 


Fig. 6.5.—Distribution of illumination in the Airy diffraction 
pattern for a circular aperture 


This expression cannot be integrated in the form of a finite algebraic expression, 
but values have been calculated by series and tables are available. From 6(24) 
and 6(25) we have 


O Se SNE) pe PRR CI26) 


Ble) = 4("0)), ee ee PE; 
2m Ra,\)\2 

nan ss - ee. 6(28) 
Bs 


E(zx,) is the illumination at a distance x, from Py. It is computed by calculating 
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the value of o in terms of «,, 2,, and R, and then referring to the tables. The result 
is shown graphically in fig. 6.5 and a picture of the diffraction pattern is shown 
in Plate IIIk (p. 214). The pattern consists of a bright central disc surrounded 
by a series of alternate bright and dark rings, The radii corresponding to maxima 
and minima are given in Table 6.1, which shows also the values of the maximum 
illumination. It may be seen that all except,the innermost rings are very weak. 
Computation shows that 84 per cent of the whole light is concentrated in the 
central disc. This is known as Airy’s disc, after Sir G. B. Airy (1801-92), who 
first made a general investigation of this problem. 


TABLE 6.1 


Radius (in units of z,A/2R) 
Maximum illumination 
(relative to centre) 


Ring number 
Dark ring Bright ring 


1 1-22 1-64 0-0174 
2 2-23 2-69 0-0041 
3 3-24 3-72 0-0016 
4 4-24 4-72 0-0008 
5 5-24 5:72 0-0004 


6.17. Diffraction with a Slit Source. 


In most experiments on diffraction by slits, wires, etc., a slit source 
is used. Each point on the slit source acts as an independent source 
of spherical waves. These sources are effectively non-coherent, and 
the resultant beam is not represented by a cylindrical wave. The 
illumination at any point in the diffraction pattern is the sum of the 
illuminations (not the square of the sum of the amplitudes) due to the 
different parts of the slit. Suppose that the rectangular aperture, 
whose diffraction pattern with a point source is shown in Plate IIIm, 
is illuminated by a vertical slit source. The resulting pattern is the 
same as that which would be obtained by superposing a series of 
patterns individually similar to that shown in Plate [Im but separated 
in a vertical direction. The result is a series of vertical bands (Plate 
IIIe). The horizontal lines have nearly disappeared. The variation of 
illumination in a horizontal direction is given by equation 6(21), i.e. 
it is equal to 


6(29) 
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Suppose that the width of the slit source is‘initially small and is in- 
creased until the width of its image on the screen 8, is comparable with 
the distances between the vertical bands. The effect will be the same 
as superposing a series of patterns separated in the horizontal direction. 
The fringes will gradually become less clear and finally disappear. 
Thus, in order to obtain clear fringes, it is necessary that the source 
of light should be a narrow slit. It is also necessary that the axis of 
the slit source be fairly accurately parallel to the slit or wire which 
forms the diffraction object. These considerations apply with minor 
modifications to Fresnel, as well as to Fraunhofer, diffraction by slits, 
wires, etc. For similar reasons a clear pattern is obtained with a cir- 
cular aperture only when the size of the source is so small that its 
image is smaller than the Airy disc. 


6.18. Diffraction by a Number of Similar Apertures. 


We shall now discuss the diffraction patterns produced by a dis- 
tant point source and a large number of geometrically similar aper- 
tures. We shall show that the illumination at any point in the dif- 
fraction pattern is the product of (a) the illumination which would be 
given by one of the apertures, and (b) a factor depending on the 
arrangement. It will be shown that when the apertures are arranged 
in a completely irregular way, the second factor is simply equal to the 
number of apertures. The relative illumination at a given point from 
all the apertures is the same as that found at the same point in the 
pattern given by a single aperture. When the apertures are arranged 
in a completely regular way, they are said to constitute a diffraction 
grating, and the second factor (b) depends on the size of the unit 
which is repeated. Obviously, there are various types of arrangements 
intermediate between complete regularity and random spacing, but 
only the two extreme cases will be considered. 


6.19.—Let O,, Oz, Os, etc. (fig. 6.6), be a series of points, one in each 
of the apertures, and let each be similarly placed with respect to its 
aperture. Regard these as a series of local origins and let the co- 
ordinates of a point in a given aperture (referred to its own local origin) 
be (x, y’). Let the co-ordinates of O,, O,, etc., referred to a given 
co-ordinate system lying in the diffraction screen be (X,, Y,), (X>, ey 
etc. Let (x, y) be the co-ordinates of any point, in any aperture, re- 
ferred to the main co-ordinate system. Then we have, for the fth 
aperture, 

a=X,+a' andy=Y;+y’. . . . 6(30) 


§ 6.19 A NUMBER OF SIMILAR APERTURES 167 


For the moment, let us restrict the treatment to one dimension. The 
apertures then become slits. Let the width be 2d. We may then insert 
the above value of y in 6(7) and obtain 


ac) = 3-5 Ey) exp.lielY, ty dy. 6(81) 


for the pattern produced by N slits. The integrals are to be taken 
over the areas of the slits. 


XL 


Fig. 6.6 


If we assume that Q,, etc., are situated in the centres of the slits, 
and that the amplitude has the constant value A over the clear parts 
of the screen, then Be becomes 

+d 


Cie) ary. exp (ixy¥,) [ exp (7x,y’) dy’. . 6(32) 
2a f=1 a 
Carrying out the integration, 
RC ee astern (8Y) . 6133) 


7 Ky f=1 


The first factor, obtained from the integral, is the amplitude due to 
one slit alone [equation 6(9)]. The second one shows that the phase of 
the disturbance arriving at a given point on the screen S, from the /th 
aperture depends on Y;. When the slits are irregularly arranged the 
phases given by the exponential factor vary in an irregular way, and 
the vibrations are non-coherent. Consequently the total illumination 
is equal to the sum of the illuminations for the individual apertures 
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(§ 5.2). Since these are all equal it is equal to N times the illumination 
due to one aperture. The ratio of the illumination at any point to that 
at the centre of the pattern is the same as that for one aperture; it is 
given by 6(10). 

6.20.—When the apertures are separated by equal distances, the 
disturbances become a series of equal amplitude with phase angles 
increasing in arithmetic progression. The summation was carried out 
in § 3.4. If the distance between the centres of successive slits is 2e, 
the result is 


A sin xd sin Nx,e t ED 
7 


a(Ky) => = ? 
Ky sin K,é 


and the ratio of the illumination in the direction defined by «, to that 
in the centre of the pattern is 


inx,d\2 {sin Nx,e\? 
Ric \= st ee 
(a) Kl Nsinx,e) ’ ese) 
. [2rd : . [2a Ne 2 
and Ey) =i{4—23 7 a .  6(36) 


bad W sin (* £ ) 
nent ae 


The general case of apertures of any shape and spacing may be solved by the 
following method, which is due to Drude. Insert the values of x and y from 6(30) 
into 6(13), and regard a’ and y’ as the independent variables. Then 


1 N 
Okey Ky) = Ga E ff [%le, Wy exp itega’ + X,) + mjly + ¥,)]de'dy’. 6(37) 


Put Eola’, y) =4r?A within the area of an aperture. Separate the real and 
imaginary parts. Let c and s refer to the real and imaginary parts of the ampli- 
tude for one aperture, and C and S to those for the whole set. Then 


N 
C= Ax | feos [xa(a’ + Xz) + y(y’ + Y,)] da’ dy’, 

‘ 6(38) 
S=AY | [sin begle’ + X)) + wily’ + ¥plde' dy, 


c=A “) i COS (Kgt’ + Kyy’) da’ dy’, 
6(39) 


é= 4f fin (xyx’ + x,y’) da’ dy’, 
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all the integrals being taken over the area of one aperture. Write 


N 
co’ = 3) cos (xgXz + KyY;), 
ie eaieks, Seem. 6(40) 


N 
8’ = Dsin (K,X, + KyY })- 
f=1 


Then from 6(38), 6(39) and 6(40) 


C=c'c — 8's 
and S = sec + | ssid 
so that C2aE S* = (08 69) (e482) 6 (42) 


Equation 6(42) is a general equation for summing the effect of a large number of 
similar apertures. (c’” + s’) is the factor determined by the arrangement. We 
may write it 


N N 
oc? + 8 = ¥) cos? (KgXy + KyVy) + D sin? («gXy + Ky¥,) 
f=1 f=1 


N WN 
+X bcos («,Xy + yy) cos(x,X_ + «,¥,) 
N ON 
+2 Dsin(«,X, + xy Y,)sin(«,X,+ «,¥,).  6(43) 


In the double summations, terms for which f = g are to be omitted. When X, 
and Y, are varying arbitrarily, the terms involving a double summation vary 
irregularly between plus and minus one and the sum is nearly zero (§ 5.2). Hence 


Cc 1 mt | ee eee eae G(44) 


A new treatment of diffraction problems especially intended for irregular screens 
has recently been given by Booker, Ratcliffe and Shinn (Reference 6.9). They 
consider the auto-correlation function 


4 Oe wae 
G(a) = mea ged | late ee et 


i E*(a2) E(ae) dar 


They show that while the amplitude of the light diffracted in a given direction 
is proportional to the Fourier transform of &(x) [see equation 6(7)], the energy is 
proportional to the Fourier transform of the auto-correlation function. If we 
know the auto-correlation function but do not know &, it is possible to calculate 
the angular distribution of energy but not the phase distribution in the diffracted 
light. Conversely, if the energy distribution, but not the phase, is given, we 
cannot calculate & but we can calculate the auto-correlation function G(«). This 
type of analysis leads very readily to the result given in 6(44). 
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6.21. Babinet’s Theorem.* 


Suppose that the diffraction screen is removed from the apparatus 
shown in fig. 6.4. Then the pattern formed on the screen 8, will con- 
sist of the central image of the source together with very faint fringes 
due to diffraction at the edges of the aperture (i.e. at the edges of the 
lenses). Now suppose that two diffraction screens 8,’ and 8,” have 
the property that the clear regions in 8,’ exactly correspond with the 
opaque regions in 8,” and vice versa. These screens are said to be 
complementary screens. 

A theorem due to J. Babinet (1794-1872) states that, except in 
the region of the central image, the distributions of illumination in 
the diffraction patterns due to two complementary screens are identical. 
This theorem is proved by applying the principle of superposition. 
The disturbance at any point, when the screens are removed, is the 
sum of the disturbances produced by the two complementary screens. 
Therefore at points where the amplitude without the screens is nearly 
zero, the amplitudes due to the complementary screens must be nearly 
equal, and the phases must differ by 7. Thus the values of the 
illumination given by two screens must be equal. It is important to 
note that the theorem applies only at points where the illumination 
with the screens removed is nearly zero. There is no simple relation 
between the illuminations or amplitudes produced at other points by 
complementary screens. The theorem applies to Fresnel diffraction 
patterns, but since in these patterns there are not usually large regions 
where the illumination without the screens is nearly zero, it is of very 
restricted application. 


6.22. Diffraction by a Number of Circular Apertures or Obstacles. 


The discussion of §§ 6.18-6.20 shows that the diffraction pattern 
due to a large number of irregularly arranged circular apertures is 
similar to that calculated for a single circular aperture and consists 
of a central bright disc surrounded by a series of alternate light and 
dark rings. The application of Babinet’s principle shows that the 
diffraction pattern due to a set of irregularly arranged dark obstacles 
is similar except for a very small region in the centre. Diffraction rings 
of this type may sometimes be seen surrounding street lights, when 
small water-droplets are present in the atmosphere. They may also be 
formed by small particles on the surface of the eye. Under suitable 


* The theorem is often called ‘‘ Babinet’s Principle”. 
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also obtain correct results for a wide range of diffraction problems. 
This indicates that Fresnel’s method constituted an important advance 
in the wave theory of light. A further advance was made by Kirchhoff, 
who showed that the main results obtained by Fresnel could be 
derived from the wave equation without the introduction of special 
assumptions. If the wave emitted by the source L, (fig. 7.1) is 
represented by 


a= = exp t(wt — xr’), 


Kirchhofi’s analysis leads to the following expression for the ampli- 
tude (diy) at Q due to an element dS at M whose normal is n: 


ee 1A’ dS 


Saar {008 (m1) — cos (n,r')} exp [—ie(r ++], 70) 


where r’ is the distance of dS from the source, and r is its distance 
from Q. This expression * is derived as an approximation which is 
valid when r and 7” are both large compared with X. The exponential 
term takes account of phase differences due to differences in the total 
length of path from L, to M, and from M to Q. The term in brackets 
gives the inclination factor to a sufficiently good approximation for 
all ordinary problems. The factor 7 represents the phase difference of 
a quarter of a period between the wave at Q and the “ wavelets ” 
which originate at dS. When angles are small, and the direction from 
the surface S to Q is the forward direction of propagation, the in- 
clination factor is approximately 2. If the surface S is a wave sur- 
face (i.e. a sphere with centre at L,), then we may put A’e~*"/r'’ = A 
and 7(5) reduces to 


i aeeee ee a7 (C) 


iA dS 
as, — = 


This approximate expression is in agreement with the assumptions 
stated in §§ 7.2 and 7.4. 


7.6. Elimination of the Reverse Wave. 


An early objection to Huygens’ principle was that his wavelets 
should give rise to a disturbance travelling backwards from any sur- 
face on which they originate, as well as to one travelling forwards. 
In reply to this criticism it was suggested that perhaps the wavelets 

* See Appendix VI A, equation 6(80). 
8 (c 577) 
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interfered in such a way that the reverse wave was of zero amplitude, 
but no satisfactory proof could be given. A simple proof is possible 
if the inclination factor is assumed to have the value given in equation 
7(5). The argument used in § 7.3 may be applied to the reverse wave. 
It shows that the amplitude of the reverse wave at any given point 
is half of the amplitude which would be produced by the first zone 
acting alone. The inclination factor for the wave travelling in the 
backward direction from the first zone is zero. Hence the amplitude 
of the reverse wave is zero. 


7.7. Diffraction at a Circular Aperture. 


Certain results concerning the distribution of illumination in dif- 
fraction patterns may be obtained in a very simple and elegant way 
by use of the properties of the half-period zones. The calculation of 
the change of illumination along the axis when a plane wave is diffracted 
by a small circular aperture may be taken as an example. 

When the point under consideration is at a great distance from 
the aperture, the zones are very large, and only the wavelets from a 
small portion of the central zone are transmitted. These wavelets are 
in phase agreement, but their amplitude is proportional to 1/r, so that 
the total effect is small. As the point of interest moves in towards the 
aperture, the zones shrink and the illumination gradually increases 
until the stage is reached where the first zone exactly fills the aperture. 
The amplitude is then twice that which would be produced at the 
same point if the screen were removed and the whole wave trans- 
mitted. The illumination is four times that given by the whole wave. 
If the point moves nearer to the aperture the illumination soon begins 
to decrease, and is zero when two zones fill the aperture. If the point 
is moved still nearer, the illumination goes through a series of maxima 
and minima. The minima occur when an even number of zones fills 
the aperture. The maxima are very near to the positions where an 
odd number of zones fills the aperture. The illumination reaches a 
constant value at points so near to the aperture that small irregulari- 
ties in the shape of the aperture are comparable with the width of the 
outermost zone transmitted. The positions of the maxima and minima 
are calculated by applying equation 7(1). 


In order to calculate the amplitude at an axial point intermediate between 
a maximum and a minimum, it is necessary to estimate the effect of the portion 
of a zone which is not balanced. In doing this, it is not sufficient to assume that 
the effect is simply proportional to the area of the fraction. Allowance must be 
made for phase relations [Examples 7(iii) and 7(iv), p. 202.] 
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7.8. Diffraction by a Circular Obstacle. 


It is found that if a circular obstacle is placed at a moderate dis- 
tance from a point source, the illumination at the centre of the geo- 
metrical shadow is the same as if the obstacle were removed. The 
following simple argument shows that this should be so. 

Let SAO represent the path from § to O which just grazes the edge 
of the disc, and let SA,O represent a path which is 4A, SA,0 a path 
which is A longer, etc. A half-period zone will lie between the edge of 
the disc and a circle through A, (fig. 7.5), a second between this circle 
and one through A,, and so on. In this way we construct a series of 


i 
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Fig. 7.5.—Fresnel diffraction by a circular disc 


half-period zones beginning at the circumference of the disc. The 
resultant amplitude is equal to half that which would be produced by 
the first of this series of zones. If the point of interest is not too near 
the disc, the inclination factor may be ignored, and the amplitude is 
the same as that which would be produced by the whole wave. When 
Fresnel’s paper on diffraction was presented to the French Academy, 
Poisson suggested that the above result was implied. He believed that 
he had disproved the whole theory by a reductio ad absurdum. The 
central bright spot in the shadow had indeed been observed by Delisle 
about half a century earlier, but his observation attracted little notice 
since it was not connected with any theory. His experiment was re- 
peated by Fresnel and Arago in order to meet Poisson’s criticism. 


7.9.—The bright central spot is observed only when the edge of the circular ob- 
ject is free from irregularities of a size comparable with the width of the first zone 
in the unobstructed portion of the wave. If the obstacle subtends a moderately 
large angle, either at the point of observation or at the source, the width of this 
zone becomes very small and the size of the irregularities which can be tolerated 
becomes very small. The phenomenon can be conveniently observed using a 
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pinhole in front of the image of a Pointolite as source, and a small ball-bearing 
(about 4+ or } inch diameter) as the obstacle. The ball-bearing may be attached 
to a piece of plate glass with a little wax. The source may conveniently be 
placed beside the obstacle and reflected in a mirror about four metres away. 
Very near to the obstacle the shadow is dark, owing to the effect of irregularities, 
but two or three metres away the central spot is clearly seen. Even if no 
irregularities were present, the illumination very near to the obstacle would be 
zero owing to the effect of the inclination factor. 


7.10.—In the above discussion of Fresnel diffraction it has been 
assumed that the fringes are received upon a screen or focused by 
an eyepiece. If the eye is placed in the plane of the screen and is 
focused upon the obstacle, the edges of the obstacle appear to be 
ringed with light. To observe this effect it may be necessary to use an 
artificial pupil, consisting of a pinhole, in front of the eye. Delisle’s 
experiment shows this effect very well. A phenomenon similarly 
related to Fraunhofer diffraction is sometimes observed slightly before 
dawn. Provided that the atmosphere is really clear and steady, the 
edges of the branches of trees, etc., appear brilliantly lighted owing 
to the diffraction of ight from the sun which is still below the horizon. 


EXAMPLES [7(v)-7(viii)] 


7(v). A plane wave is incident upon a screen containing a circular aperture 
1 mm. in diameter. Derive an expression for the distances of the maxima of the 
axial illumination (§ 7.7) and derive numerical results for the three maxima 
which are farthest from the screen. Assume a wavelength of 5000 A. 
[Axial maxima are at distances 50/(2n + 1) cm., where n is an integer.] 


7(vi). Using the data of the previous example, find the illumination at a point 
which is twice as far away (from the aperture) as the farthest maximum. 
[(8/n?) x illumination produced by unobstructed plane wave.] 


7(vii). A point source of light is placed 50 cm. from a screen containing a 
circular aperture 0-5 mm. in diameter. Find the position of that maximum in 
the illumination (on the axis) which lies farthest from the aperture. Assume that 
the wavelength of the radiation is 5000 A. {17 cm.] 


7(viil). A disc, which is 0-5 cm. in diameter and has irregularities of order 
10 p, is placed 1 metre from a point source. Assume that the central spot is visible 
when the irregularities do not cut into any zone to a depth equal to more than a 


quarter of its width, and calculate the shortest distance at which the central 
spot can be seen. (67 cm.] 


7.11. The Zone Plate. 


The resultant amplitude at a given point due to the whole wave- 
front from a small source has been shown to be approximately half of 
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the amplitude produced by the first zone, because the effects of the 
odd-numbered zones are in opposition to those of the even-numbered 
zones. The resultant amplitude due to either the odd-numbered zones 
or to the even-numbered zones would clearly be much greater than 
that of the whole wave. This may be tested by making a diffraction 
screen in which one set of zones is covered by opaque material while 
the other is clear (fig. 7.6). Such an obstacle, called a zone plate, may 
be made by photographing (on a reduced scale) a diagram prepared 


Fig. 7.6.—Zone plate 


by drawing circles of radii proportional to the square roots of the 
natural numbers, and blackening alternate spaces. There is a practical 
limit to the number of rings which can be drawn, because the outer 
rings are very close to one another. Plates containing as many as 
250 rings have been constructed. A still greater increase of illumina- 
tion is produced if the phases of either the odd- or the even-numbered 
zones are retarded by half a period, so that the effects of all zones 
co-operate. These zone plates are called phase-reversal zone plates. 
R. W. Wood has succeeded in making zone plates of this type.* 


7.12.—A zone plate is capable of producing images like a lens or mirror. The 
exact theory of these images is complicated and not of great practical importance. 
A general discussion is, however, of some interest and may help in the under- 
standing of the action of lenses and gratings. A perfect lens transforms a plane 
wave into a spherical wave whose centre of curvature is the focus. The lens 


* Reference 7.2. R. W. Wood also devised an interesting way of making ordinary 
zone plates by direct engraving. The position of the tool for cutting the rings was set 
by means of a Newton’s ring pattern in which the radii of the rings are proportional 
to the square roots of the natural numbers. 
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introduces just those differences of phase which. are required to make the wave. 
lets, from all parts of the wavefront which it receives, arrive at the focal point in 
the same phase. The phase-reversal zone plate does not produce quite such a good 
effect because all the parts of one zone do not co-operate perfectly. The resultant 
amplitude due to a whole zone is only 2/7 times that which would be produced 
if all parts of the zone co-operated exactly. 


7.13.—Whereas a lens has only one focus (on each side), the zone plate has a 
series of foci and associated focal lengths. If the radius of the inner edge of the 
mth zone is ¢,,, and if the source is placed at a very great distance from the plate, 
the primary focus is found at a distance 


f, EE ao 2 eee) 


[equation 7(1)], and a bright point of light will be found at this distance. 
With an ordinary zone plate having alternate clear and opaque spaces, the path 
difference between disturbances arriving from successive clear spaces at a point 
distant f, from the plate is A. With the same plate the path difference between 
resultant disturbances arriving at a point $f, from successive clear spaces is 2A. 
These resultants have agreement of phase, but each resultant is very small because 
the spaces now cover two half-period zones each. The resultant disturbances 
arriving at a point +f, have agreement of phase, the path difference being 3A. 
Each space now covers three zones. Two of these oppose one another, but the 
unbalanced third zone gives an appreciable effect and the energy at this point is 
about one-ninth that of the energy at the primary focus. In a similar way, it 
may be shown that the zone plate has a series of foci at f,/5, f,/7, etc. There 
is also a series of foci on the opposite side of the plate, so that it is capable of 
acting as a concave lens. When the source is not placed at a very great distance 
from the plate, the relation between the distances of the source and image from 
the zone plate is similar to that obtained for a lens [equation 3(33)]. 


7.14.—In the above discussion, we have considered the relation between the 
zone plate and a lens. There is also a relation between the zone plate and the 
diffraction grating. Any small region of the plate is effectively a diffraction 
grating. The spacing of the lines in the small gratings which make up the zone 
plate varies systematically from point to point. The foci of the plate may be 
regarded as points where the directions corresponding to Fraunhofer diffraction 
spectra from different parts of the plate intersect. The primary foci correspond 
to the coincidence of first-order spectra, the secondary foci to the coincidence of 
second-order spectra, and so on. With a grating consisting of equal light and 
dark spaces, the spectra of even order are of zero brightness, and in a similar way 
the images corresponding to foci f,/2, f,/4, etc., are of zero brightness. The fact 
that the zone plate forms a focused image suggests that a grating in which the 
spacing increases at a suitable rate from the centre towards the ends, or from one 
end to the other, should have a similar focusing property. These effects have been 
observed by Mascart (1837-1908) and are discussed by Cornu* and by Rayleigh. 
The focal property of gratings of non-uniform interval ruled on plane surfaces fe 
not of practical importance, but the focusing of spectra due to gratings ruled on 
curved surfaces is of importance in the design of spectrographs (see Appendix VI B). 


* Reference 7.3. + Reference 7.4. 


§ 7.15 FRESNEL’S INTEGRALS 209 


7.15. Fregnel’s Integrals, 


When the diffraction apertures do not have circular symmetry 
about an axis through the point at which the illumination is to be 
calculated, the method of half-period zones is still applicable, but it 
loses a good deal of its simplicity. Usually there are a good many frac- 
tions of zones as well as completed zones. Sometimes it is possible to 
show that the total amplitude due to the fractions is zero, or is very 
small compared with the amplitude due to the completed zones. When 
the effect of the fractions of zones is not zero, it is necessary to allow 
for the fact that the phase of the resultant of a fraction of a zone is not 
the same as that of the resultant of the whole zone [Examples 7(iii) 
and 7(iv), p. 202]. The method which will now be developed is of more 
general application. It is particularly convenient when the obstacles 
or apertures are bounded by two sets of lines which are mutually per- 
pendicular (e.g. slits, wires, etc.). The treatment given is restricted 
to the case where the incident wave is a plane wave. The extension 
to a spherical wave from a point source which is fairly close to the 
obstacle presents no difficulty. The extension to a line source at a 
finite distance is covered by an argument similar to that stated in 
§ 6.17. 


7.16.—Returning to equation 7(6) and putting dS = day dy, 
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provided the angles involved are small so that the inclination factor 
may be neglected. If the apertures are in the screen S, and the point 
Q lies in screen 8, of fig. 7.7, then the co-ordinates of Q will be 
(21, Y1, 2), and the co-ordinates of a point on the aperture will be 
(2, Yo: 0). The distance of Q from a point on the aperture is given by 


7? = 2,2 + (a — %)? + (Yi — Yo), - + - 79) 
and this leads to the approximation 


r=, a8 4 (2, ae Lp)? ale 3 (4 Zs Yo)” na 7(10) 
“A a 
It is now assumed that the constant value z, may be used for r 
in the denominator of 7(8), but that the approximation 7(10) must 
be used in the exponential term. This is equivalent to assuming that 
differences of distances from different parts of the aperture to the 
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point Q may be ignored when applying the inverse square law to de- 
termine the amplitude of the wavelets, but that they must be taken 
into account to the approximation implied in 7(10) when computing 
the effects of phase differences. In order to see that this procedure 
is reasonable, we take account of the fact that z, is always at least a 


S, Se 


Fig. 7.7 


few millimetres (i.e. several thousand wavelengths at least). Varia- 
tions of a few wavelengths make nearly no difference to the amplitude, 
but a variation of $A is sufficient to reverse the sign of the factor which 
depends on phase difference. If we are concerned with relative illum- 
inations, we may omit constant factors and write 


1K 
bo =ffem|— Efe — ay + Ww] dood 70) 
The integral is to be taken over the areas of the apertures in the screen. 
St. Venant’s hypothesis (§ 6.13) is assumed to apply. In the case of 


diffraction at a slit aperture, equation 7(11) contains the product of 
two integrals one of which is 


Gy r . 
tox =| exp ie = (@ — m9) | dL, ues CL) 
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where the lines % = a, and a = ay are the edges of the slit. Let us 
introduce a new variable v, defined by 
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We then have Pox =/) exp(——hont) du. . ae (14) 
and the variation of illumination in the a direction is given by 
E(x) = oxttox* = C¥ + S,’, eeu (1b) 
where Cr il cos (47rv?) du, 
om eee (10) 
and oi fl sin (47rv) dv. 


1 


The functions OC, and S, are known as Fresnel’s integrals. 

It is necessary to resort to special series to obtain the values of 
these integrals between finite limits.* When the limits of integration 
are +00, the value of either integral is +4. On account of the rapid 
variation of sign, the part of the range for which v exceeds a fairly 
small integer (e.g. 10) contributes little to the integral. 


7.17. Cornu’s Spiral. 

The following geometrical method of using the integrals was de- 
vised by Cornu. Suppose that a curve is plotted with wu = C, and 
w =S, (the limits of integration being 0 and v) as ordinates and 
abscisse (fig. 7.8). The square of the length of a line joining two 
points defined by v, and v, is equal to the sum of the squares of the 
integrals, and is therefore proportional to the energy of the light 
diffracted in the corresponding direction. The direction of this line 
also gives the phase of the resultant vibration. Let s be the length, 
measured along the curve, from O to a given point A and let #% be 
the angle which the tangent to the curve at A makes with the 
axis of u. Then : 

(ds)? = (du)? + (dw)? = (cos? 47v? + sin? 4a") (dv)? = (dv)?. 


Hence s==9 >» hake Bee eo eye) 


(the constant of integration being zero since s = 0 when v= 0). Let 


dw 
seeped eas 2| 
f= tan ae bv 7(18) 


i.e. SF == Ams". | 


* Methods of evaluating the integrals have been studied by Fresnel, Knockenhauer, 
Cauchy, Gilbert and Lommel. A summary is given in Reference 7.5. 


8* (G 577) 
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Then the curvature 

LS ea. eee) 
The last two equations show that, when s = 0, both % and oF /Os are 


zero, so that the curve touches the w axis at the origin. From this 
point it proceeds in the positive direction of s as a curve of continually 


Fig. 7.8.—Cornu’s spiral 


increasing curvature, i.e. it forms a spiral whose successive turns 
enclose one another. The curve continually approaches the asymp- 
totic point A, (u = 4, w = 4) which corresponds to v = o. A similar 
branch in the negative direction revolves about the point A, (—4, —4) 
as shown in fig. 7.8. 


7.18.—We may now apply Cornu’s spiral to investigate the Fresnel 
diffraction of a plane wave by a long narrow slit bounded by the lines 
Ty =a, Ty = —A, Yo = 6, and y)» = —b. Suppose that the illumina- 
tion at Q [whose co-ordinates are (a, y,, %)] is to be calculated (fig. 
7.7). If the long dimension of the slit is in the y direction, b will be 
large compared with a. We assume that this is so, and start by con- 
sidering the variation of illumination with z, when y, = 0, ie. if the 
slit is vertical we consider the variation of illumination along a hori- 
zontal line which is on the same level as the centre of the slit. The 
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two integrals in 7(16) have to be taken between the limits 


Se ge hi = (2, + a) 
: ¥ i 7(20) 
and ONS Ve (x, — a). 
The difference (v, — v2) is equal to 
8a? 
es 


It is independent of «,, and hence of the position of Q. The variation 
of illumination which occurs when Q moves horizontally across the 
screen §, may be calculated by placing an inextensible thread of 
length (v, — v,) over the spiral. As the thread is moved along the 
spiral its ends are always at the points corresponding to the limits of 
integration. This is so because, as Q moves, the limits of integration 
change, but always in such a way as to keep the distance between 
the corresponding points (measured along the spiral) constant. The 
square of the length of the straight line joining the ends of the thread 
is proportional to the illumination at Q. 

Suppose Q is first located at a point far on one side of Q,, and that 
it moves in past Q, and out on the other side. Then initially the thread 
is wound up on the close turns of the spiral about one of the asymptotic 
points (say A,), and the illumination is nearly zero. As Q approaches Qo, 
the thread moves on to larger circles and the illumination oscillates. It 
has a small value when the ends of the thread are close to one another 
(but on different turns of the spiral), and a larger one when they are 
on opposite sides of different turns of the spiral. Hach successive 
maximum is larger than the previous one and the illumination in- 
creases rapidly as one end of the thread approaches O. When one end 
of the thread coincides with O, the point Q is directly opposite one 
edge of the slit. If the width of the slit is small compared with ./(Az), 
the other end of the thread will now be at some point such as A 
on the first half turn of the spiral. In this case there is only a small 
‘change of illumination from the point where Q is opposite one edge, 
to the point where it is opposite the middle of the slit (and the thread 
is symmetrically placed on the spiral). From the symmetrical position 
the thread moves on to the other half of the curve, and the second half 
of the pattern is similar to the first. This type of pattern is shown in 
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fig. 6.2c and Plate IIe. It really represents an approach towards the 
conditions of Fraunhofer diffraction (cf. fig. 6.9a). 


7.19.—When the width of the slit is large compared with »/(Az,), 
the variations take the same general form when Q is far from Q, 
though the oscillations are smaller. When one end reaches O, a con- 
siderable portion of the thread is still wound up on several turns of 
the spiral. As Q moves towards the centre of the slit there are now 
considerable oscillations of illumination, though the minima are not 
nearly zero. If the two ends are both on the sides of the spirals nearest 
the origin, the illumination will be low. If they are both on the oppo- 
site sides, it will be high. There will be a general tendency for the 
illumination to increase as Q approaches Qy, but the central point is 
not of necessity a maximum in the pattern. The pattern will be sym- 
metrical about the centre. A diffraction pattern of this type is shown 
in Plate IIIc. 


7.20.—In the above discussion we have ignored the variation of illumination 
in the y, direction. If the slit is long and narrow and the y, co-ordinate of Q is 
small compared with b (i.e. Q is not too far in a vertical direction from the middle 
of the slit), then the integrals for the y direction corresponding to C and S have 
to be taken between limits corresponding to points very near to the asymptotic 
points, and the values of the integrals are nearly constant, and equal to unity. 
Thus under these conditions there is no variation in the y, direction. The y, 
integrals do, however, introduce one significant effect. From fig. 7.8 it appears 
that if we took limits for v = + (corresponding to the complete wave) we 
would obtain a phase difference of tm between the phase of the resultant and the 
phase of the central element. (The phase of the latter is represented by the direc- 
tion of the uw axis since, as we have seen in § 7.17, the curve touches the w axis 
at the origin.) When we consider only the variation with x, we are effectively 
starting with a series of strips, infinitely extended in the y direction. The phase 
of the resultant from one of these strips is $1 behind the phase of the central 
portion. In this way, the integration with respect to y introduces another phase 
difference of jn, giving a total phase difference of 4x. This phase difference is 
cancelled by the factor 7 [in equation 7(6)], which we omitted when the discussion 
was confined to relative illuminations. 


7.21. Diffraction at a Straight Edge. 


The Cornu spiral may be applied in a similar way to determine 
the variation of illumination near the boundary of the shadow of a 
straight edge. We may imagine the point Q to be initially in the lighted 
region and remote from the edge of the geometrical shadows. The 
limits of integration are then so wide that the line whose square repre- 
sents the illumination has to be drawn between two points which are 
extremely near to the asymptotic points of the spirals. As Q moves 
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(a) Fresnel diffraction at a straight edge. (0) Interference fringes obtained with Fres- 
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towards the geometrical shadows, one end of this line remains fixed 
very near to the asymptotic point, since on one side the wavefront is 
unbounded. The other end moves along the spiral from the asymptotic 
point towards O. At first this produces very little effect on the resultant 
illumination because the convolutions of the spiral lie within a narrow 
radius. As Q comes near to the edge of the geometric shadow, the point 
on the spiral moves on curves of large radius; the illumination oscillates 
between values larger and smaller than a which would be obtained 
if the whole wave were unobstructed. When Q is very near the edge 
of the geometrical shadow, the illumination decreases sharply as the 
representative point moves along the last half-turn of the spiral before 
reaching O. From this stage onward there are no further fluctuations 
in the illumination; it decreases smoothly and fairly rapidly to an 
insignificant value. Thus the last fringe is found slightly outside the 
geometrical shadow and there are no fringes within the shadow. The 
general system of fringes is shown in Plate IIa. 


The above discussion suffers from the defect that we have included a portion 
of wavefront corresponding to large angles of diffraction, whereas the equations 
from which the spiral was constructed are exactly valid only for small angles of 
diffraction. The effect of zones remote from the centre is very small. The factors 
we have omitted would, if included, merely deform the spiral a little in the region 
where it is near the asymptotic point. If it is desired to remove the formal incon- 
sistency, we may suppose that we consider the diffraction at one edge of a very 
wide slit. 


7.22. Rectilinear Propagation. 


The preceding discussion shows that, for an object such as a slit 
or straight edge, diffraction effects are confined to a small region near 
the edge of the geometrical shadow. We shall now show that this re- 
striction applies when the object is of irregular shape. Fig. 7.9 shows 
a system of half-period zones, partially obscured by an obstacle. In 
the absence of the obstacle, the amplitude at a point Q, for which the 
zones are drawn, is the sum of a series of terms alternately positive 
and negative, and gradually decreasing in magnitude. We have seen 
that the sum of such a series is equal to half that of the first term, and 
is independent of the exact rate at which the higher terms decrease. 
When the obstacle is in the position shown in fig. 7.94, Q is outside 
the geometrical shadow by a distance equal to about three times the 
radius of the first zone. The only effect of the obstacle is to make the 
higher terms in the series decrease more rapidly than before. The 
resultant is nearly the same as that obtained in the absence of the 
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obstacle. If the obstacle is moved into: the position shown in fig. 
7.9b, Q is inside the shadow, and the same distance as before from the 
edge. The resultant is the sum of a series of terms which are alter- 


Fig. 7.9 


nately positive and negative, and decrease gradually to zero at both 
ends. The sum of such a series is nearly zero. Thus for both the posi- 
tions of the obstacle, the illumination is that given by the laws of 
geometrical optics. 

Diffraction effects occur only when either: 

(a) the edge of the obstacle is in, or near, the central zone; or 

(b) the obstacle has a special shape so that its boundary follows the edges of 

one zone. 

In either of these cases, the series is interrupted sharply at a certain term, and 
the resultant amplitude depends greatly on whether it is interrupted at an odd- or 
even-numbered term. The circular obstacle and aperture are the only simple 
arrangements in which the boundary may follow the edge of a zone. 


7.23. Fermat’s Principle. 


Fermat (1601-65) suggested that the time taken by light to travel 
from one point on a ray to another is less than the time which would 
be required for transit between the same points by any neighbouring 
path. He regarded this “ principle” as an example of the essential 
economy of nature! He showed that his statement is true for rays 
which have been reflected or refracted at plane surfaces.* Later in- 
vestigation has shown that the principle as stated by Fermat is not 
always true when rays are reflected or refracted by curved surfaces. 


* Essentially the same idea, in relation to reflection at plane surfaces, had been 
suggested by Hero of Alexandria (150 B.o.). 
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The principle has been modified and is now stated in the following 
way: “The difference between the time required for light to travel 
along the ray (i.e. the actual path) differs only by the second order of 
small quantities from the time required for light to travel along any 
neighbouring path.” An alternative statement is: “ For the true 
path, the first variation of the path length (measured in wavelengths) 
is zero.” In the notation of the calculus of variations, these statements 
become 
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where ds is an element of length along the path, b is the speed of light, 
and 7 the refractive index appropriate to the place where the element 
is situated. These forms may be seen to be equivalent by applying 
equations 2(25) and 3(31). The principle, stated in any of these ways, 
applies to rays which are reflected or refracted at plane or curved sur- 
faces, and to rays which pass through a medium in which the refrac- 
tive index varies continuously from point to point. 


7.24.—We shall first show that the principle is obeyed in two 
simple cases: (1) rectilinear propagation in one uniform medium, 
(2) refraction at a plane surface. 


(i) Propagation in a Uniform Medium. 


We know that the ray from A to C is a straight line ABC joining 
those points (fig. 7.10). A neighbouring path is AB’C, and this path 
differs from the actual path by AB’(1 — cos 0,) + B’C(1 — cos @,). If 
6, and 6, are small quantities, the difference is approximately 
4(AB . 6,2 + BC. 6,?). If 6, and @, are infinitesimal quantities, the 
path difference is of the second order of small quantities. Note that 
a similar proposition does not apply to a path such as AB,C. If AB,’C 
is a path near to AB,C, the difference of path is approximately 
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¢, and ¢, have the same sign and As is of the first order of small quan- 
tities unless tan ¢,/cos ¢, and tan ¢,/cos #, are themselves infinitesimal. 
They vanish only for the ray ABC. Thus this path has a special pro- 
perty [stated in equation 7(21)] which does not apply to any other 
path. 


Fig. 7.10 


(ii) Refraction at a Plane Surface. 


Consider the path difference between PQR and PQ’R (fig. 7.11) 
which are neighbouring rectilinear paths from P to Q, giving slightly 
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different angles of refraction at the surface between two media of 
indices n, and n,. For the path PQR the value of the integral of 
equation 7(23) is 

(PQ) + ng(QR) = "O%) 4 ma(OM) 
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and for the path PQ’R it is 


cos(6, + d0,) cos (6, + dd,) 


The difference is 


As — (QE) sin 4 M(QM) sin 6, 
? cos? 6, pies cos? 6, eC mL) 
But (QQ’) cos 6, — (PQ) dé, _— QL dy 
cos 0, 
Hence QQ’ = ee 
cos? 6, 
and similarly QQ’ = — (QM) dO, 
cos? 6, 


Thus the path difference is equal to 
As = QQ’(n, sin 6, — ny sin 93), 
and this difference vanishes, if and only if 
n, sin 6, = ny sin 0, 
ie. if Snell’s law is obeyed. 


7.25.—When the rays of light emitted by a point source are re- 
flected or refracted at a suitably curved surface, they converge to- 
wards a real or virtual image. In general, lenses or mirrors with spheri- 
cal surfaces do not produce perfect images. The refracted or reflected 
rays from a point source pass near to a certain point, and the devia- 
tions are called aberrations. It is, however, possible to calculate cer- 
tain surfaces for which all the rays from a certain object point P pass 
through an image point Q. A surface of this type has the property 
that the sum of the optical paths from P to R, and from R to Q, is 
constant if R is any point on the surface. When the points P and Q 
are situated in a medium of constant refractive index, an ellipsoid 
(formed by revolving an ellipse whose foci are P and Q about the line 
PQ) brings all the rays from one point to a focus at the other (fig. 7.12). 
The sum (PR + RQ) is constant. If a surface 8’ of larger radius of 
curvature touches the correct aspherical surface S at R (fig. 7.13), a 
ray from P which strikes 8’ at R is reflected to Q, because the direction 
of the ray reflected at this point depends only on the angle between 
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the incident ray PR and RN, which is the normal to the plane tangen- 
tial to all three surfaces. If the radius of curvature of 8’ is greater than 
that of 8, the optical path P to R, plus the optical path R to Q, is less 


R, R 


ee 


Fig. 7.12 


than a path which goes from P to Q via a point R’ which is on S’ and 
near to R. If the radius of curvature of 8” is less than that of 8, then 
the path from P to Q via R is a maximum. In either case equations 
7(21) to 7(23) are satisfied. 


7.26. Gouy’s Experiment. 


Suppose that a point source of light is placed at P and that systems of half- 
period zones are constructed on the surfaces S’ and S” by an observer at Q. For 
the surfaces S’ and S” the centre of the zone system will be at R, but for S’ the 
central zone will be the zone of minimum path, and for 8” the central zone will 
be the zone of maximum path. No zone can be constructed on S since all paths 
from P to Q via S are equal.* The phase of the resultant wave reaching Q from 
P via S’ is the same as the mean phase over the central zone drawn on §’, ice. it is 


* In a certain sense every point on S may be regarded as the centre of a zone system 
for which the central zone is of infinite area. The whole surface S then covers only an 
infinitesimal fraction of the central zone. 
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a quarter-period behind the phase of the wave from R. Similarly the phase of 
the wave received at Q from P via S” is a quarter-period ahead of the phase of 
the wave from R. These phase differences were demonstrated experimentally 
by Gouy* and others. The experimental arrangement is shown in fig. 7.14. A 
parallel beam of white light is reflected from a plane mirror M, and a curved mirror 
M,. The curved mirror focuses the light at Q. It has a greater radius of curvature 
than the correct aspherical surface corresponding to Q’ (since a mirror of smaller 
radius would be needed to focus the light at Q’). It is of smaller radius of curvature 
than the correct surface corresponding to Q’. The plane mirror is of greater 
radius of curvature than the correct surface for all three points. 
Now suppose that the mirror M, is tilted slightly 


so as to allow interference fringes to be observed on M, M, 
a small screen placed near Q. When the screen is ee ~ 
placed at Q’, both beams have been reflected from a ant aon 


surface whose radius of curvature is higher than that 
of the correct surface. The fringe system should 
therefore have a white centre at the point where the 


paths are geometrically equal. When it is placed eS 
at Q”, the beam from M, has been reflected at a boxe 
surface of higher radius of curvature than the correct seh Q, 
surface, and that from M, has been reflected at a oy 


surface of lower radius of curvature. There should 

therefore be a half-period difference of phase, so that 

the fringe system should show a dark centre. These \ 

effects were observed. More elaborate experiments s iss Pea 
by Fabry + and by Sagnact have verified Gouy’s woe 
results and shown that the phase difference oscillates | 

a number of times as the screen is moved through = —---—-+-—---— 
the focus. From our present point of view the Fig. 7.14.—Gouy’s experi- 
reason for this last effect is that, as the screen ap- Baie 

proaches the focus, the half-period zones (drawn on 

the mirror M, in respect of a point in the centre of the screen) expand rapidly. 
So long as the surface of M, includes a large number of zones, the phase is the 
mean phase of the central zone. When, however, the number of zones is small, 
the phase depends on the exact number of zones included. When an even number 
of zones plus a small fraction of a zone is included, the phase of the resultant 
is the same as the phase at the centre of the central zone. If the number of 
zones increases, the phase gradually alters until, when the next larger even number 
of zones (minus a small fraction) is included, the phase of the resultant is opposite 
to that of the central zone. Thus the phase slowly alters by nearly x and then 
suddenly springs back as the screen passes through a position in which the number 
of zones on the mirror M, is a small even number. When the screen is moved 
well away from the focus, the size of the oscillations of phase decreases rapidly, 
because the amplitude due to the outer zones becomes very small, 


* Reference 7.1. + Reference 7.6. t Reference 7.7. 
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7.27. Relation between Wave and Ray Optics. 


Fermat’s principle is connected both to wave and to ray optics, 
and clarifies the relation between them. Suppose that equation 7(21) 
is satisfied for a given path between two points A and B. Then the 
phase difference between waves arriving at B from A by this path 
and by neighbouring paths is vanishingly small. Such waves have 
agreement of phase at B, and energy will travel from A to B if no 
obstacle is placed on or near a path defined by 7(21). This is just 
the definition of a ray adopted in Chapter I. This concept may be 
expressed slightly differently by considering the half-period zones. 


Fig. 7.15 


Suppose that the half-period zones have been drawn on any surface 
intersecting any chosen line drawn from A to B, and suppose an 
imaginary cylindrical tube, whose cross-section is smaller than the 
area of the central zone, surrounds the line. This tube cuts the surface 
in a small circle. If the chosen line intersects the zone system at the 
centre, the phases of the unobstructed wavelets are all very nearly the 
same. If, however, it intersects at some point not very far out in the 
zone system (fig. 7.15), wavelets from a similar area surrounding the 
point of intersection have widely different phases. If this is the only 
clear path, very little energy travels from A to B. From this point of 
view the ray is defined as the locus of the centre of the half-period zone 
systems on all surfaces which lie between A and B. 
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7.28. Rays and Wave Normals. 


In §§ 3.13 and 6.26, it was shown that the laws of reflection and 
refraction are obeyed by the wave normals of plane waves. The wave 
normals and the rays then coincide. This relation may be extended 
to wave surfaces of other shapes. The most general extension is to 
show that equation 7(21) is obeyed by paths taken along wave normals. 
This may be shown to be so, provided that the media are isotropic, 
though they need not necessarily be homogeneous, i.e. the speed of 
light may vary from point to point, but at any one point it must be 
independent of the direction of propagation. A wave surface may be 
defined by putting the phase (at a given time) ¢(z, y, z) equal to some 
parameter x (§ 2.13). Suppose light travels from a source placed at 
a point A, situated on the wave surface defined by ¢d = y,, to a re- 
ceptor placed at B, situated on the wave surface defined by ¢ = yp. 
Imagine an infinite series of intermediate wave surfaces to be con- 
structed. Provided that the wave surfaces are continuous, successive 
surfaces are nearly parallel curves, and a path which follows the wave 
normal is clearly defined. For such a path, the integral of equation 
7(23) becomes 


[nds = x2— x. fee (26) 


In general, a path which is near to this path will be parallel to it 
part of the way, but will include some portions which lie near to the 
original path but inclined to it at small angles. These portions will 
give contributions to the integral equal to n ds/cos«, where « is the small 
angle between the path defined by 7(23) and the varied path. These 
contributions will differ from the corresponding terms in 7(26) by 
quantities of the second order. Thus Fermat’s principle applies to a 
path defined by the wave normal. When waves are reflected or re- 
fracted at curved surfaces, the wave surfaces intersect, and the above 
simple treatments do not apply. In order to show that Fermat's 
principle applies to wave normals under these conditions, it is neces- 
sary to show that the wave normals change their direction in the same 
way as the rays. This has been done in § 6.26. Thus, i zsotropic media, 
the wave normals and the rays coincide. 


7.29. Rays in Relation to Wave Groups. 


It was shown in Chapter IV that even “monochromatic ” light 


must be represented by a wave group. In order to show that Fermat’s 
principle applies under practical conditions, it is therefore necessary 
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to show that the above results apply to wave groups. This problem 
has been investigated * and it has been shown that: 

(i) In a dispersive medium the energy in a wave group travels 
along the ray defined by applying equation 7(23), inserting the values 
of n appropriate to the mean wavelength. 

(ii) The group travels along this ray with the group velocity given 
by inserting the mean wavelength in equation 4(34). 


7.30. Fermat’s Principle as a General Statement of the Laws of Ray 
Optics. 


Fermat’s principle includes and summarizes the following laws of 
ray optics: 

(i) Rectilinear propagation in a medium of constant refractive 
index. 

(ii) The laws of reflection and refraction of rays at surfaces where 
the index changes discontinuously. 

(iii) Curvilinear propagation in a medium where the index varies 
continuously along a path for which 7(23) is satisfied. 

(iv) The law of reversibility of path according to which any line 
which is a possible path for light energy travelling in one direction is 
also a possible path in the reverse direction. 

The last of these relations is implied in equations 7(21) to 7(23) 
because, if the variation of the integral is zero when the limits are A to 
B, it is also zero when they are interchanged to become B to A. It is 
important to recognize that all the above relations apply only under 
the limiting conditions of ray optics. 


EXAMPLES [7(ix)-7(xvi)] 


7(ix). Using equation 7(4), verify the statement made in the last sentence of 
§ 7.13. 


7(x). A zone plate is made by arranging that the radii of the circles which 
define the zones are the same as the radii of Newton’s rings formed between a 
plane surface and a surface whose radius of curvature is 3 metres. Find the 
primary focal length of the zone plate. [300 cm. ] 


7(xi). Discuss the diffraction of light by a single slit by the method of half- 
period zones. Show that the main qualitative results given in §7.19 may be 
obtained. 


7(xii). Discuss the diffraction of light at a straight edge by the method of 
half-period zones. Show that there are alternations of illumination just outside 


* See Reference 7.8. 
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the shadow. Show that a treatment which ignored phase relations would predict 
alternations of illumination within the shadow, but that when allowance is made 
for the phase of a fraction of a zone the correct result is obtained. 


7(xiii). Apply the Cornu spiral in a qualitative discussion of the diffraction 
pattern produced by a fine wire. [See Plate III g and h, p. 214.] 


7(xiv). Use the Cornu spiral to calculate the illumination at the edge of 
the geometrical shadow of a straight edge when the source and the screen are 
each at 2 metres from the obstacle. 


[One quarter of the illumination at a point well outside the shadow.] 


7(xv). Show that Fermat’s principle is obeyed when light is reflected at a 
plane mirror. 


7(xvi). Show that equation 7(21) is obeyed when light is reflected from a 
source placed at the centre of curvature of a concave mirror, but that the path 
is neither a maximum nor a minimum. 
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CHAPTER VIII 
The Accuracy of Optical Measurements 


8.1. Imperfections in Images due to Diffraction. 


As explained in § 7.25, an ideal optical system provides a set ot 
optically equal paths from an object point to an image point. In 
accordance with Fermat’s principle, a set of equal optical paths may 
be represented by a set of rays from an object point which pass through 
the optical system and meet at the image point. The image is then 
perfect from the point of view of geometrical optics. It does not, 
however, form an exact representation of the object. The image of a 
point object is not a point but a diffraction pattern. The ideal optical 
system arranges that all portions of the wave which pass through the 
system arrive at the image point in phase agreement. To form a per- 
fect image, it would also be necessary to arrange that, at every other 
point in the image plane, the waves interfered to produce zero illumin- 
ation. The theory of Fraunhofer diffraction is an expression of the fact 
that no optical system of finite aperture can achieve this result. No 
optical system transmits the whole wave emitted by the object and 
there is therefore always some diffraction. When the aperture is cir- 
cular, the image of a point source consists of the Airy disc and the sur- 


ig rounding ring pattern (§ 6.16). When the angular separation of two 


{ 


point sources (e.g. two stars seen through a telescope) is sufficiently 


, great, the diffraction patterns which form the images do not effectively 


overlap. Such images are said to be “ resolved”. On the other hand, 
if the angular separation of the two objects is much less than the 
angular radius of the Airy disc, the two images will be superimposed 
to such an extent that they cannot be clearly distinguished from an 
image due to one object alone. Such images are “ unresolved ”’. 


8.2. The Rayleigh Criterion. 


From the above discussion, it is clear that the condition under 
which the images are seen separately cannot be defined with pre- 
cision. If two object points, initially very close together, could be 
moved apart slowly, there would be (i) a condition under which a 


person observing the image thought there was only one point, and 
226 
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(i) a condition under which he could see two points clearly separated. 
These two conditions would be separated, not by a definite boundary, 
but by an intermediate region in which the observer suspected the 
existence of two points, but could not be sure that there were two, 
and could not determine their relative positions. In the first stage 
of the study of this phenomenon, it is desirable to adopt some arbitrary 
criterion which gives a mathematically defined boundary between 


Fig. 8.1.—Energy distribution at the Rayleigh limit for two similar images. 
(Full lines show the distributions due to the separate sources; the dotted line 
shows the distribution when both act together.) 


‘resolution and non-resolution. Rayleigh * suggested the following 


| criterion. Two images are regarded as just resolved when the central 


| 


j 


| maximum in the diffraction pattern due to one is situated at a point 


corresponding to the first minimum in the diffraction pattern due to 


(| the other (Plate III& (p. 214) and fig. 8.1). Images which have a 


\ 


\ 


smaller separation are unresolved. This criterion enables the resolving 


~ power of an optical instrument to be exactly defined. It has the special 


merit of being applicable to a wide range of instruments, including 
telescopes, microscopes, and spectroscopic instruments. 


8.3.—Up to a certain point in the history of optical instrument design, diffrac- 
tion effects were of no practical importance. Imperfections of image due to other 
causes, such as lens aberrations or defects in manufacture, were so large that any 
additional unsharpness due to diffraction was negligible. During the nineteenth 
century, technique advanced so that diffraction became an important factor, 
and often the limiting factor, in determining the performance of an instrument. 
In many modern spectrographs, telescopes, and microscopes, imperfections of 
image due to causes other than diffraction have been made very small so that, 
when the instrument is used under precisely the conditions for which it was designed, 


* Reference 8.1. 
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diffraction forms the practical, as well as the theoretical, limit. The resolving 
power of such an instrument forms one of the more important constants of the 
instrument. In §§ 8.5 to 8.13 formule enabling the resolving power to be computed 
from the optical dimensions of an instrument are derived. The significance of the 
results, in relation to the general theory of physical measurements, will appear 
later (see Chapter XVIII). 


8.4-—In the above discussion, we referred to the Airy dise which 
is obtained with a circular aperture and a point source. Alterations 
in the shape of the aperture affect the details of the diffraction pattern, 
but not usually to any very important extent. The Rayleigh criterion 
can be applied and an appropriate value for the resolving power can 
be calculated. The resolving power of a telescope or microscope for 
line objects is different from its resolving power for point sources, but 
again the Rayleigh criterion can be applied. When the question of 
distinguishing detail in an object of finite size arises, the problem 
becomes more complicated. It is not usually possible to use the 
Rayleigh criterion in a direct way, but the same general physical prin- 
ciples apply. Diffraction blurs the edge of every detail, setting an 
inescapable limit to the power of discrimination. This, directly or 
indirectly, limits the accuracy of measurement with an instrument. 
For example, when the crosswire of a telescope is set on a star, the 
observer does not see a point image and a mathematical line. He sees 
diffraction images of the star and of the line, and he has to attempt 
to superimpose the centre of one on the centre of the other. The 
accuracy with which this can be done is limited, when all other 
sources of error have been removed, by the “spread” of the dif- 
fraction patterns. It is important to remember that when the limit 
is set by diffraction, no advantage is gained by increasing the mag- 
nification of the instrument. When the images are magnified, the 
width of the diffraction pattern increases in proportion because all 
Fraunhofer diffraction effects have a constant angular width. There 
is, in general, an optimum magnification (§§ 8.8 and 8.31). 


8.5. Limit of Resolution for a Telescope. 


The limit of resolution for a telescope may be determined by applying 
Airy’s results for diffraction at a circular aperture. It is shown in 
§ 6.16 that the angular radius (6) of the first dark ring in the diffraction 
pattern is given by 


: A 
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where d is the diameter of the lens. 
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The angle involved is usually small enough for 6 to be used in place 
of sin 8, so that 1-22A/d is then the angular separation of two stars 
which are just resolved. Taking A = 5500A. (corresponding to the 
middle of the visible spectrum), putting d in centimetres and 6 in 
minutes of arc, we have 


SS etiaties. At ee 0) 


Thus a telescope with an object glass 10 centimetres in diameter will 
separate two stars whose angular separation is 0-023’=1-4”. The 
angular diameters of stars range up to about 0-05 seconds of arc. 
The diameter of the image is thus always a small fraction of that of 
the Airy disc and the star is effectively a point source. 


8.6.—An approximate value for the limit of resolution for a lens covered with a 
rectangular aperture may be obtained by direct application of the Rayleigh 
criterion. In fig. 8.2 let AB and AB’ represent two wave surfaces received from 
two very distant objects O and O’. The angle « = Z BAB’ is the angular separa- 
tion of the objects. All parts of the wavefront AB reach a certain point P in the 


Fig. 8.2.—Limit of resolution for a telescope objective 


focal plane of the lens with phase agreement. This point is the centre of the dif- 
fraction pattern formed by the point source O. If BB’ = 4, the phases of the 
wavelets arriving at P from O’ will range uniformly over a period. Their resultant 
is zero (see § 3.5). Thus the Rayleigh criterion indicates that the minimum angle 
of resolution is 4/d. In making this calculation we have assumed that the line of 
separation is parallel to one side of the aperture and have neglected certain small 
effects (due to the finite length of the other side). It will be noted that the result 
obtained differs from that given by equation 8(1) only by the factor 1.22. 
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OEE Th datedns 
¢ EXAMPLES [8(i)-8(iii)] 


8(i). Find the minimum angle of resolution (a) for a telescope with a mirror 
of 200 in. diameter. (b) the lens of the eye when the pupil is 3 mm. diameter. 
Assume 4 = 5500 A. [(a) 0:00045 minute, (6) 0-77 minute.] 


8(ii). Find the distance between the images of two stars which are just re- 
solved by a lens of focal length 3 m. and diameter 10 cm. Take 4 = 5500 A. 
[0-02 mm.] 


8(iii). Assuming that the length of the exposure does not matter, obtain an 
expression for the optimum value of the size of the hole in a pinhole camera. 


[The diameter of the image of a point source estimated by geometrical 
optics increases as the diameter of the hole increases. If, however, the 
hole is made very small, the size of the image is determined by the 
diameter of the Airy disc. This latter is inversely proportional to the 
diameter of the hole. The optimum condition is attained when both 
sources of “ unsharpness”’ are equal. If d is the diameter of the pin- 
hole, this happens when }d = 1-22(A/d)f, where f is the distance of 
the plate from the pinhole and the object is assumed to be at an infinite 
distance. Show that when the object is at a distance u, the optimum 
diameter of the pinhole is {2-44,uf/(u + f)}#. This problem has been 
investigated in detail by Rayleigh. (See Reference 8.2.)] 


8.7. Limit of Resolution for the Eye. 


A theoretical limit of resolution for the eye may be calculated by 
inserting the diameter of the pupil in equation 8(1). The average 
diameter of the pupil in full daylight is about 2-5 millimetres, and the 
corresponding minimum angle of resolution (for light of wavelength 
5500 A.) is 2-7 x 10-4 radian or 56 seconds of arc. Practical tests 
show that people with good sight can, under the most favourable 
conditions of observation, distinguish two point sources of light when 
the separation is a little less than one minute of arc. Thus under these 
conditions the ability of the eye to distinguish detail in an object is 
almost entirely determined by diffraction. If the pupil of the eye is 
made larger, either by the use of drugs or by lower illumination, the 
practical limit of resolution is no longer equal to the theoretical value 
calculated from 8(1). This is because lens aberrations and the structure 
of the retina then have important effects. Average laboratory con- 
ditions of observation are not ideal, and it is reasonable to assume a 
limit of resolution for point objects of about 3-4 x 10-4 radian or 
1-25 minutes of arc for laboratory work. If the point objects are 
situated at the nearest point of distinct vision (25 centimetres), the 
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minimum linear separation required is a little less than a tenth of a 
millimetre. Objects which are separated by 0-2 millimetre are resolved 
comfortably. 


8.8. Useful and Empty Magnification. 


If the image formed by a telescope or microscope is not magnified 
enough, some detail of the object which is resolved by the instrument 
may not be seen by the eye. The detail may be correctly represented 
in the image formed by the instrument, but its size in that image may 
be so small that it cannot be resolved by the eye. For this reason it 
is desirable that the image shall be of sufficient size to make the smallest 
detail resolved by the instrument occupy a space of about 0-2 milli- 
metre in the image seen by the eye. Magnification which gives an 
image up to this size is called useful magnification. Any magnification 
in excess is called empty magnification since it does not reveal any 
fresh detail in the object. Empty magnification is undesirable because 
it is usually accompanied by an increase in lens aberration and a re- 
duction in the illumination of the field. The maximum useful mag- 
nification is therefore usually the optimum magnification. When an 
image is formed by a single lens, the resolving power depends on the 
diameter, and the size of the image depends upon the focal length. 
We have seen in § 8.5 that a lens whose diameter is 10 centimetres 
will resolve two stars whose angular separation is 1-4 seconds of arc. 
The distance between the images of these stars is equal to 6:7 x 10-® 
times the focal length of the lens. Thus, ifno eyepiece were used, it would 
be necessary to have a lens of 30 metres focal length in order to obtain 
optimum viewing conditions. This length is so great that it is con- 
venient to use an objective of much smaller focal length (say 3 metres) 
and then to use a magnifying eyepiece to view the image. 


When an object is to be photographed, full detail will be represented in the 
photograph only if the distance between the images of points which are just 
resolved exceeds the spacing of the grains in the photographic plate. For rapid 
plates, with a fairly coarse grain, the desirable size of image is about the same as 
that given above. When fine-grain emulsions are used it is possible to use much 
lower magnification. The resulting photograph must, however, be viewed under 
magnification in order that the eye may perceive all the detail which is represented 
therein. 


8.9. Resolving Power of a Prism Spectroscope. 


When a line spectrum is formed by a spectroscope or spectrograph, 
the dispersing system (i.e. the prism or grating) forms an image of the 
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slit corresponding to each line. Neighbouring lines give rise to images 
whose angular separation is small. Lines will be separated only if the 
angular separation of their images exceeds the limit of resolution of 
the telescope. The resolving power of a spectroscopic instrument is 
defined to be equal to A/AA when lines whose wavelengths are \ and 
(A + AA) are just resolved. Fig. 8.3 shows a simple prism spectro- 
scope. Light from the slit S is collimated by the lens L, and plane 
waves (with wave surfaces parallel to AB) fall upon the prism LMN. 
The rays are refracted by different amounts in passing through the 


Fig. 8.3.—Resolving power of a prism spectroscope 


prism and the emergent wave surfaces are parallel to CE for wave- 
length A, and to CE’ for wavelength X’. The lens L, focuses the wave- 
front CE at Q and CH’ at Q’. The thickness of the base of the prism 
is t, and the refractive index of the material is w for A and p’ for 2X’. 
The light is supposed to be restricted by a rectangular aperture whose 
width (CE) is equal to d. By Fermat’s principle the total path from S 
to Q is the same for all rays of one wavelength, and the focal proper- 
ties of the lenses imply that the paths S to A and S to B are equal. 


Similarly the paths C to Q and E to Q are equal. Hence we have for 
wavelength A 


BL+LE=AM+p(MN)+NC, . . . 8(3) 
and similarly for ’ 

BL+ LE’ =AM+p(MN)+NC. . . . 8/4) 
Hence 9 LE — LE’ = (u — pv) MN =2,(0— 2) a - . 86) 


The angle between the emergent wave surfaces is (LE — LE’)/d 
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and the minimum angle which the telescope can resolve is \/d. Hence 
the two wavelengths are just resolved if 


A ate 
CeO Nee 
sa (42 8(6) 
and the minimum difference of wavelength for resolution is given by 
the relation 


r d 
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It will be seen that although the resolving power of the prism is determined 
by reference to the aperture of the telescope, the thickness of the base of the 
prism is the only geometrical factor in the final result. This is so because the 
wavelength resolving power is determined partly by the aperture and partly by 
the angular dispersion. When the prism is not completely filled with light, t, 
must be put equal to the difference of thickness at the places where the extreme 
rays traverse the prism. The resolving power is slightly different when the rays 
are restricted by a circular stop. This case has been treated by Struve, who has 
also considered the effect of finite length of the slit. In practice the stop is often 
approximately elliptical in shape. 


8.10. Resolving Power of a Grating Spectroscope. 


Suppose light of wavelengths A and (A+ AA) is diffracted in a 
certain direction @ by a grating containing N lines and of total width 
D. Then the path difference between portions of the wavefront which 
reach the focal point from opposite ends of the grating is Dsin 8. If 
this direction corresponds to the principal maximum of order m for 
wavelength A, and to one of the two neighbouring minima for (A + Ad), 
then 

mN A = D sin 6 = (mN — 1) (A+ Ad), 


dh A 
and hence Ry = 44 = 0. ee ee a eS) 


The above method of calculating the resolving power shows the simi- 
larity between the action of the grating and that of the prism. The 
result might also have been obtained directly from Table 6.2 (p. 179). 


8.11.—Gratings up to 10 inches wide with 15,000 lines per inch 
have been constructed. A large grating thus has a resolving power of 
150,000 in the first order. It is often practicable to use the third-order 
spectrum in which the resolving power is nearly half a million. With 
a reflecting echelon grating of 40 steps, each 15 millimetres high, spectra 
of order 30,000 are obtained. The resolving power is then nearly 13 
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million. The resolving power of prisms of convenient size is very 
much lower. It varies a good deal with wavelength and with the type 
of glass as well as with the thickness of the base. A flint glass prism 
of 5 centimetres base gives a resolving power of about 5000 at 6000 A. 
and of about 12,000 at 4500 A. A quartz prism of 5 centimetres base 
has a resolving power of 2000 at 6000 A. and of 75,000 at 2000 A. 
Owing to the very high dispersion of quartz in the ultra-violet, large 
quartz prisms have a resolving power which is not greatly inferior to 
that of a grating in the region 2500 A. to 1850 A. The prism instru- 
ment has the advantage that there is only one spectrum and no over- 
lapping of orders. For certain types of work this is an important 
advantage. 


8.12. The Rayleigh Limit of Aberration.* 


In calculating the limits of resolution, no account was taken of 
imperfections of image due to imperfect definition in the instrument. 
It was assumed that all rays from the object points passed through 
the corresponding image points and hence that all optical paths from 
an object point to a corresponding image point were equal. In prac- 
tice, this condition is not fulfilled exactly. It is therefore desirable 
to estimate how great the departures from this condition may become 
before they begin to reduce the sharpness of the image by a detectable 
amount. Rayleigh suggested that defects of image caused by inequali- 
ties of path up to a quarter of a wavelength should be small in com- 
parison with the inescapable unsharpness due to diffraction, and that 
if the phase of the wavelets arriving from any part of the wavefront 
differed from that of the resultant by more than a quarter-period, 
then the image would be noticeably improved by correcting the cor- 
responding part of the optical system. This estimate of the permissible 
tolerance may be applied to calculate limits for spherical and for 
chromatic aberration. It may also be used to estimate tolerances in 
the working of optical surfaces and in the homogeneity of optical 
materials (see §§ 9.11 and 9.12). It is now known that the permissible 
tolerance is not the same for all parts of a lens, and may be greater 
or less than the Rayleigh value. This value still forms a good initial 
working estimate. 


8.13. Accuracy of Measurements with Mirror and Scale. 


The limiting accuracy of reading with a mirror-and-scale arrangement (see 
fig. 8.4) may be calculated in a similar way. Suppose that a point Q on the scale 


* Reference 8.3. 
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meteorological conditions, the moon is seen to be surrounded by halos 
owing to diffraction by large numbers of small ice crystals in the upper 


atmosphere (though not all lunar and solar “halos” are formed in 
this way). 


6.23. Young’s Eriometer. 


It is possible to apply this result to measure the diameters of small 
particles such as blood corpuscles. A simple apparatus for carrying 
out the experiment is formed by taking a sheet of metal and drilling 
about 12 holes, each of 1 millimetre 
diameter, at equal intervals round a 
circle of diameter 15 centimetres. A 
hole of 3 millimetres diameter is drilled 4 
in the centre of the circle (fig. 6.7). 

A source of roughly monochromatic 

light (such as a sodium lamp or a ° O © 
filament covered with a green filter) is 
placed behind the screen. A micro- 


fe) 


° © 
scope slide containing the corpuscles, 
or a piece of glass dusted with lyco- 6 i 
podium powder, is held close to the ° 
observer’s eye. Looking towards the Big) Glo young sEtiormeter 


screen he sees the central hole sur- 

rounded by a series of light and dark rings. By adjusting his distance 
from the screen he may bring one of the rings into coincidence with 
the circle defined by the small holes. If the distance from the screen 
is then measured, the diameter of the particles on the slide is obtained 
by reference to Table 6.1 (p. 165). This device is known as Young’s 
Eriometer. 


The diameters of blood corpuscles from one individual are not all exactly 
equal, but are distributed about a mean. This reduces the sharpness of the dif- 
fraction rings. Even with this limitation, readings of the diameter of a given ring 
on one specimen are reproducible to within 3 per cent, and it is easy to detect 
any variation from the norm which is sufficiently large to be of clinical importance. 


6.24. Diffraction by Reflecting Screens. 


It is found that if the apertures in a diffraction screen are covered 
with reflecting material, and the opaque spaces with non-reflecting 
material, the reflected light includes a diffraction pattern similar to 


those discussed above. 
7 (G 577) 
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This result may be included in the theory developed in § 6.10, provided we 
specify more closely the conditions to be fulfilled at a reflecting surface. In § 6.10 
we assumed that the incident wave might be replaced by a system of plane waves 
with different values of «,, but all with a component of velocity in the positive 
direction of z. The same value of & in the plane of the screen would have been 
given by a similar set of waves having the corresponding velocity components in 
the negative direction of z. To justify the use of the first set rather than the 
second, when the spaces are clear, we now assume that, in the plane of the dif- 
fraction screen, the incident wave must be replaced by a system which gives the 
same value of 0&/éz as well as the same value of €. In a similar way, referring to 
§ 3.27, we see that when a reflecting screen is used we must have 


4 —+- Ef — 0, 
oF oe’ = > . . . . . . . 6(45) 
and ae + mod 0, | 


where & refers to the disturbance due to the incident wave, and &’ is the distur- 
bance due to the diffracted waves. These conditions are satisfied only by a system 
of waves with components in the negative direction of z. 

It should be noted that we always assume & = 0 on the opaque (or non- 
reflecting) spaces. 


6.25. Diffraction by a Screen not Coincident with a Wave Surface. 


In the above discussion we have assumed that the diffraction 
screen coincides with a surface of constant phase for the incident wave. 
When this condition is not fulfilled, the fundamental equations such 


Bee 


S 


2 


Fig. 6.8 


as 6(7) and 6(12) are still valid but &, instead of being a real function 
of « and y, includes an imaginary part representing the variation of 
phase. In order to see how this occurs, we may consider the case illus- 
trated in fig. 6.8. 
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Suppose that the incident light falls on the diffraction screen at an 
angle 6, to the normal, and we wish to calculate the amount of light 
diffracted in the direction 6,. We write 


ky =«sin@, and x,=x«sin 6, . . 6(46) 
and the incident wave is represented by 
€ = A exp i(wt — k,'y—,/z).  . . . 6(47) 
The disturbance on the line z = 0 is given by 
Sill alae ei 5 Taree my OCR) 
where Che CET Ser ee a eee oe eee (AU) 
&) is thus a complex quantity which is a function of y. Its value gives 


both the real amplitude and the phase. Inserting this value of & in 
6(7), we have 


a(Ky) = a fe eth dy, 
A : 5 
= J [ex {i (Ky — Ky )y} dye (0) 


The integral has to be taken over the region covered by the aper- 
tures. For a single aperture 6(10) is replaced by 


Rey iene hens 
ines ee Uva‘) ; 6(51) 
Ce) d 
23 Bi aan 6. cine) 
R= .. . 6(69) 


2 (sin @, — sin 4) 


where EF is the ratio of the energy difiracted in direction x, to that 
diffracted in direction x,’. 

Corresponding substitutions may be made in equations 6(19) and 
6(37). Thus we see that the distribution of illumination in these pat- 
terns is affected by the change in the direction of incidence only in that 
the centre has been transferred from the direction defined by x, = 0 
to the direction defined by x, = «,’. 
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Other types of diffraction screen may 

(a) alter the amplitude over part of the wavefront (local absorption without 
complete opacity ); 

(6) insert a partially reflecting surface in part of the wavefront; 

(c) cause a local phase-change over part of the wavefront (e.g. a bubble in a 
lens or a local indentation or “ hump” on the surface of a lens). 

The distribution of illumination may, in all these cases, be obtained by first 
calculating the value of & as a complex function of the co-ordinates, and then 
inserting it in equation 6(13). A further extension of diffraction theory to cases 
where the obstacles are not all in one surface may also be made. This “ three- 
dimensional diffraction ”’ is of great importance in connection with the diffraction 
of X-rays by crystals and has been studied by Laue and others. 

In the theory of X-ray diffraction the energy diffracted in a given direction 
is shown to be proportional to the product of two factors. One factor (called the 
“structure factor”) depends on the distribution of the atoms in the unit cell; 
the other factor depends on the arrangement of the cells (i.e. upon the space- 
group). The problem is analogous to the optical problem discussed in §§ 6.18-6.20. 


6.26. Laws of Rectilinear Propagation, Reflection and Refraction. 


In § 6.11 we saw that when the width of the beam was very large 
compared with the wavelength of the radiation, the energy was very 
small except in the direction defined by x, = 0. Thus, after passing 
a very wide aperture, nearly all the energy continues to travel in the 
direction of the incident wave. Equation 6(52) shows that this is still 
true when the wave strikes the aperture obliquely. Applying the 
argument of § 6.24 to a beam falling obliquely upon a reflecting aper- 
ture, it may be shown that the favoured direction is now that for 
which x, = —«,’, Le. a direction which makes the same angle with 
the normal as the incident direction, but on the opposite side of the 
normal. Finally, referring to equation 6(51), we see that when the 
diffraction screen separates two media of different refractive indices 
(n, and nz), the centre of the pattern is located in a direction defined by 


Ky = Ky, 
or nm, snd, =n, sn@,. . . . . . 6(53) 
Thus in each case the centre of the diffraction pattern lies in the direc- 
tion predicted by the ordinary laws of rectilinear propagation, of 


reflection and of refraction. The theory of diffraction thus includes 
these laws as limiting relations, valid for indefinitely wide beams. 


6.27. Diffraction Gratings. 


Any regular arrangement of similar apertures constitutes a dif- 
fraction grating, but one particular type of diffraction grating is of 
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special importance in optics. This grating consists of a series of parallel 
lines ruled on glass or metal and spaced at equal intervals. A simple 
grating of this type may be made by covering a glass plate with an 
opaque layer of silver and then ruling parallel lines in the silver. The 
silver is removed by the needle, and clear spaces are left. This method 
produces a grating in which the clear spaces have a very high trans- 
mission, while the opaque spaces have nearly zero transmission, pro- 
vided that the lines are not too close. Following the procedure ex- 
plained in § 6.25 and substituting (x, — x.) for x, in equation 6(35), 
we have 


i —k,)d\? {sin N(K, — Kg)e)? 
E = sin (K, Ka) | ah 2 , 6(54 
(rs) | (K, — Ky) d N sin (k, — k,)e 4) 
2 2 
sin = Gae aaa As = dy — SOM: 
E (8) = Gia re On ? 
— (sin 6, — sin 6,) d N sin i (sin 6, — sin 6,)e 
6(55) 


where 2d is the width of a clear space and 2e is the distance between 
the centres of two consecutive clear spaces. 
We may write 6(55) in the form 


E(6,) = E(U, W)=f(U) NW), -. 6(56) 
where 
ie 
hs 6(57) 
sin? NW 
TD sic ea yy 


= a icin b, eine), 
6(58) 


W = (sin, — sin 6,).| 


f(U) is the factor depending on the shape of the individual aperture 
(now defined by a single parameter 2d) and F(NW) represents the 
factor depending on the arrangement of the apertures (1.e. the unit of 
separation, 2e). From the point of view adopted in § 6.8, 2U is the 
difference of phase between wavelets from two sides of the same line, 


176 DIFFRACTION 


and 2W is the difference of phase between wavelets from the centres 
of two successive lines. 


6.28. The Functions f(U) and F(NW). 


These two functions are of fundamental importance in connection 
with the theory of the diffraction grating and also in other problems. 
The first appears whenever we sum a series of elements of constant 
amplitude with continuously and uniformly increasing phase. The 
second appears when we sum a number of elements of equal amplitude 
whose phases vary discontinuously in uniform steps. f(U) represents 
a limiting form to which F(NW) tends when N becomes indefinitely 
large. It is convenient to consider the two functions together. They 
are shown graphically in fig. 6.9. Both functions are essentially posi- 
tive, and both have a central maximum equal to unity when U or 
W =0, together with a series of side maxima and minima. It is in 
relation to these side maxima and minima that they differ. f(U) is 
zero when U = mz (if m is integral and not equal to zero), and it has 
a series of maxima approximately half-way between any two successive 
zero values. These maxima rapidly decrease in magnitude as we go 
away from the centre of the pattern [Example 6(vi), p. 190]. About 93 
per cent of the area below the curve lies within the region between the 
two central zeroes. F(NW) has two types of maxima. The first occur 
when W = mz (m having any integral value including zero). At these 
points F(NW) =1. These are known as principal maxima. F(NW) 
has also a series of subsidiary maxima flanking each of the principal 
maxima. The magnitudes of these maxima are small except for those 
near to the principal maxima. f(U) differs from F(NW) chiefly in 
that the former has only one principal maximum. The positions of 
the maxima and minima of these functions are summarized in Table 
6.2 (p. 179): 

The maximum occurring when W =z is called the principal 
maximum of order m. The maximum occurring when U and W = 0 
is called the “ central image ” or the maximum of “ zero order ”’. 


6.29.—The relation between the two functions may be seen by considering 
the vector diagrams. Fig. 6.9) shows the vector diagrams corresponding to the 
values of f(U) marked on fig. 6.9a. It may be seen that as U increases, the vector 
system is rolled up into a circular curve of continually decreasing radius of cur- 
vature. When the curve forms a complete circle (after one or more revolutions), 
the resultant is zero, since the curve is closed. Subsidiary maxima occur when the 
vector curve is very nearly an integral number of semicircles. As U increases, 
each subsidiary maximum is smaller than the preceding one, because the resultant 
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Fig. 6.9b.—Vector diagrams corresponding to the points indicated 
on fig. 6.94 


Fig. 6.9¢ and 6,9d appear on next page, 
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Fig. 6.9c.—The function F(NW) 


A 


D 


Fig. 6.9d.—Vector polygons corresponding to the points indicated on 
fig. 6.9c. (Note that the vector polygons for A’, and A”, etc., are the same 
as those shown for A, B, etc.) 
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is proportional to the square of the diameter of a smaller circle. The principal 
maximum occurs when all the elements are in the same phase, i.e. when the vector 
system forms a straight line. This happens only when U = 0. The vector diagram 
corresponding to (NW) forms part of a regular polygon—or of a series of over- 
lapping polygons (fig. 6.9d). When the polygon is closed the resultant is zero. 
Subsidiary maxima occur when there is a whole number of overlapping polygons 
plus approximately half a polygon. Principal-maxima occur whenever the ele- 
ments are all in phase and the vector system forms a straight line. This happens 
not only when the variable is zero, as it did with f(U), but also when the first of 
the NV elements has rotated through 2x. When this occurs, all the other elements 
will have rotated through multiples of 2m, and therefore they will all be in the 
same phase again. This condition is never obtained when the elements form a 
continuous curve. When U tends to infinity, the vector elements corresponding 
to f(U) roll up into a circle of indefinitely small radius. 


TaBLE 6.2.—f(U) 


Principal maximum When U =0, iD) ak 
; ae ae) =3(—— y 
Secondary maxima When U = (Gas iy HCO) ay Onin) 
Minima When U = mz, ND) =O; 
F(NW) 
Principal maxima | When W = 0 or mz, F(NW) = 1. 
, h os & + ) FINW) a ( 2 ) 
Secondary maxima} When W = on /™ acon ve yh 
Minima When W = <n, F(NW) =0. 
( t — inte al) 
except = integr 


m stands for an integer (other than zero) and the sign == means 
“is approximately equal to”. 


6.30. Distribution of Light among the Principal Maxima. 


When monochromatic light from a slit source falls upon a grating, 
the distribution of energy in the diffracted light is given by the function 
E of equation 6(56). When the width of the clear spaces 1s fairly small 
in comparison with the distance between them, the distribution is that 
shown in fig. 6.10. When F(NW) has a principal maximum, the dis- 
tribution function becomes equal to f(U). At other points it is less than 


f(U). Thus the curve of f(U) forms a limiting curve for the function. 
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The angles at which principal maxima of E(U, W) occur are determined 
by e (i.e. by the spacing of the grating), but the relative energies of 
the different principal maxima are determined by d (ie. by the width 
of each clear space), and by the relation between d and e. 


---— 
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U 
Fig. 6.10.—The distribution of light diffracted by a grating 


From eqn. 6(55) and Table 6.2 we see that the mth principal maximum occurs 
when 
ain 6, ~ain 6, = 28" Gn} 
2e 


and that the ratio of the energy of the mth maximum to that of the central 
maximum is 


6(60) 


ene fs Eel, 


mmd/e 


At the centre of the diffraction pattern there is complete agreement of phase, as 
there would be if the grating were not present, but the amplitude is reduced in 
the ratio d/e by the interposition of the opaque spaces of the grating. Hence, 
if we write Fp for the illumination in the image formed when the grating is 


removed, and /’y for the illumination at the centre of the diffraction pattern, we 
have 


d2 
eeepc ee CU 
Fy 1, (ad 
and ee a - ). ve esas) sie seG GS) 
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Since the sine factor can never exceed unity, a grating composed of alternate 
transparent and opaque parts can never give more than 1/(m2n2) of the incident 
light in the mth order. Thus at most about one-tenth of the incident light goes 
into the first order and about one-fortieth into the second order. It should be 
remembered that these formule for the distribution of light between different 
orders are obtained from calculations which depend on the use of St. Venant’s 
hypothesis. They can be used with a reasonable degree of confidence only when 
the widths of the spaces are large compared with the wavelength of the radiation. 


6.31. Diffraction Grating Spectra. 


If light of two different wavelengths 2’ and 2” is incident normally 
upon a grating, the angles corresponding to the principal maxima are 
given by 


Stee a 
2e 
6(63) 
and SiO ae HN 
2e 


where 6,,’ corresponds to the mth principal maximum for ’ and 
6,’ to the corresponding maximum for 2”. 

If white light is incident, each principal maximum except the 
central maximum is drawn out into a spectrum. The spectrum corre- 
sponding to the first principal maximum is called the first-order spec- 
trum, and the other spectra are classified in a similar way. The spectra 
may be received upon a screen placed at a great distance from the 
grating if no lens or mirror is used. If an optical system of lenses or 
mirrors is used to focus an image of the slit source (as shown in fig. 
6.4) at a convenient distance from the grating, the spectra will be in 
focus at approximately the same distance. If the angles of diffraction 
are fairly small (so that sin @ is nearly equal to tan @), the ratio of the 
distance of the principal maximum corresponding to 2’ from the 
centre of the pattern, to the corresponding distance for 2’, is equal to 
N/X". A spectrum for which this relation holds is called a normal 
spectrum, and the grating is said to give normal dispersion. 

The simple relation between distance or angle on the one hand and 
wavelength on the other makes it convenient to use grating spectra 
for comparing the wavelengths of light corresponding to different 
spectrum lines. In grating spectroscopes the angle is measured 
directly, and in spectrographs the comparison is made by means of 
distances measured on a photographic plate. The accuracy of the 
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measurements is discussed in detail in.Chapter VIII. From 6(63) 
we see that for a given grating the dispersion is proportional to the 
order. 


6.32. Overlapping of Orders. 


From equation 6(63) it may be seen that to some extent the spectra 
overlap. If m/\ = m’’X’ (where m’ and m” are integers), the principal 
maximum of order m’ for light of wavelength A’ will coincide with the 
principal maximum of order m’” for X”. When measurements are 
confined to the visible spectrum, there is only very slight over- 
lapping with the second order. Under favourable conditions the 
eye can detect radiation of wavelengths greater than 7000 A. and less 
than 3800 A., but for most practical purposes the visible spectrum 
may be taken to lie within these limits (Chapter I, fig. 1.5) The 
second order of 3800 A. would coincide with the first order of 7600 A., 
and thus the violet end of the second-order visible spectrum just fails 
to overlap the red end of the first-order spectrum. When photographic 
plates sensitive to wider ranges of wavelength are used, even the first- 
order spectrum is not free from overlap by other orders. It is then 
possible to restrict the range of wavelengths received by the in- 
strument by the use of filters. In this way the lines of different 
orders can be identified. 


6.33. Gratings Ruled on Glass or Metal. 


For the measurement of wavelengths of spectrum lines, it is de- 
sirable to produce spectra of high dispersion. Since some of the lines 
are very faint, it is also desirable that a high proportion of the light 
received by the spectroscope or spectrograph should go into one spec- 
trum. When light is dispersed by a prism, all the light goes into one 
spectrum, but it is not possible to obtain very high dispersion in this 
way. Gratings with a very close spacing (of the order of a few wave- 
lengths) give a very high dispersion, but, if the grating is formed of 
alternate opaque and transparent strips, only a small fraction of the 
incident light is found in any one spectrum. It is therefore of interest 
to inquire whether any other type of grating might be expected to 
give a better concentration of light in one spectrum. 

Returning for this purpose to fig. 6.9, we see that the maximum of 
f(U) coincides with the central maximum of F(NW), i.e. with the 
central image, and not with one of the spectra which can be used for 
the measurement of wavelengths, If the width of a clear space (2d) 
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is small compared with the distance between successive spaces (2e), then 
an appreciable proportion of the light transmitted by the grating goes 
into the first order, but the transmitted light is then a small fraction 
of the incident light. If the width of a clear space is large compared 
with the width of an opaque space, then the fraction of the incident 
light transmitted is high, but nearly all the light goes into the central 
image. Thus, as shown in § 6.30, at most about 10 per cent of the 
inerdent light goes into one spectrum. The only practical way to obtain 
improvement is to depart from the simple grating of alternate clear 
and opaque strips, and to alter the unit of the grating in such a way 
as to make the maximum of f(U) coincide with one of the lateral 
maxima of F(NW). In the case of reflecting gratings this may be done 
by altering the shape of the groove. 


6.34.—The following quotation from Lord Rayleigh’s article on 
“The Wave Theory of Light ” (Encyclopedia Britannica, 1888; Scien- 
tific Papers, Vol. III, p. 108) is very interesting in view of later 
developments: 


“Tf it were possible to introduce at every part of the aperture of the grating 
an arbitrary retardation, all the light might be concentrated in any desired 
spectrum. By supposing the retardation to vary uniformly and continuously we 
fall upon the case of an ordinary prism; but there is then no diffraction spectrum 
in the usual sense. To obtain such it would be necessary that the retardation 
should gradually alter by a wavelength in passing over any element of the grating, 
and then fall back to its previous value, thus springing suddenly over a wavelength. 
It is not likely that such a result will ever be fully attained in practice; but the 
case is worth stating, in order to show that there is no theoretical limit to the con- 
centration of light of assigned wavelength in one spectrum.” 


ol 


Fig. 6.11.—Reflecting grating suggested by Rayleigh 


Fig. 6.11 shows a section of a reflecting grating of the type sug- 
gested by Rayleigh. Suppose each elementary facet makes an angle 
« with the plane which defines the macroscopic surface of the grating. 
When the light is incident in a direction normal to this plane, the 
maximum illumination for one element of the grating considered by 
itself is found in a direction making an angle 2« with the normal. I, 
for a given wavelength A, a principal maximum of F(NW) occurs in 
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that direction, then most of the light will be thrown into this maximum. 
The relation between E(U, W) and f(U) has been changed from that 
shown in fig. 6.10 to that shown in fig. 6.12. 


a a 


a 
Us. 14 1 fe ce Ut é 
Fig. 6.12.—Distribution of light for the grating of fig. 6.11 


6.35.—At the time when Rayleigh wrote what has been quoted 
above, Rowland had succeeded in ruling gratings on metal and glass, 
using a diamond point and an accurately constructed ruling engine. 
When the gratings were ruled on speculum metal, up to 100,000 lines 
could be ruled before the ruling point broke down, and the spacing 
could be made as close as 15,000 lines to the inch. Each unit in the 
pattern was then about 3 wavelengths wide. The form of the groove 
cut was not under control and varied from one specimen to another, 
according to the shape of the diamond point. It was known that some 
gratings gave a fairly high concentration of the light in one or two 
orders, but always a great deal of the light was found in the undis- 
persed central image. Investigation showed that the ruling point, 
when working at its best, did not remove any metal but created 
depressions and elevations which approached, though not very closely, 
the pattern described by Rayleigh. The only effective control was in 
regard to the depth of the groove, since the shape of the point was 
regarded as unalterable. 


6.36. Echelette Gratings. 


In 1910, R. W. Wood * succeeded in producing gratings with 
grooves of controlled shape. They were ruled on gold-plated copper 
* Reference 6.4. 
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plates using the natural edge of a selected carborundum crystal as the 
ruling point. The angle between the planes forming the edge is 120°. 
In the following year, Wood and Trowbridge made similar gratings 
with a diamond ground to the desired angle by Brackett. These grat- 
ings were of a coarser structure than those made by Rowland. They 
were suitable for the production of infra-red spectra and for a practical 
study of the effect of different orientations of the groove angle. For 
a wavelength of about 30,000 A. they concentrated nearly all the 
energy into one or two orders on one side of the central image. They 
were called echelette gratings * because they were regarded as inter- 
mediate between ordinary gratings and the echelon gratings devised 
by Michelson which will be described in § 6.39. Copies of the original 
gratings could be made by flowing collodion on to the copper plates, 
allowing it to harden, and then stripping it. The material removed 
was mounted on glass plates and sputtered with gold. The copies so 
made were better than the originals because the copper plates were not 
perfectly flat, whereas the copies became flat when the collodion was 
pressed down on to optically flat glass plates. 


6.37.—For optical gratings the corresponding problem was not 
solved until 1935. By then, it had been found possible to deposit 
highly reflecting films of aluminium on to glass plates by evaporation 
in vacuum. When the vacuum is sufficiently good and other technical 
points are controlled, the films are durable and adhere to the glass so 
strongly that the material is “‘ moulded ” rather than removed by the 
ruling point. Using diamond points of controlled form and orientation, 
R. W. Wood f+ has succeeded in ruling gratings with 15,000 lines to 
the inch, in which 80 per cent of the light of the green mercury line 
(5461 A.) is concentrated in the first order. The process is sufficiently 
under control so that the light can be concentrated in first, second or 
higher order as desired. These gratings have already proved very 
useful in obtaining spectra of faint stars and nebule. 


6.38.—With normal incidence the maximum concentration of light is obtained 
for only one wavelength. By altering the angle of incidence, the wavelength 
which gives maximum concentration can be altered. The reason for this may be 


seen from the following relations: 

If « is the angle between the facets and the macroscopic surface, and 9 is the 
angle between the incident beam and the normal to the macroscopic surface, 
then the maximum concentration occurs in a direction B given by 


af = Oe ee 


* Reference 6.5. + Reference 6.6. See also Reference 6.7. 
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while the mth principal maximum for wavelength A occurs in a direction 6,, given 
by 
Qe(sin 6,, —sin®)=ma .. .- =. . - 6(65) 


If 0,, = when 0 =0 for wavelength A, concentration will occur in the mth 
order of 4 when incidence is normal. By altering 0 a little, it is obviously possible 
to make 0,,’ = ® for some neighbouring wavelength 2’. 


6.39. The Michelson Echelon Grating. 


In 1898, Michelson designed an apparatus which he called an 
echelon diffraction grating. This apparatus consisted of a pile of plates 
of equal thickness superimposed as shown in fig. 6.13. When a parallel 
beam of light is transmitted by the echelon, the light from successive 
“steps” of the echelon forms a series whose retardations increase in 
arithmetic progression. If t is the thickness of a step, the difference of 
retardation between two successive beams is (u — 1)¢ for normal inci- 
dence. 

In one echelon constructed for Michelson there were 20 plates, 
each 18 millimetres thick. The width of each step was about one 
millimetre. The retardation is equivalent to about 20,000 wavelengths. 
Since the width of each element is large compared with the wave- 


Fig. 6.13.—Michelson’s transmission echelon diffraction grating 


length, all the light will be concentrated in angles very close to the 
direction of incidence, which we have taken to be the normal. This 
implies that it will all be concentrated in (at most) a few spectra of 
very high order. 

The dispersion obtained is higher than that given by any ruled 
grating and, with suitable adjustment, practically all the light is con- 
centrated into one spectrum. Owing to the high order of interference 
used, overlapping of orders constitutes a serious problem (§ 9.50). The 
large difference of path between successive beams suggests that the 
instrument should be regarded as an interferometer, and indeed the 
problems involved in its construction and use are very similar to those 
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which apply to the Fabry and Pérot interferometer. The instrument 
is, however, a true grating since the elements which are brought to 
interference are elements of wavefront placed side by side, and not 
behind one another as in the Fabry and Pérot instrument. It is the 
diffraction effects, due to the finite width of each step, that give the 


instrument its special property of concentrating all the light into one 
or two fringes. 


6.40. The Michelson-Williams Reflecting Echelon. 


Michelson realized that there would be many advantages in using 
the instrument by reflected instead of by transmitted light (fig. 6.14). 
With a reflecting echelon, the optical paths, whose differences con- 
stitute the retardations, are entirely in air, or, if desired, in vacuum. 
All faults due to inhomogeneity of the optical material are thereby 
eliminated. The instrument is also available for use in parts of the 
spectrum to which the material is not transparent. For a given size 


= 


Fig. 6.14.—Michelson- Williams reflecting echelon 


of echelon the order of interference is approximately four times higher 
with the reflection than with the transmission type. In order to attain 
satisfactory performance with a reflecting echelon, it is necessary that 
all the plates shall be in perfect contact (or be separated by films of 
air of identical thickness). This condition must be fulfilled because 
the retardations depend on the positions of the reflecting steps. The 
thicknesses of the plates determine these positions only when the 
contact is perfect. With the transmission echelon, on the other hand, 
the retardations depend directly on the optical thickness of the plates 
and are not affected by small irregularities in the assembly. 

The problem of constructing a satisfactory reflecting echelon was 
solved by W. E. Williams,* who used optically contacted plates of 


* Reference 6.8. 
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fused quartz. The echelon is constructed by first making the requisite 
number of plates of identical geometrical thickness (to within a tolerance 
of less than 0:14). They are tested for equality by an interferometric 
method (§ 9.11). The manufacture of a large number of plates of equal 
thickness, within such a very narrow tolerance, makes the construc- 
tion very expensive. If one plate is polished so that it falls below the 
desired thickness, it cannot be used unless all the others are corre- 
spondingly thinned. When the plates have been brought to the right 
thickness, the surfaces are carefully cleaned and placed in contact. 
They are then heated to a suitable temperature (which is well below 
the softening temperature of the material). Surfaces which fit exactly 
adhere, and after cooling can be separated only with considerable 
force. The final effect is similar to that which would be produced if 
the whole echelon could be carved out of a solid block of fused quartz. 
The faces of the steps are coated with a uniform film of aluminium by 
evaporation In vacuum. 


6.41. Theory of the Reflecting Echelon. 


Since the theory of the transmission echelon is very similar to that 
of the reflecting echelon, we deal only with the latter. Suppose that 
the light is incident normally, and consider the diffraction in a direc- 
tion 6. If ¢ is the thickness and s is the width of a step, the phase 
difference between the beams from successive steps is (fig. 6.14) 


8 = 7 ng(t +t c08 0 — s sin 8), > eee O(66) 


where n, is the refractive index of air. 
When @ is very small this may be written 
2 
$= = Mal2t — 50)S Merete Ny PemeOr Gs) 
The variation of illumination with 6 is given by an expression which 
is the product of two factors corresponding to F(NW) and f(U) of 
§ 6.28. 
Principal maxima of the function corresponding to F(NW) occur 
when 
MA = nq(2t — sO), i oeoes a ee) 


and the angle between the maxima of order m and (m + 1) is A/s 
approximately (since n, is nearly unity). 
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The function corresponding to f(U) is 


( ; my Ry 
5m |e 

A A 
It is zero when 6 = +A/s and nearly all the light is concentrated 
within these limits. If 2n,t = mad, principal maxima of the function 
corresponding to F(NW) occur at 0 = 0, +A/s, +2A/s,..., etc. The 
illumination is high for the central maximum, and zero or nearly zero 
for all the other maxima. If 2n,¢ is not an integral number of wave- 
lengths, two maxima, separated by an angle A/s and situated between 
the limits @=-+A/s and 0 = —A/s, are seen. These are of equal 
magnitude when they occur at 0 = +4/2s. 

The condition in which only a single maximum appears is called 
the single-order position. The condition giving two equal maxima 
may be called the symmetrical position. With the transmission echelon, 
it is possible to change from the single order to the symmetrical posi- 
tion by slightly turning the echelon in order to change the angle of 
incidence. It is not convenient to use this method with the reflection 
echelon because the reflected beam might pass out of the field of view. 
The necessary control can be obtained by placing the echelon in an 
air-tight box with a quartz or fluorite window, and adjusting the 
pressure (and hence the value of n,) until the desired condition is 
obtained. This method has the advantage that once the pressure has 
been adjusted, and the tap connecting the box to the outside closed, 
variations in the pressure or temperature of the atmosphere during 
an exposure do not matter. The value of n, depends essentially on the 
mass of air in the box, and this does not change. Also the thermal 
expansion of fused quartz is so low that the changes in ¢ due to 
ordinary laboratory temperature variations are too small to affect the 
positions of the fringes. 


EXAMPLES [6(i)-6(x)] 


6(i). Calculate the radius of the Airy disc when 4 = 5000 A. and (i) R=1cm., 
z, =I metre; (ii) R=3 mm., 2, = 50 cm.; (iii) R= 1p, 4 = 1 metre (one 
micron = lu = 10-6 metre). 
[(i) 3-05 x 10-8 cm., (ii) 5-08 x 10~* cm., (iii) 80-5 cm.] 
6(ii). Derive an equation giving the exact positions of the lateral maxima of 
f(U). [tan U = U.] 
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6(iii). Solve the equation mentioned in example (ii) graphically and determine 
the value of U at which the first lateral maximum of f(U) occurs. Compare the 
value of f(U) at this maximum with its value when U = 37/2. 

[Maximum of f(U) when U = 2-867/2, at which f(U) = 0-0472. When 
U = 8n/2, f(U) = 0°0451.] 


6(iv). Show that as N —> » the form of F(NW) becomes identical with that 
of f(U). Examine what happens to the different maxima of F(NW). 


[ Put F(NW) = (ieee “ and let N —> « while NW remains finite. 
(sin W)/W 
6(v). How many subsidiary maxima of F(NW) lie between the mth and 
(m + 1)th principal maxima? [NV — 2.] 


6(vi). Draw graphs for f,(U) = sin U/U and for F,(NW) = sin NW/(N sin W) 
(when NV = 4), and compare them with corresponding graphs for f(U) and F(NW). 
The functions f,(U) and F,(NW) represent amplitudes. 


6(vii). Show that when the relation between d and ¢ is such as to give as much 
light as possible in the first order, the brightnesses of all even orders are zero. 


6(viii). What ratio of e to d makes the mth order (a) as bright as possible, 
and (b) of zero brightness? [(a) 2m, (6) m.] 


6(ix). Show that if d is very small compared with e, all the maxima of low 
orders tend to the same brightness. 
2 ain2 2 
ae sin (xmd/e) _. d? if Z| 
Fr eé (xmd/e)? e e 
6(x). If the refractive index of air is 1-00029 for 5893 A. at S.T.P., calculate 
the change in pressure required to pass from the single-order to the symmetrical 
position with an echelon of step 2 millimetres, [193 mm. ] 
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APPENDIX VIA 
KircauHorr’s Dirrraction ForMuULA 


1.—Consider a simple harmonic wave represented by 
E = V(a, y, zeit, a a) Ieee Ge) 


where ) is a function of position (not of time) which gives the form of the wave 
surfaces, e.g. for plane waves | has the form 


v = exp ix(lc + my + nz), so © 0 o Cele) 


and there is a corresponding form for spherical waves [2(56)]. We do not 
specify ~ at present, because we do not wish the analysis to be restricted to any 


ae po 


5 


Fig. 6.15 


particular type of wave surface. Inserting the value given by 6(69) in the wave 
equation [2(38)] and remembering that xb = w, we see that ) must satisfy the 
equation 


Mitt — 00 = aan eae 71) 


Green’s theorem states that if ), and (), are any two functions of position, then 
) 7) 
[le Ads — ty Ade) de = (2H — 4, M8) as, . . 6(72) 
on on 


where the left-hand integral is taken over the volume enclosed by the surface S, 
(fig. 6.15) and the right-hand integral is taken over the surface. n is the owt- 
ward normal from the surface. The theorem is valid provided that ), and ), do 
not have singularities within the volume. 
2.—If |, and ), are two solutions of 6(71), then 
(th. Ady — by Ade) = —ther'hy + bK'b, = 0, . . 6(73) 

so that the left-hand side of 6(72) is zero. We now choose }, to be equal to 
fie. to any unspecified solution of 6(71)] and ¢, to be equal to e~*"/r, It may 


easily be verified that this function, which represents a spherical wave diverging 
from the origin, is a solution of 6(71). Inserting these functions for ~, and 4, 


we obtain 
e ou c v C “i as. = 0 6 ] 4 
} r on Y on T ‘ u ; : : : ( ) 
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provided that neither ) nor e~‘*"/r have singularities within the volume enclosed 
by S,. This condition prevents us from applying 6(74), directly, to a surface which 
includes the origin since e~**’/r has a singularity at the origin. Since we wish to 
deal with surfaces surrounding the origin, we now choose to let S, consist of two 
arts : 

: (i) The surface 8 in which we are chiefly interested, and 

(ii) a small sphere S, surrounding the origin, which we take as the point P 

(see fig. 6.16). 

The volume to which Green’s theorem is now applied is that which lies between 
S and &,, i.e. the origin is excluded from the domain of integration, and on S, 


@x s 


Fig. 6.16 


the outward normal is directed towards P, i.e. 0/0€n = —@/ér for this surface. 
That part of the integral in 6(74) which refers to Sy may be written 


pes ay a v2 (Le-)} dO = — few {0 + tery + r Bh a0, 6(75) 


r 


where dQ is an element of solid angle round the origin P. When r-—> 0 the 
right-hand side of 6(75) tends to the value —4n, and 6(74) becomes 


teeth em oh _ y 2 (Vas. re iets 


dn r On r 


Thus, if we are given ) and d)/dn over the surface S, which encloses P, the value 
of tp can be calculated. In the preceding discussion we have considered a sur- 
face which encloses the point of interest. It may also be shown that, if the values 
of } and op/dn are given for a surface which excludes the point P but includes all 


the sources of light, then tp can still be calculated. Equation 6(76) is still valid 
but 7 is in this case the inward normal. 


3.—Huygens assumed that, if we knew the disturbance on a certain surface, 
we could calculate the disturbance at a point in advance of the surface. The 
above analysis only partly supports this view. In the first place it appears that 
we need to know the disturbance on a given surface, and also to know ov/en 
(effectively to know the disturbance on a neighbouring surface). Also, since we 
assume that the frequency is given, the value of db/ét is implicitly involved. It 
should, however, be stated that @b/én and @b/ét are not completely independent 
functions, and, for this reason, we shall be able to develop later an approxi- 
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mate form [6(80)] which depends only on } and comes near to Huygens’ 
original idea. 


4.—Another way of considering the relation of Kirchhoff’s formula [6(76)] 
to Huygens’ principle is to introduce the idea of double sources. The amplitude 
at P due to a point source at O (distant r from P) is Ae~*"/r. Now consider two 
sources of equal intensity and opposite phase separated by a short distance. Let 
the line of separation be n and the distance between the sources be dn. The line n 
is not, in general, coincident with OP. Then the amplitude at P due to the two 
sources acting together is 
A w [e-trl dn. 

On \r 

If the separation dn is allowed to diminish indefinitely while the product A dn 
retains the finite constant value B, we arrive at the concept of a double source— 
closely analogous to an electric or magnetic doublet. This concept is of practical 
importance in sound. Huygens (and later Fresnel) replaced the wave at S by a 
series of elementary single sources distributed over S. Kirchhoff’s formula [6(76)] 
allows us to express the effect of an element dS as equivalent to that of a single 
source of strength —(é)/én) dS plus a double source of strength ) dS. 


5.—It will be remembered that Huygens’ concept applied to an advancing 
wave. We have, so far, assumed one frequency which implies a steady state 
(infinite wave train). To apply Kirchhoff’s equation to an advancing group of 
waves in a non-dispersive medium we need only note that the form of 6(76) is 
such that we could use it to sum the effects at P of a series of waves of different 
frequencies. Since any pulse, or non-permanent wave, may be analysed by Fourier 
methods into a series of simple harmonic waves, the Kirchhoff method must 
apply to the pulse. 


6.—Approximate Form of Kirchhoff’s Equation. 


Let us now consider the situation shown in fig. 6.17. O is a point source of 
light emitting spherical waves and S is a closed surface surrounding P. Consider 


Fig. 6.17 


an clement dS situated at M, and let OM = 7, and PM =r. The outward-drawn 
normal from § is n. The approximation now under discussion is valid when r 
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and r, are both large compared with the wavelength, i.e. xr and «xr, are large 
compared with unity. The disturbance at M may be represented by 


gost “ exp ilar ut), Ve oC ie eee 
iol 

so that dy = 7 e-ien, Pa are Se Oe FYE), 
" 


Inserting this value of )y for } in 6(76), we obtain 


v= z ( cos (”, 7) & S e-is ]) _ ¢ e—ixrs cos (n, 7) oleaa )} ds. 
6(79) 


Differentiating term by term, and neglecting all terms in which the amplitude is 
of order a/r,r? or a/r,?r, we have 
1 


a re inf (= e-ix(r+rs) [cos (n, 7) — cos (n, n)]} as. . 6(80) 
T TT 


The terms neglected are less than the terms retained by factors of xr and «rj, i.e. 
by factors of order r/A. The expression 6(80) may therefore be used when both 
O and P are separated from the surface S by distances which are large compared 
with the wavelength. 


APPENDIX VIB 
THE CONCAVE GRATING 


1.—The properties of a grating ruled upon the surface of a concave spherical 
mirror were investigated by Rowland. He showed that light incident upon the 
grating from a suitably placed slit gives spectra which are focused upon a certain 
curve. We shall first show that spectra are formed and focused in this way and 
then discuss how concave gratings are used. 

Let AOA’ (fig. 6.18) be part of a section of a sphere whose centre is C. The 
region between A and A’ is ruled with lines which form the intersections of the 
sphere with a family of parallel planes which are normal to the plane of the paper 
and equidistant from one another. The common distance is 2e and AA’ = 4Ne 
(where WN is a large integer). Construct a circle with CO as diameter and let Q 
and Q’ be two points on this circle. Let us now find the difference of path for 
two paths from Q to Q’, ie. (QA + Q’A) — (QO + Q’O) = As. 


2.—Let QO=u; VO=—s; CO= 2a; 
ZCOQ=6; ZC0Q’=6,,; ZOCA = 2e. 
Then, from triangle QOA, 


QA? = QO? + OA? — 20A . OQ cos QOA. . 6(81) 
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In fig. 6.19, M bisects the straight line OA and from this figure we see that angle 
QOA = ($n — a) + 6 and that OA = 4dasin aw. Hence 6(81) gives 


QA? = u? + 16a* sin? « — 8ausinasin(«— 6). . . . . 6(82) 
With rearrangement of terms 6(82) becomes 
QA? = (u + 2a sin 2« sin 0)? — 4a? sin? 2% sin? 6 + 8a (2a — u cos 8) sin? «. 6(83) 
The equivalence of 6(82) and 6(83) may be verified by expanding both expressions 


Let us assume that « is a fairly small angle so that we may neglect terms of 
order a. We may then put sin? 2a = 4 sin? « and, to the same approximation, 
6(83) gives 


QA? = (wu + 2a sin 2a sin 0)? — 2a (u — 2a cos @) sin? 2x cos 8. 6(84) 
Q is a point on the circle whose diameter is 2a, so that w= 2a cos 0 and 6(84) 


gives CA 2a == 20,810 20 Sin, 0.0. ps ane ee 2 O(8D) 
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We may obtain a similar expression for Q’A — v and hence 
As = (QA — u) + (Q’A — v) = 2asin 2a (sin 6 — sin ,,). 6(86) 
But, from the triangle A’CA, 
4Ne = AA’ = 4a sin 2a. 
Hence the path difference As = Nm, if 
2e (sin 6 — sin 0,,) = mA. PEM, ae se aLelterZ))) 


This is equivalent to 6(65) since m may be either a positive or a negative integer. 


3.—We have shown that the path difference for the two rays from Q to Q’ 
is proportional to the number of lines between A and O. When 6(87) is satisfied, 


WK mew oe 


Fig. 6.20 


the phase difference for light of wavelength increases by 2mm as we go from 
one line to the next. Thus the mth order for wavelength is focused at Q’. The 
same order for wavelength 2” will be focused at some point Q” on the same 
circle and near to Q’. If then a point source of light is placed at a point Q on the 
circle whose diameter is equal to the radius of the grating, and which touches the 


grating at its centre, the spectra will be focused along the circle. This circle is 
known as the “ Rowland circle ”’. 


4.—The above discussion is confined to rays in the plane of the paper. The 
focusing for these rays is very good since the terms of third order in «& are zero. 
Further investigation shows that the rays which pass above and below the plane 
of the paper give an astigmatic image, i.e. a point source placed at Q gives rise 
to an image which is a line perpendicular to the plane of the paper, passing through 
Q’. The length of this line increases as the angle of incidence increases. 


5.—A method of mounting a concave grating due to Rowland is shown in 
fig. 6.20. The mounting is designed to allow spectra of different orders or different 
parts of one spectrum to be photographed in turn, without moving the slit Q 
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or the source L. The grating G and the photographic plate P are placed on 
carriages which move along mutually perpendicular rails SX and SY. The two 
carriages are connected by a rod so that they always face one another, and so 
that the distance from the centre of the grating to the centre of the plate is equal 
to the diameter of the Rowland circle (i.e. to the radius of curvature of the grating). 
Thus 6,, is always zero and 6 is varied by moving the carriages. Different spectra 
are then brought on to the plate and, if the grating and mounting are perfect, 
the instrument is always in focus. 


6.—A large grating has a resolving power of order 250,000. To obtain sufficient 
dispersion to make this resolving power effective it is necessary to use a grating 
of about 6 metres radius of curvature. Smaller gratings are made with radii of 
curvature down to 1 metre. This is the smallest value normally used, partly 


because the photographic plate has to be bent to fit the Rowland circle. The 
space occupied by a large grating using a Rowland mounting is so large that 
it is difficult to maintain a constant temperature during the long exposures which 
are often required. The Rowland mounting is also rather expensive. For these 
and other reasons, alternative methods of mounting the grating have been devised. 
In one, due to Eagle, Q’ is brought as close to Q as possible, i.e. the slit is placed 
beside the plate (see fig. 6.21). Sometimes it is placed below the plane of the paper, 
and the plate is a little above the plane of the paper. This means that the region 
between the dotted lines (fig. 6.21) can be enclosed in a box of reasonable size. 
Temperature control is relatively easy. This mounting has the advantage that 
it reduces 0,, and 6 (which are of opposite sign) and so reduces the astigmatism. 
‘ A detailed account of methods of mounting gratings is given in Reference 
6.10. It is possible to obtain automatic refocusing with mountings of this type, 
but the mechanical linkages (levers or cams) are more complicated than the simple 
arrangement used by Rowland. 


CHAPTER VII 
Huygens’ Principle and Fermat’s Principle 


7.1. Development of Huygens’ Principle. 


It was shown in Chapter III that Huygens’ principle, in its original 
form, was able to give a satisfactory account of the laws of reflection 
and of refraction. It enabled a series of wave surfaces to be constructed 
when one was given. Huygens’ principle by itself was insufficient to 
enable the distribution of illumination in diffraction patterns to be 
calculated. Fresnel and his followers completed the Huygens’ theory 
by assuming detailed properties for the wavelets. Fresnel was guided 


Fig. 7.1 


in his choice of assumptions by the requirement that, in the absence 
of obstacles, the wavelets must interfere in such a way that they re- 
construct the forward wave, not only in regard to position but also as 
regards amplitude. Later Kirchhoff showed that it is unnecessary to 
use specific assumptions concerning the wavelets since the whole cal- 
culation can be made directly from the wave equation. The three 
stages are thus: 

(i) Huygens expressed an intuitive rather than a logical conviction 
that a knowledge of the disturbance produced by a wave motion for 
all points on a suitably placed surface S at a time ¢, is sufficient to 
determine the disturbance at a point Q at a later time ¢ (fig. 7.1). 
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(ul) Fresnel made detailed assumptions concerning the amplitude 
of a wavelet arriving at Q from an elementary area dS. He was then 
able to calculate the distribution of illumination in diffraction pat- 
terns. His results agreed with observations. 

(ii) Kirchhoff showed that the effect of an elementary area can 
be derived from the wave equation without making special assump- 
tions. He showed that the assumptions which had been made by 
Fresnel are satisfactory provided that neither the source nor the 
point Q is very near to the surface S. 


7.2. Fresnel’s Method. 


To illustrate the method used by Fresnel, it will be sufficient to 
consider the diffraction of a uniform plane wave by thin laminar 
obstacles which lie in a wavefront (fig. 7.2). Suppose that the illumin- 
ation at a point Q is to be calculated and that O is the nearest point 


Fig. 7.2 


on the wavefront to Q. Tiet OQ =1,. Then the wavefront is imagined 
to be divided into a series of zones bounded by circles. M, and M,’ 
in the figure are points on the smallest of these circles, M, and M,’ 
on the second, and so on. The radii of the circles are chosen so 
that M,Q =7 + A/2, M,Q = 19 + 2A/2, M,Q = 75 + 3A/2, and so on. 
Then the radius (p,,) of the mth circle is given by 
Patt ro" = (% + yma), 
or (Ee ie “oo ete OS eee te) 


provided that mA is small compared with 19. 
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The area of the mth zone is 7pp,2 — 7pm and, so long as 7(1) 
is valid, this area is equal to 77, i.e. it is independent of m, so that all 
zones are of equal area. Fresnel assumed that the amplitude at Q 
of the wavelets emanating from any infinitesimal area dS of the wave- 
front is equal to kA dS/r, where r is the distance from dS to Q. A is 
the amplitude of the incident wave and k is a constant. He also as- 
sumed that the amplitude depends on the angle between r and the 
normal (n) to dS (fig. 7.1). The factor which expressed this last effect 
was called the inclination factor. Fresnel found that, for his purposes, 
it was sufficient to assume that the inclination factor decreases as the 
inclination increases, and he did not specify the factor exactly. 


7.3.—With these assumptions the amplitude at Q may be calcu- 
lated in the following way. First imagine any one zone to be divided 
into a series of equal infinitesimal areas by circles centred on O, and 
differing infinitesimally in radius. Then, since over the small region 
covered by one zone the variation of the inclination factor may be 
ignored, the amplitudes at Q due to these infinitesimal areas are all 
equal. The phases vary uniformly and cover a range 

M of 7. The resultant of a set of disturbances of equal 
amplitude and uniformly varying phase has previously 
been calculated by vector summation (Chapter III). 
In this case, the vector diagram is a semicircle with 
the diameter as resultant (fig. 7.3). The resultant 
amplitude is 2/7 times the value which would be 
obtained if all the elements had the same phase. The 
resultant phase is that of the middle of the zone, i.e. 
it is a quarter-period behind that of the wavelet 
arriving from the inner edge of the zone. The phases 
of the resultants from successive zones thus differ by 
a half-period, and they are known as half-period 
zones.* The effect at P, when there is no obstruc- 
tion, is found by summing the resultants from all the 
zones. The vectors representing the resultants of successive zones are 
in the same straight line, but in opposite directions. The resultant of 
all the zones is thus the sum of an infinite series whose terms alternate 
in sign, but gradually diminish in magnitude. The sum of such a 
series is equal in magnitude to half the first member. This is shown 
in fig. 7.4, where 8,8, represents the resultant of the first zone, S,S, 
that of the second, and so on. Thus the effect of all the zones is equal 


Fig. 7.3 


* ‘ 
They are also called “ Fresnel zones ” or, less commonly, “ Huygens zones ”. 
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to half of that which would be produced by the first zone acting alone. 
It is equal to 4 x 2/ma = 1/m times that which would be produced by 
all elements of the first zone acting together in the same phase. 


Fig. 7.4 


The disturbance at Q is thus equal to 


1 
T 


r 


the integral being taken over the first zone. r may be taken as equal 
to 7) over the small area involved, and hence the disturbance is 


kA my _ 


7 To 


cA ee eee (3) 


But we know that for a uniform unobstructed plane wave the ampli- 
tude at Q is the same as that at O. Hence & must be equal to 1/A. 


7.4.—The resultant of all the zones has the same phase as the 
resultant of the first zone, i.e. it is a quarter-period behind the phase 
of wavelets arriving at Q directly from O. From the ordinary wave 
equation we know that, for the unobstructed wave, the phase of the 
wave at Q is the same as that of a wave arriving directly from O. Thus 
if the Huygens wavelets are to give the correct phase at Q, it is neces- 
sary to assume that they start a quarter-period in advance of the phase 
of the wave which they replace. 
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This assumption appears at first sight rather strange. It is, however, supported 
by both theoretical and experimental observations. Gouy* showed that if a 
spherical sound wave is emitted by a small pulsating sphere, the wave which is 
effective at distances great compared with the wavelength is a quarter-period 
ahead of the phase of the pulsations. It can also be shown that there is an effective 
change of phase of half a period when a wave passes through a focus (§ 7.26). 


EXAMPLES [7(i)-7(iv)] 


7(i). Show that when the source is situated at a distance 7’ from a plane 
surface S, the radii of the circles which define the half-period zones, for an observer 
who is distant r) from the opposite side of the surface, are given by 


7(4) 


(Assume that o,, is small compared with both 7, and 7’.) 


7(ii). Show that generally the curves which define the half-period zones are 
the intersections of an ellipsoid with the surface S (not necessarily plane). Show 
that the source and the point Q are the foci of the ellipsoids, and derive an equa- 
tion for the mth ellipsoid referred to an origin placed half-way between the source 
L, and Q. 

ti eclicoid i ee y a 
[Equation of ellipsoi ee yrescar sie aye ee ile 
where 2A = L,Q + mi/2, and 21 = L,Q.] 


7(iii). If p, is the radius of the first half-period zone, find the amplitude and 
phase of the resultant due to the portion of the zone within a circle of radius 
fps, where f is less than 1. 


[ Amplitude = sta fie 
f?x/2 
7(iv). Derive a general formula for the resultant at Q due to an annulus 
between two radii p and p’ which are within the same half-period zone. 


( ae )* | 


Fresnel and his followers thus made three special assumptions 
concerning (i) the constant, (ii) the inclination factor, (ii) the relation 
between the phase of the wavelets and that of the wave. 

These assumptions were all introduced ad hoc, in order to give the 
correct result for the unobstructed wave, but if they are accepted we 


Phase = fin. | 


7.5. Kirchhofi’s Analysis. 


* Reference 7.1. 


So 4 4 \5 yu boe-(er 
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is at the centre of the image of a slit when the mirror is in a certain position. 
Then if the mirror rotates so that one edge of it advances through }) and the other 
retreats by 4A, the phases of wavelets arriving at Q from different parts of the 
mirror will cover a range of one wavelength (because the movement of the edge of 


MA 


rT 


Q d 


1 


M 


Fig. 8.4 


the mirror through }A introduces a path difference of $A). After the rotation Q 
will be at the first minimum in the diffraction pattern. The minimum angular 
rotation which can be detected with a mirror of width d is therefore /2d. It is 
not generally realized that this limit is occasionally approached in practice [see 
Example 8(x)]. 


EXAMPLES [8(iv)-8(xi)] 


8(iv). Calculate the resolving power of a prism of rocksalt of 4 em. base at 
4000 A., 5000 A., and 6000 A., given the following data: 


a (A.) u 

6708 1-5400 
6438 15412 
5461 15477 
4861 1-5537 
4047 1-5665 
3084 1-5988 
2144 1-6737 


[8600; 4400; 2500]. 


8(v). Derive an expression for the resolving power of a material which obeys 
Cauchy’s law of dispersion (see § 3.18). When A = 27 x 10-5 and B= 5-0 x 10™, 
plot a curve for the resolving power against wavelength of a prism whose base 
thickness is 6 cm. [ pee 2t,AB ] 

D 23 . 

8(vi). Using the data given in Example 8(iv), derive values of A and B appli- 
cable to the region 4000 A. to 6000 A. Hence, using the formula derived in Example 
8(v), check the results calculated in Example 8(iv). 

[A = 0:525;5 B= )1-30 x 10-12] 

8(vii). The ruled space on a grating is as wide as the base of a 60° rocksalt 
prism. It has the same resolving power in the first order as the prism has at 5000 


A. Calculate the size of the grating interval. {9-1 x 10-4 cm.] 
9 (G 577) 
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8(viii). Show that if the diameter of the objective of a telescope is equal to that 
of the central half-period zone, little advantage is gained by using a lens because the 
telescope would function like a pinhole camera. Show that the useful length of the 
“ pinhole telescope ” tube increases in proportion to the square of the diameter 
of the “ objective”. Show that for a hole of 0-1 in. diameter the useful length 
is about 10 ft. and for one of 4 in. diameter the appropriate focal length is 3 miles! 

[The useful length is that which gives the maximum useful magnification 
(see § 8.8)]. 

8(ix). Applying the limit stated in § 8.12, show that the depth of focus of a 

lens of diameter d (when the object is very far from the lens) is 


ee ee 


[Assume that all the paths to the true focus are equal. Calculate the dif- 
ference of path between a ray passing through the centre and one coming from the 
edge of the lens to a point distant 5f from the true focus and situated on the axis of 
the lens. The calculation is given by Rayleigh.*] 


8(x). A short-period galvanometer has a mirror 2 mm. wide. So long as the 
edge of the image is sharp, it is possible to read a movement of 0-1 mm. on the 
scale. What is the maximum scale distance which may usefully be employed when 
light of mean wavelength 5600 A. is used? (70 cm.] 


8(xi). Show that the result given in § 8.13 may also be derived by regarding 
the mirror as a diffraction aperture restricting a telescope which observes two 
distant objects whose angular separation is equal to twice the angular movement 
of the mirror. 


8.14. Development of the Theory of Resolving Power.} 


Some modern instruments, such as the Fabry and Pérot inter- 
ferometer, give interference fringes in which the light distribution is 
very different from the distribution in the diffraction patterns con- 
sidered by Rayleigh. It is not surprising that the Rayleigh criterion 
does not apply to these instruments. In order to give a logical de- 
finition of resolving power that may apply to them, it is desirable to 
consider in more detail what is meant by the resolution of two objects. 
This investigation is also of practical interest in other connections. 
In the following discussion we shall consider the resolution of two 
spectrum lines, although the basic ideas are more generally applicable. 
We shall start with the discussion of an ordinary prism or grating 
spectroscope, and the difference of wavelength between two lines 


which are just resolved (according to the Rayleigh criterion) will be 
called AA,. 


* Reference 8.4. + See References 8.1] and 8.5, 
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8.15.—The diffraction pattern due to the combined effect of two 
lines of equal intensity whose difference of wavelength is AX, is shown 
in fig. 8.5 C. The pattern due to a single line is shown on a larger scale 
in fig. 6.94, and is indicated by the dotted lines in fig. 8.5. The varia- 
tion in the combined pattern when the wavelength separation varies 


ISTE JRERey (ie Sf 


Fig. 8.5.—The dependence of resolution on the relative intensities 
of two spectrum lines 


from 0-6 to 1:25AA, is shown in figs. 8.5 A, B,C, D. The remainder of 
fig, 8.5 shows the combined diffraction patterns for different separa- 
tions and for lines whose intensity ratios are 2:1 and 5:1. As the 
separation increases we may distinguish the following stages: 


(A) The lines are so close together that the combined diffraction pattern 
appears to be the same as that due to a single line of normal width: the lines are 
then ‘‘ completely unresolved ”’. 

(B) The lines are so close that only one image can be distinguished, but it is 
blurred so that it indicates that the radiation is not homogeneous while giving 
no indication of the number or the separations of the components. 

(C) The lines are separated sufficiently to be seen as a double line but not 
sufficiently to enable the separation and the relative intensity to be measured: 
we call this stage “ partial resolution ”’. 

(D) The lines are completely separated. Each can be measured as though 
the other were not present. The lines are then “ completely resolved ”’. 
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8.16.—When two lines are of equal-intensity and their separation 
is AA,, the intensity at a point half-way between the two maxima is 
80 per cent of that at the maxima. This condition is often described 
as a “20 per cent dip”, and we shall use this phrase with the under- 
standing that when the two lines are of unequal intensity, the minimum 
is to be 80 per cent of the smaller maximum. From the diagrams (and 
from more detailed discussion which cannot be included here) it may 
be seen that a 20 per cent dip gives partial resolution and a 60 per 
cent dip gives complete resolution. These criteria are generally appli- 
cable to all types of instruments and to the resolution of components 
of equal or of unequal intensity. The most important stage of resolu- 
tion is the one which we have called partial resolution, and it must be 
understood that this stage is indicated when two lines or objects are 
said to be “ resolved” or “‘ just resolved ’’ without any further quali- 
fication. 


8.17.—For instruments which give diffraction patterns of the type 
shown in fig. 8.5, we see that for components of equal intensity a 
separation equal to AA, gives partial resolution and a separation of 
1-25AA, gives complete resolution. When the intensity ratio is 5:1, 
a separation of 1-25AA, is needed for partial resolution and a sepa- 
ration of about 1-5AA, is needed for complete resolution. In certain 
types of work (e.g. studies of the Zeeman effect) it is necessary to 
look for weak satellites whose intensities may be less than 0-001 of 
that of the main line. Such satellites cannot be detected unless their 
wavelength separation is several times greater than that required for 
the resolution of lines of equal intensity. 


8.18. Resolving Power of the Fabry-Perot Etalon. 


The energy distribution in the pattern produced by this instru- 
ment is given in equation 5(14) and is shown graphically in fig. 8.6. 


E 


— > ORDER 
Fig. 8.6.—Energy distribution in Fabry-Pérot pattern 


The distribution differs from that given by a diffraction grating in 
that the subsidiary maxima of the diffraction pattern have been 
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smoothed out. Reference to the theory of the etalon (§ 5.26) shows 
that this occurs because the interfering beams from the etalon are of 
gradually decreasing amplitude, whereas those from the grating are 
of equal amplitude. From equation 5(14) it is possible to calculate 
the difference in wavelength between two lines when there is a “20 
per cent dip” in the pattern which they jointly produce. Reference 
to equation 5(12) shows that the whole scale of the pattern (including 
this critical distance) is inversely proportional to 2e/A (where e is 


1-0 0-9 0:8 0-7 
Reflection coefficient 
Fig. 8.7a.—Resolving power of Fabry-Pérot etalon (theoretical) 


the separation of the plates). The resolving power (A/AA) is thus 
proportional to the separation, i.e. to the order of interference. The 
resolving power also depends, in a rather complicated way, on the 
reflection coefficient of the plates. It is possible to regard the series of 
beams produced by the etalon as equivalent to a certain number of 
beams of equal amplitude. The equivalent number N is defined by the 
relation N(2e/A) = R, where R is the resolving power of the etalon. 
N is equal to the number of steps in a reflecting echelon which would 
give the same resolving power and the same order of interference. The 
equivalent number N is a function of the reflection coefficient. It can 
be calculated from 5(12), but the calculation is not very simple and 
graphical methods of computation are useful. Some results calculated 
by Hansen * are shown in fig. 8.7a. The theoretical resolving power 


* Reference 8.7, 
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will be obtained in practice only if the. plates are plane to within a 
deviation of order A/N, i.e. for high-reflection films 4/50. 

Fig. 8.7) shows the results of some measurements for films of 
different transmissions.* These results cannot be directly compared 
with the calculated values because the absorption is not known ex- 
actly. They do, however, show that very sharp fringes, i.e. very high 
effective reflection coefficients, can be obtained and they agree with 


O O41 - 0-2 0-3 


Transmission coefficient. 


Fig. 8.7b.—Resolving power of Fabry-Pérot etalon (crosses represent 
experimental results; the line represents theoretical values, calculated for an 
absorption of 4 per cent). 


the calculated values of N if we assume an absorption of about 4 per 
cent. It may be seen that the resolving power increases rapidly as 
the reflection coefficient increases. If, however, the thickness of the 
film is increased beyond a certain point in order to increase the re- 
flection coefficient, the amount of light transmitted becomes incon- 
veniently small. There is thus an optimum thickness of film for prac- 
tical purposes. In practice films of reflection coefficient about 0-85 
are used for measurement in the visible region of the spectrum. 


* Reference 8.8, 
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8.19. Resolving Power of a Microscope. 


In the preceding discussion of resolving power it has been assumed 
that the light from the two objects is non-coherent, so that the illumin- 
ation at any point due to the two sources acting jointly is the sum of 
the illuminations due to the separate sources (see § 5.2). This assump- 
tion is clearly justified when the two objects are stars, and when they 
are images of a slit formed by light of slightly different wavelength. 
When a microscope is focused on a self-luminous object (such as the 
incandescent filament of an electric light), the radiation from different 
parts of the object is non-coherent. An object which is not self-luminous 
must be illuminated by a source of light and no real source is confined 


Fig. 8:8.—Illumination of an object by a condenser 


to a mathematical point. A condenser is used to form a more or less 
sharply focused image of the source in the object plane. Owing to 
diffraction, a point P of the object receives light from a finite area (A) 
of the source (see fig. 8.8). The light vector at P is the resultant of 
wavelets from all parts of A. Similarly, the light vector at P’ is the 
resultant of wavelets from an area A’. If the source is sharply focused, 
and if P and P’ are well separated, the areas A and A’ do not overlap, 
and the light at P’ is not coherent with that at P. In considering the 
performance of microscopes, we are usually concerned with points 
which are close together, and the areas A and A’ then overlap to a 
considerable extent so that the light is at least partially coherent. 
When P and P’ are so close that they are just resolved, the light is 
effectively coherent. We shall consider the resolution of two objects 
(a) when the light is completely non-coherent, and (b) when it is com- 
pletely coherent. Condition (a) applies to self-luminous objects. The 
illumination of ordinary microscopic objects is not completely coherent, 
but under practical conditions it may be assumed that the illumina- 
tion at two points which are just resolved is coherent. 
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8.20. Resolution with Non-coherent Illumination. 


When the illumination is non-coherent, the calculation of the 
minimum distance between two points whose images are just resolved 
differs very little from the corresponding calculation for the telescope. 
For a rectangular aperture the result may be obtained in the following 
way. Let A and B (fig. 8.9) be two points in the field of a microscope 
which is represented in the diagram by the lens CD. Let A’ and B’ be 
the image points corresponding to A and B which are at equal dis- 
tances from the axis of the lens CD. Then all paths from A to A’ 
are equal and the extreme difference of paths from A to B’ is equal 
to 2(AC-AD). From the geometry of the figure, this difference is 


C 


D 


Fig. 8.9.—Resolving power of the microscope 


equal to 2AB sin «, where « is half the angle subtended at the object 
by the microscope objective. This extreme difference of path is equal 
to the wavelength (A’) when the distance between the objects is equal 
to A’/(2 sin «). The entire difference of path is situated in the medium 
between the objective and the object. Let » be the refractive index 
of this medium (with respect to air) and A the wavelength of the light 
(in air). Then the distance between points which are just resolved 
(according to the Rayleigh criterion) is given by 
ee 
sinc Qu sinic ae een sh) 

When the aperture is circular, the size of the Airy disc has to be cal- 
culated, allowing for the fact that the object is near to the lens. When 
this is done,* the distance between two points which are just resolved 
is found to be about 20 per cent greater than that given by 8(10). 


8.21. Abbe Theory of Resolution with Coherent Illumination. 
The theory of resolution with coherent illumination was developed 
by Ernst Abbe (1840-1905). His original statements of the theory 


*See Rayiuian: Journal of Royal Microscopical Society, 1903, Vol. 23, p. 460. 


Rayleigh does not quite complete th i i 
See aT q p e computation, but the result follows from his 
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were not very clear and there was a certain amount of controversy 
chiefly due to misunderstanding of his ideas. This was particularly 


Fig. 8.10a4.—Formation of images by the microscope 


unfortunate because through this theory, and in other ways, Abbe 
contributed more than any other worker to the development of the 
modern high-power microscope. 


Fig. 8.10b.—Formation of images by the microscope 


As a preliminary to the discussion of resolving power, let us consider 


the formation of an image by a lens. Let the object be a plane grating, 
9? (G 677) 
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consisting of alternate transparent and opaque spaces. In fig. 8.10a 
the grating is in the plane OO’ and the image in the plane II’. A parallel 
beam of light is incident upon the grating from the left-hand side. The 
light from different spaces of the grating is coherent and the lens pro- 
duces a Fraunhofer diffraction pattern in the focal plane of the lens (FF’). 
The same light which forms the diffraction pattern on FF” gives a 
focused image on II’. In figs. 8.10a and 8.10 we show the rays cor- 
responding to light which forms the principal maxima in the diffraction 


Fig. 8.10c.—Formation of images by the microscope 


pattern. For simplicity only the rays from one space are shown in 
fig. 8.10@ and from two spaces in fig. 8.10. In fig. 8.10c the grating is 
assumed to have a large number of lines and the diffracted light is 
represented by the wavefronts Py, P_,, P,,, etc. These plane waves 
become approximately spherical waves, centred on Sy, S_,, S,,, after 
passing the lens L. They interfere to form the focused image on the 
plane II’. These diagrams are useful in helping to form a mental 
picture of the way in which the lens forms both a Fraunhofer diffrac- 
tion pattern in the plane FF’ and an image in the plane II’, but it 
must be understood that they show only the most important rays 
and wavefronts. The diffracted light is not confined to the rays shown 
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and does not all pass through the points So, S_, Sy. Since, however, 
a large part of the energy does pass near to these points, we may re- 
gard the light as divided into a set of spectra represented by the plane 
wavefronts, provided that we understand that the spectrum of each 
order includes all the energy passing near to 8), S_,, S,,, ete. 


8.22.—Abbe’s theory is based on the fact that an observer viewing 
the plane II’ from the right can obtain information about the object 
on the plane OO’ only through light which has passed the plane FF’, 
ie. through the light included in the spectra. He says that, if some 
of the spectra corresponding to waves Py, P_,, P,,, etc., are not trans- 
mitted by the instrument, then the image will correspond to a grating 
for which the absent spectra have zero energy. To take an extreme 
case, suppose that only the spectrum of zero order is transmitted. This 
maximum would be given by a wide aperture, uniformly illuminated, 
in the plane OO’. Accordingly the observer sees uniform illumination 
on the image plane. The central maximum alone gives no resolution 
of detail. 

Pursuing this idea Abbe suggested that, if the aperture of a micro- 
scope is not sufficiently wide to include all the diffraction spectra from 
an object, details in the object may be absent and, under certain con- 
ditions, false detail may appear. This last conclusion was strongly 
resisted by microscopists. Abbe proved his case by a long series of 
experiments in which he inserted stops into the microscope so as to 
exclude certain spectra, and showed that false detail appeared. For 
example, suppose that the object is a grating with a spacing of a few 
wavelengths and that the clear spaces are fairly narrow. Several 
spectra contain appreciable energy and stops may be inserted to cut 
out the spectra of odd orders. The remaining spectra correspond to 
an object of half the spacing and the image plane contains an image 
in which each true line appears to be divided into two. When a micro- 
scope is working at a high numerical aperture, very small errors in 
focus will cause some of the spectra to fall on to stops. This may not 
only lead to loss of detail but may also cause the appearance of false 
detail. This point is of some practical importance because with certain 
types of object it is not possible to know when the object is truly in 
focus. The assumption that the best focus is the one which shows the 
most detail is not always justified. 


8.23.—Abbe’s experiments were criticized on the ground that he 
used stops of special shape and position, but A. B. Porter showed 
that similar effects could be produced with circular stops such as are 
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commonly used by microscopists. He also gave a striking practical 
demonstration using a piece of wire gauze of about 0-3 millimetre 
spacing. The gauze G (fig. 8.11) forms a series of spectra in a rect- 
angular pattern. These spectra are formed on a screen S, very close 
together, and by cutting small holes in the screen different sets of 
spectra may be allowed to pass. An image is formed by the lens L, on 
the screen 8,. If a slit is used to exclude all the spectra except those 

on a horizontal line through the central image, then only vertical 
s 


2 


$ 
+ 


S 
Mercury 
lamp 


if be 


Fig. 8.11.—Porter’s experiment (L, acts as a condenser. L, gives spectra 
on S, and image on S,) 


Senceloses (& 


wires are seen. If the slit is turned through a right angle, then only 
the horizontal wires are seen. Perhaps the most striking effect is 
produced by using two slits in the form of a cross. If this is set with 
its lines at 45° to the lines of the gauze, it allows the diagonal spectra 


to pass. The eye then “sees” the gauze but with its lines turned 
through 45°. 


8.24.—We have considered Abbe’s theory in its application to 
objects which have a periodic structure. We obtained a limiting dis- 
tance of resolution by considering the angular separation of the 
“spectra” produced by a grating of alternate transparent and 
opaque spaces. The principal maxima occur in directions given by 
sin 6 = m2’/y when the source of illumination is a parallel beam 
of light travelling in the direction of the axis of the microscope, where 
y is the distance between successive lines of the grating, )’ is the wave- 
length between the grating and objective, and ) the corresponding 
wavelength in vacuum. We assume that the points are not resolved 
unless at least two spectra enter the microscope. This will occur only if 


, 


: A 
i.e. oo ee 
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When the illumination is at an angle 6’, the spectra occur in directions 
given by 


sin 6 — sin &’ = “ (see §§ 6.27 and 6.31). 


If the illumination is such that the direct light (spectrum of zero 
order) and the first-order spectrum on one side enter the microscope, 
then « = 6 = —@’ and 
A 

>=. 
d Qu sin a ge 
Thus, according to the Abbe theory in its simplest form, the minimum 
distance between resolved points is reduced by a factor of two when 
oblique illumination is substituted for axial illumination.* This con- 
clusion is verified approximately by experiment. Following Abbe, the 
number p sin « is called the numerical aperture (N.A.). 


8.25.—The following account of the delineation of detail in an 
image formed by a microscope was given by Johnstone Stoney } in 
the course of an exposition of the Abbe theory. We may imagine the 
object plane to be crossed by a series of fine gratings set at various 
angles to one another. The amount of light in the different gratings 
varies in such a way that together they make up an approximation to 
the pattern of light in the object plane. Each grating is approximately 
reproduced (on an enlarged scale) in the image plane if the correspond- 
ing spectra are collected. The finest grating for which this can occur 
is one whose spacing is given by 8(11) or 8(12), according to the type 
of illumination. Accordingly the image includes only such details as 
can be formed by the superposition of gratings of this (or greater) 
spacing. Obviously, the order of magnitude of the detail which can 
be seen clearly is given by 8(11) or 8(12). If the object is of low con- 
trast, resolution will be more difficult than if it is “ black on white”. 
It will be understood that there is no limit to the smallness of an 
object which can be seen when sufficient light is available. Objects 
whose sizes are much smaller than the limit of resolution can be seen 
by the light which they scatter, but they are seen as discs of light. No 
detail is observed, and in so far as one of these discs has a defined 
boundary its limits are defined by 8(11) or 8(12) and not by the size 
of the object. 

* For a detailed investigation of the effect on the resolving power of the direction 


of illumination, see Reference 8.15. 
+ Reference 8.6. 
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8.26. Representation of Detail in an Object seen through a Microscope. 


We shall now consider the action of a microscope in a more general 
way. Light which is incident upon a material object may be (a) ab- 
sorbed, (b) reflected, (c) scattered, and (d) transmitted with a difference 
of phase. When we see a non-self-luminous object either with the eye 
or by means of a physical instrument, our immediate observation refers 
to the alteration which the object produces in a beam of light which 
is incident upon it. We infer the properties of the object from these 
alterations. The most general type of object has extension in three 
dimensions and all its optical properties vary, in an arbitrary way, 
from point to point. The general problem of microscopy is to produce 
an image of a very small object so as to provide a faithful copy on an 
enlarged scale of small-scale variations of any of the optical properties. 
This ideal solution is unattainable and the technique of microscopy 
consists in the development of instruments which give the best possible 
representation of certain features of practical importance. Obviously 
a wide range of instruments is needed to deal with different kinds of 
objects. The design and the study of the best ways of using these 
instruments is a subject in itself rather than a branch of optics. We 
are concerned only with certain basic ideas, and in order to discuss 
these we consider idealized objects which are much more simple than 
any real object. 

In § 8.20 we discussed the resolution of two self-luminous points, 
and in §§ 8.21—8.24 we have been considering a certain type of grating. 
We now proceed to a more general discussion. Suppose that a plane 
wave of unit amplitude is incident upon a plane OO’ (fig. 8.10) and that 
a microscope is focused on this object plane. The phase and ampli- 
tude of the light which has passed through the object (or has been 
reflected by the object) vary from point to point in the plane OO’. 
We may represent this light by a disturbance &,(x, y) where x and y 
are two co-ordinates in the plane. For the present let us consider &, 
as a function of y only. Then, according to the discussion of § 6.11, 
the angular distribution of this light is given by 


were : 
alr) =5- [ fly) exp (iy) dys... 8(13) 
where Ky = «sin 0 = = sin Oot phe 2 eer BRO) 


Now each povnt on the plane FF’ corresponds to a certain direction of 
propagation, 1.e. to a certain value of «, so that the distribution of 


§ 8.27 CORRUGATIONS 249 


light on this plane constitutes a Fourier analysis of the function E,(y). 
Hach point on the plane II’ corresponds to a certain point on the object, 
1.e, to a certain value of y. If the lens is free from aberrations, it brings 
all the wavelets which it receives from a certain point O to a point I 
without introducing phase differences. If the magnification is —M, 
let us introduce a co-ordinate Y which is equal to 1/M times the 
measured co-ordinate of a point on the image. Then the image may 
be represented by a Fourier synthesis: 


Obi celery (2 a ee 1) 


[see equation 6(6)]. 


The synthesis does not exactly reproduce the object because we must 
insert limits ++, in 8(15) for the range of xy, which corresponds to the 
numerical aperture of the microscope. Note that xy cannot exceed 27/2’ 
with any geometrical arrangement, so that a “ perfect ”’ reconstruction 
is not obtained even if « = 47. Any detail of the object which pro- 
duces a sharp variation of amplitude or phase in a distance 42’ will be 
represented in 8(13) by that part of the integral for which «xy is numeri- 
cally greater than 27/)’. This is just the part of the integral which is 
not included in 8(15) and therefore this 
type of detail is not represented in the 
image. 

This result has been derived by Rayleigh in 
a rather different way. He discusses the pro- 
pagation of a plane wave with small local varia- 
tions of amplitude or phase, and he applies the |. x 
term “ corrugation ” to a variation which extends 
over much less than a wavelength. He shows 
that as a corrugated plane wave advances, the Fig. 8.12.—Decay of corrugations 
corrugations die out exponentially. After the in a plane wave 
wave has advanced through a distance of a few 
wavelengths, the corrugations have effectively been smoothed out and the wave 
is plane again (fig. 8.12). Thus a plane wave which has passed through an object 
with spacing much less than ) cannot retain and transmit any record of the 


structure.* 


8.27. Use of the Fourier Series. 


In the preceding paragraph we have considered the analysis of the 
light from an object in terms of a Fourier integral. When we are con- 
cerned with a variable which extends over a finite range, it is often 


* Reference 8.9. 
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convenient to use a Fourier series rather than a Fourier integral (see 
§§ 4.17 and 4.19). Consider a region in the field of view of the micro- 
scope extending from y = —d to y = +d, and replace y by y’ = my/d. 
Then the integral of 8(15) may be replaced by the series 


£s(y’) = & on exp (iny/) ee a 
where ae | ae exp (—iny’) dy’, . . 8(17) 


and n may be any integer—positive, negative or zero [see equation 
4(51)]. This analysis replaces the effects of the real object by a series 
of periodic effects each corresponding to a pair of terms (c, and c_,) in 
8(16). We call objects producing effects of this special type “ siusoidal 
gratings’. It would, in practice, be rather difficult to construct a 
perfect sinusoidal grating, but that is no reason why we should not, 
for mathematical convenience, represent the effect of any real object 
as a superposition of the effects of a number of sinusoidal gratings. 
The term c, in 8(16) corresponds to a uniform distribution of light on 
the plane OO’ and may be regarded as belonging to a sinusoidal grating 
of infinitely long period. 


8.28.—As before, we expect that the distribution of light on the 
plane FF’ will represent an analysis of the light from the object. We 
may see that this is so by considering the nth sinusoidal grating. The 
space width for this grating is 2d/n in y, which corresponds to a varia- 
tion of 27/n in y’. We know that the first principal maximum for a 
grating of spacing 2d/n lies in a direction corresponding to 


2d sin 8 = nA, 
or Ky = 7/d. St. oe eee) 


Substituting the value of x, given by 8(18) in 8(13), and making the 
necessary change from the variable y to the variable y’, we can see 
that c, represents the light diffracted in the direction corresponding 
to one first-order principal maximum for a grating of spacing 2d/n. 
c_, represents the light in the other first-order principal maximum. 
Thus each of the sinusoidal gratings into which we have analysed the 
object is represented on FF’ by the two points corresponding to its 
first-order principal maxima. A perfect lens will bring together at an 
image point all the light which it receives from a given object point 
without change of amplitude or phase. From 8(16) we see that the 
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light received at some image point Y = A (corresponding to y’ = a) 
is represented by 


€)(Y) = > c, exp (ina). oe ee (LO) 
The limits n, are determined, as before, by the angle which the lens 
can accept. The light from the object is represented by a complete 
Fourier series; that in the image corresponds only to the super- 
position of gratings whose first-order principal maxima are trans- 
mitted through the instrument, so that the representation is imperfect. 


8.29. Phase-contrast Microscope. 


The eye, and all physical receptors, cannot detect differences of 
phase but only differences of energy. In order to see a transparent 
object, it is not sufficient to magnify it. We must produce an image 
in which differences of phase in the object have been converted into 
differences of energy. For ease of interpretation it is desirable that 
the differences of energy in the image shall bear a simple relation to 
the differences of phase which they represent. We shall now describe 
a device, due to Zernike, which enables small differences of phase in 
an object to be represented by proportionate differences of real ampli- 
tude in the image plane. Consider two objects: 

(i) An “amplitude object’ for which &,(y) is real for all values 

of y. 
(ii) A phase object for which &(y) is complex but the modulus of 
€)(y) is unity for all values of y. 


For a phase object we may put 


Ely) =e", Pen CAI 
where 8 is some function of y. When 6 is small, this may be written 
en ag’, 5 eo eg BT 


Now consider three objects for which the transmitted light is repre- 
sented by: 


(Gh GH, 
(6) €,=1+fy), . - - - . 8(226) 
(cm ce) f(y), ee - 0(22c) 


where f(y) is real for all values of y and is <1. Of these ¢, represents 
a transparent object (phase object), €, and ¢_ represent objects which 
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absorb the light in some areas more than in others but which introduce 
no phase differences (amplitude objects). (b) and (c) are complementary 
in that the lighter parts of (b) correspond with the darker parts of (c) 
and vice versa. According to 8(22) the total amount of energy trans- 
mitted is approximately the same for each object. This is possible 
if we assume that the energy incident upon the absorbing objects is 
greater than that incident upon the transparent object. From 8(17) 
we see that, when f(y) is small compared with z (for all values of 
y), Cy is nearly unity for all three objects, the imaginary component 
being negligibly small. The values of c, for the three objects satisfy 
the relation 


A(Cn)y = (Cn)4 = —(Cn)-- » - + + 828) 


The energy at a typical point on FF’ is given by c,c,* and is the same 
for all three gratings. The relation of phases between the central light 
and the non-central light is different for the three gratings. Owing to 
the different relation of phases on FF’, the distribution of energy on II’ 
is different for the three objects, and for (a) we obtain uniform illumi- 
nation on II’. Now suppose that a thin plate is introduced into the 
plane FE’ so as to retard the phase in the centre by $7. Then the 
distribution of phases on FF’ given by (a) with the plate is the same 
as that given by (b) without the plate. Thus the object (a) is visible 
when the plate is used (positive phase-contrast). If the phase in the 
centre is advanced by 4 the object (a) is again visible, but the regions 
which were dark before are now light (negative phase-contrast). Photo- 
graphs showing positive and negative phase-contrast with transparent 
objects are given in Reference 8.10. In practice, to obtain good resolu- 
tion, the object is illuminated with a hollow cone of light. The central 
image is then replaced by an annular ring on the plane FF’. It is usual 
to insert in this place a plate which has been coated with an annular 
ring of transparent material of optical thickness slightly less than 
tA. The ring is applied by vacuum evaporation. It is thus necessary 
for the condenser and the phase plate to match one another. 


8.30.—The phase-contrast method is not the only way of making transparent 
objects visible. If the central image is excluded by a stop (dark-ground illumina- 
tion) or if all the light on one side of the centre is excluded (Schlieren method), 
then transparent objects become visible. Several devices of this type were known 
before the advent of phase-contrast methods. Zernike gave the first really satis- 
factory theory of these methods, and his own phase-contrast device is the only 
one that makes contrasts in the image proportional to phase differences in the 
object plane. Zernike’s method does this only when the phase differences are 
small. We can see that it will not work so well when phase differences are large 
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by considering an object of many strips of equal area with a phase difference 1 
between alternate strips. The energy in the central image is then zero and insertion 
of a central phase-plate is useless. When phase differences are fairly large (but 
not 7), it is an advantage to be able to alter the energy of the central image 
as well as its phase. Devices which enable this to be done have recently been 
developed.* 


8.31. Optimum Magnification. 


With a dry lens, the maximum value of the numerical aperture 
is 1-0, and values up to 0:95 have been attained. Oil-immersion 
objectives with numerical apertures up to 1-65 have been constructed. 
The minimum distance between points which are just resolved is thus 
2-7 X 10-5 centimetre for a dry lens and 1-6 x 10-5 centimetre for an oil- 
immersion lens using oblique illumination and a wavelength of 5500 A. 
The maximum useful magnification (see § 8.8) is thus about 800 for a 
dry lens, and 1200 for an oil-immersion lens. 

It is possible to reduce the limit of microscopic resolution by photographing 
the object with ultra-violet radiation of wavelength about 2200 A. The limit of 
resolution is then about 1000 A. or 0-1 y. The microscope and slides must be 
constructed of materials transparent to radiation of this wavelength and the 
optical system must be specially corrected for the wavelength used. The photo- 
graph may be enlarged to give an overall magnification of about 3000. Very much 
higher magnifications have been obtained using electron microscopes. In these in- 
struments the effective wavelength may be of the order of 0-1 A., but the numerical 
aperture of models so far available is very low, being only of the order of 0-01. 
The theoretical limit of resolution is thus of the order of 10 A. The practical 
limit is not quite so low and the useful magnification is in the region of 100,000. 
There are many difficulties in connection with the use of these instruments, and 
many technical problems concerning the preparation of specimens and the inter- 
pretation of results remain to be solved. Further discussion of these matters is 
outside the scope of this book.f 


8.32. Purity of a Spectrum obtained with White Light. 


Suppose that a vertical slit is placed in the spectrum of a white- 
light source formed by means of a prism or grating spectroscope, and 
that the light which passes through the slit is examined in a second 
spectroscope of higher dispersion and resolving power. It is found 
that the light transmitted by the first instrument covers a certain 
range of wavelength. When the slit is fairly wide the range of wave- 
length is approximately proportional to the width of the slit. When 
this width is gradually decreased, the range of wavelength transmitted 
reaches a constant value not dependent on the width of the slit, which 
then affects only the total amount of light transmitted. This constant 


* References 8.10 and 8.11. + Reference 8.12. 
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minimum range of wavelength is an inverse measure of the purity of 
the spectrum. If the instrument is free from aberrations, it is deter- 
mined by the resolving power. Each wavelength in the light incident 
upon the first spectroscope forms a Fraunhofer diffraction pattern of 
the slit. The light of any one wavelength is spread over a finite region 
in the spectrum. Consequently, the light reaching any one point in 
the spectrum is not entirely of one wavelength, but includes a range 
of wavelengths. The range of wavelength reaching a given point (with 
appreciable energy) is of the order of 2AAg, where Ad, is the minimum 
wavelength difference which can be resolved. The purity of the spec- 
trum is inversely proportional to AA, and is proportional to the 
resolving power. Thus a pure spectrum in which every point corre- 
sponds to one and only one wavelength, is an ideal concept which 
cannot be realized in practice. An instrument of infinite resolving 
power would be required to produce such a spectrum. In any actual 
spectrum the light passing any given point is represented by a wave 
group, not by an infinitely long simple-harmonic wave train. The effec- 
tive number of wavelengths in the wave train produced by putting a very 
narrow slit into the spectrum is approximately A/AAg, i.e. it is equal 
to the resolving power of the instrument (see § 4.21 and also Appendix 
IV B, §§ 10-14). 


8.33.—In the two preceding paragraphs we have assumed that white light 
may be “ analysed”’ by Fourier’s methods into components of different wave- 
lengths. As explained in § 4.33, it was at one time contended that white light 
“ consisted ”’ of a series of irregular pulses, and the validity of analysis was ques- 
tioned. It is of historical interest to see how the formation of a spectrum with 
white light can be discussed without analysis. The formation of monochromatic 
light from an irregular pulse by a grating is explained on the assumption that 
each clear space of the grating transmits a single small pulse. At a given place 
in the spectrum these pulses arrive at regular intervals. These intervals correspond 
to the differences of path from the different elements to the given point, and in a 
first-order spectrum the path differences between paths from successive spaces 
are equal to the wavelength whose principal maximum is situated at the given 
point. Thus a disturbance of the frequency corresponding to that wavelength is 
produced. Also the number of waves in the wave train is equal to the number of 
elements in the grating, i.e. to the resolving power of the grating in the first order. 
The formation of an approximately simple-harmonic wave train in this way 
has been compared to the reflection of an irregular noise, such as a handclap, 
from a flight of steps. An observer situated in a suitable position hears, as an 


echo, not the original sound but a definite note produced by the successive arrivals 
of reflections from the different steps. 


8.34.—In the above discussion, the periodic structure of the grating acting 
upon an irregular pulse gives rise to regular trains of waves of defined frequency. 
It might appear, at first sight, that the action of a prism, which possesses no 
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periodic structure of its own, on an irregular pulse could not give rise to regular 
trains of waves. Rayleigh * has treated this problem in a very elegant way by 
means of an analogy with the production of a train of waves when a jet of air 
impinges on the surface of a liquid. We may briefly consider the application to 
refraction by a prism. Suppose that a pulse travels through distance t, in a medium 
where the group velocity is U but waves of frequency v travel with a higher velo- 
city 6. During the passage of the group through the dispersive medium, waves of 
frequency v are continually emerging from the front of the group. The first wave 
of this frequency has passed right through the dispersive medium in a time t,/0. 
By the time the group has passed through the medium there are 


N= (2-'2)y ad ee ee 04) 


waves of frequency v ahead of it. Inserting the values A = c/v and up. = c/b, and 
the value of U from 4(41), we obtain 


8(25) 


Thus a train of waves of wavelength 1 containing N waves emerges from the 
thicker part of the prism. Shorter trains emerge from the thinner parts, but the 
phase relations are such that all wavelets of this wavelength combine at a certain 
point (P) in the focal plane of the telescope objective. At other points the trains 
of this wavelength interfere to destroy one another. At the point P in the spectrum, 
light of wavelength is seen, and the number of waves in the wave train is equal 
to the resolving power of the instrument. 


8.35.—In Chapter V it was shown that in general interference fringes are 
obtained with white light only when the path difference is small (or when some 
special achromatizing arrangement is used). It was stated that, if a spectroscope 
is placed to receive light from a point corresponding to a high order of interference, 
channelled spectra may be obtained even though no interference effects can be 
observed with a non-selective receptor. Obviously the “ bands ”’ will be observed 
only if the wavelength difference between successive maxima is greater than the 
minimum difference resolved by the spectroscope. From equations 5(17) and 
5(18) we see that the wavelength difference is 4/n, where n is the order of inter- 
ference at the point from which light is taken. It follows that the bands are seen 
only when the resolving power is greater than the order of interference. 


8.36. Talbot’s Bands. 


It was shown by Fox Talbot that when a thin plate of glass is inserted in a 
prism or grating spectroscope so as to cover one-half of the aperture of the lens of 
the telescope (see fig. 8.13), a series of bands appears in the spectrum. The bands 
are obtained only if the plate be inserted on the side of the lens towards the blue 
end of the spectrum.f Thus with a grating the bands appear in spectra on only 


* Reference 8.13. 

+ The plate may be inserted in various positions, either before or after the prism 
or grating. In the case of a liquid prism it may be inserted within the prism. It may 
also be inserted in front of the observer’s eye so as to cover half the pupil. All these 
positiens are equivalent, for our present purpose, to the one shown in fig. 8.13. 
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one side of the central image. This is the same side as that on which the plate 
has been inserted. There is an optimum thickness of the plate which gives the 
clearest bands and, if the thickness exceeds twice this value, bands are not seen 
no matter how high the resolving power. It was originally suggested that the 
bands were due to a simple type of interference between light from the two halves 
of the aperture. This explanation is not correct because the effect of the plate is 
not to produce two virtual sources but to displace part of the wave surface. Thus 
the problem is one of diffraction. The original explanation also fails to show why 
the fringes are found only when the plate is on one side of the aperture, and why 
there is an optimum thickness. 


COLLIMATOR iaeed Os 


Fig. 8.13.—Formation of Talbot’s bands 


8.37.—A simple explanation of Talbot’s bands may be based on the “ irregular 
pulse ’ view of white light. In § 8.33 a grating of N lines was assumed to send a 
series of NV wavelets to arrive successively and give rise to a vibration of wave- 
length A at a certain point (P) in the spectrum. When the plate is inserted, two 
wave trains each N2/2 in length will arrive at this point. One has arrived directly 
from the upper half of the grating (see fig. 8.13). The other has passed through 
the lower half of the grating and through the plate whose thickness we may put 
equal tot,. Maximum interference will occur when the two wave trains completely 
overlap at the point P, i.e. when they start to arrive at that point simultaneously. 
If the plate were not present the one train would begin to arrive NA/2c seconds 
before the other. Owing to the presence of the plate it has to travel a distance 
t gina dispersive medium with group velocity U, while the other beam travels a 
distance t, in air. We neglect the dispersion of air and put its refractive index 


equal to unity. The difference of time caused by the insertion of th : 
therefore (from 4(41)) NS e plate is 


o— 2 =2( dy. 
eas aH _ 1), ie ge(o8) 


Thus for fringes of maximum visibility we must have 


d 
4NA —t,(u— 0 —1) =o. eal Renee s(o7) 
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When the above relation holds exactly the two wave trains interfere to produce 
a maximum at P. If the value of the left-hand side of 8(27), when 2’ is substituted 
for 4, is $2’, then for this wavelength the amplitude is zero. Thus the relation 
between the wavelengths corresponding to maxima and minima is given by 


d aw 
iN t ( x ue 1) 1 , | Po oy ia fis 
2 g\t rn a(N — 1)d’ — ty iu’ — a 1}, — 8(28) 


where py’ and (dy./dd)’ are the values corresponding to 2’. Over short ranges of 


the spectrum we may neglect the difference between y and uy’, and we then have 


Nee  @ 
r N 


8(29) 


for the wavelength difference between a maximum and a minimum. If the thick- 
ness of the plate has some value between zero and twice the value given by 8(27), 
the wave trains partly overlap and some fringes are present, though the visibility 
is very low when ¢, is near one of the extreme values. When, however, é, is greater 
than twice the value given by 8(27), the wave trains from the part AB of the grating 
will have passed P before that from BC has commenced to arrive. No fringes 
will then be produced. Also no fringes will be produced if the plate is placed so 
as to retard the part AB of the wave train coming from AC. This part is already 
retarded with respect to the part BC before the plate is inserted and further 
retardation obviously does not produce interference. 


8.38.—If we consider the problem from the point of view of the Fourier anal- 
ysis, equation 6(7) may be integrated between limits corresponding to the two 
halves of the grating, the appropriate retardation being introduced. The inte- 
gration is carried out for one wavelength, and then the resulting expression inte- 
grated over all wavelengths. This process is rather lengthy but it does give a com- 
plete solution, including the energy distribution both for the simple case consi- 
dered in § 8.37 and for cases where the plate covers more or less than half the 
aperture, etc. Detailed treatments have been given by Airy, Stokes and Struve.* 

The following is a brief treatment of the case of a plate covering half of a 
rectangular aperture, from the analytic point of view. Then the path difference, 
from the two ends of the grating to the point P, is VA and the path difference 
between the resultant wave arriving at P from AB and that from BC is NA/2 
when the plate is absent. It is 


NA —(u — 1) t 


when the plate is inserted. 

Maximum illumination will occur at P if the phase difference is equal to an 
integral multiple of 2x not only for wavelength ) but also for all other wave- 
léngths which are sufficiently near to contribute appreciably to the illumina- 
tion at P. We have seen above (§ 8.32) that this includes a small but finite range 
of wavelength approximately equal to twice the smallest difference of wavelength 


* A summary of Airy’s analysis and full references are given by Rayleigh (Re- 
ference 8.14). 
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which can be resolved. The phase difference for a wavelength (A + Ad) arriving 
at the point P is 


20 


spray hia — (w+ Ap — 1)ty} 


See (1 —”) (pwva — (u i ant = 1) t,|. 8(80) 


This phase difference must be the same for all wavelengths in the neighbour- 
hood of d, ie. for which AX/AX 1. Neglecting the second-order term in 8(30), 
this condition will be met if the coefficient of Ad is zero. Thus 


pwa—(u-2—1)1,=0 4 2. 2 868 


in agreement with 8(27). 


8.39.—The condition for maximum sharpness of the bands is thus the same 
whether we adopt the “ irregular pulse” or the “ analytic” view of white light. 
In either case, the essential condition is that two wave-groups, one from each 
half of the grating, shall pass the point P simultaneously. This problem is in many 
ways similar to the problem of achromatic fringes discussed in Chapter V. Its 
solution shows once again that the two “ theories” of white light are really only 
one theory, The wave-group concept clarifies both and shows their essential 
agreement. 


EXAMPLES [8(xii)-8(xv)] 


8(xii). What is the effect of using a phase-contrast plate with an object which 
introduces absorption but no phase differences ? 


[If the variation of absorption is small, then the object becomes invisible. 
There are differences of phase in the plane II’ but no differences of 
energy. This no longer holds if there are large variations of trans- 
parency between different parts of the object.] 


8(xiii). Write down equations for the passage of a wave group first through 
a prism (of base thickness ¢, and refractive index u.,) and then through a plate 
(of thickness ¢g and refractive index ug). The plate covers half the prism. Consider 
in order the cases where (1) neither material is dispersive, (2) the prism material 
is non-dispersive and the plate is not, (3) both materials are dispersive and have 
different indices and dispersions. Show that the condition for maximum clearness 
of Talbot’s bands in the third case is 


du ) du 
(uy — 92-1) 4, — (ne — 9H —1)ig—0, 982) 


and that the results for the other two cases are the same as those obtained by put- 
ting one or both of the quantities dug/dd and dy.,/dd equal to zero in 8(32). 


8(xiv). Baden-Powell obtained bands by inserting a thin plate of dispersive 
material in a liquid prism, the length of the plate being half the height of the 
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prism. Derive an expression for the maximum clearness of the bands. Under what 


conditions must the plate be placed (a) to touch the apex of the prism and (6) to 
touch the base of the prism? 


8(xv). The apparatus for the production of Talbot’s bands may be considered 
as a transmission echelon grating (of two “ steps”) and a spectroscope acting 
together. Show that the echelon is in the single-order position for a wavelength 
corresponding to a maximum. Calculate the wavelength corresponding to double- 
order positions (when the plate is of optimum thickness for the production of 
Talbot’s bands). Hence construct a “ theory ” of the bands. How does this theory 
explain the fact that bands are not obtained when the plate is inserted in the 
wrong position? 


8.1. 
8.2. 
8.3. 
8.4. 
8.5. 
8.6. 
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CHAPTER IX 


Measurements with Interferometers 


9.1.—Interference methods of measurement provide many ex- 
amples of experiments in which an accurate result is obtained con- 
veniently and without making excessive demands on the skill of the 
observer. The accurate result is made possible because the experiment 
is well designed and the apparatus accurately made. The initial 
observation is usually a measurement of a displacement in a system of 
interference fringes. This shows a change in the phase difference 
between two interfering beams, and indicates a change in optical path 
difference due either to a mechanical displacement or to a difference 
of refractive index. 


9.2. Classification by Type of Interference. 


Interferometers may be divided into the following types: 

(a) Instruments in which the wavefront is divided into two or 
more parts. The division may be made by an opaque screen with a 
number of apertures (as in Young’s experiment, § 5.7) or by means of 
prisms or mirrors as in Fresnel’s experiments (§ 5.9). 

(6) Instruments in which the light is divided by means of semi- 
reflecting surfaces. Part of the light is reflected, and part transmitted. 
These parts are brought together again by suitable arrangements of 
mirrors and prisms, and, being coherent, they interfere. The Michelson 
interferometer is a typical instrument of this type. 

Mirrors may be used in either type of instrument as reflectors. 
The essential feature of the instruments of Type (6) is that at least one 
mirror is partially reflecting, and that the reflected and the trans- 
mitted beams are reunited. 


9.3.—An entirely different method of classification is also possible. 
Instruments may be divided into those which operate by the inter- 
ference of two beams, and those which employ more than two beams. 
The Fresnel biprism and the Rayleigh refractometer are examples of 
instruments of Type (a) which use two beams. The echelon diffraction 


grating is an instrument of Type (a) employing more than two beams. 
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The Michelson interferometer is an instrument of Type (6) which 
uses two beams. The Fabry-Pérot etalon and the Lummer-Gehrcke 
plate are multiple-beam devices of Type (6). 

The fringes produced by instruments of Type (a) are essentially diffraction 
fringes, and there would be some justification for calling them “ diffractometers ”. 
The ruled diffraction grating is an instrument of this type. The usual practice 
is to apply the name “ interferometer” to many instruments of Type (a) as well 
as to instruments of Type (6). This is done because the methods of manufacture 
and technique of use of many instruments of Type (a) are similar to those of instru- 
ments of Type (b). They are therefore called interferometers, but this name is 
not applied to the ruled diffraction grating which, from the purely technical 
point of view, may be regarded as a dispersive system alternative to a prism. 


9.4. Classification of Uses of Interferometers. 


The observations and measurements made with interferometers 
may be divided into five main classes: 

(i) Geometrical measurements. 

(11) Measurements of refractive index. 

(ii) Measurement of the ratio between the wavelength emitted by 
a standard source and a mechanical length. 

(tv) Comparison of two wavelengths. 

(v) Investigations of theoretical importance. 

The first class includes the testing of optical components such as 
lenses or prisms, the comparison of mechanical gauges used in machine- 
shop work, and the measurement of small mechanical displacements. 
The fourth class includes the observation of the very fine structure in 
a spectrum line, as well as the comparison of lines of different intensi- 
ties. The fifth class includes experiments like that of Gouy (§ 7.26), 
as well as a number of experiments which will be described in later 
chapters (especially in Chapter XI). 


9.5. The Testing of Optical Components. 


From the point of view of wave theory, the action of an optical 
component is to alter the direction or shape of wave surfaces. When 
a parallel beam of light falls on a plane mirror the wave surfaces change 
in direction but remain plane. When a similar beam falls upon an ideal 
lens, the plane wave surfaces are changed into spherical wave surfaces 
whose centres are located at a point in the focal plane. In practice, 
most optical components do not fulfil their function perfectly. They 
cause some deformation of the wave surfaces. If a beam of light is 
reflected by a mirror which is plane except for small local deviations, 
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Fig. 9.1.—Twyman-Green interferometer: (a) arrangement for testing a prism, 
(5) testing a lens, (¢) testing a microscope objective, (d) testing a block of glass 


§ 9.6 THE TWYMAN-GREEN INTERFEROMETER 263 


these irregularities cause corresponding irregularities in the wave 
surfaces which represent the reflected waves. A lens may suffer from 
local irregularities and may also show a somewhat different type of 
error. The emergent wave surface may be smooth, but may not be of 
the desired shape. Both these errors may be included in the statement 
that all paths from the object point to the image point through the 
lens are not optically equal. It is thus desirable to have an instrument 
which will test directly the total effect which an optical component, 
or assembly of components, has upon a wave surface. Such a test is 
also a test of equality of optical path from object point to image point. 


9.6. The Twyman-Green Interferometer. 


The instrument shown in fig. 9.1 was designed by Twyman and Green 
for testing prisms. Light from a monochromatic source is focused by 
an auxiliary lens upon a small hole in a diaphragm placed at H. The 
point source so formed is at the focus of the lens L,. Plane waves 
emerging from this lens are partly reflected and partly transmitted by 
the half-silvered mirror M,. The re- 


flected light is again reflected by the [~ 
mirror M,, and is focused by the lens 
L, upon a hole in a diaphragm placed 


at E. The other part of the light 

passes through the prism, is reflected 

by M, and, after another passage 

through the prism, reaches the dia- 

phragm at E. The observer’s eye is 

placed immediately behind the dia- 

phragm. If the prism is perfect, he \ Va 
sees a uniformly illuminated field. The a ai EIS aes 
illumination is a maximum if the ~™ fringes of equal thickness. 
position of the mirror M, is adjusted 

so as to make the difference between the optical paths of the two 
beams equal to an integral multiple of the wavelength. When the 
prism is imperfect, the wave surfaces which reach L, after reflection 
at M, are not plane. They interfere with the plane wave surfaces 
from M, so as to produce a set of fringes which may be regarded as a 
contour map of the imperfections in the prism. A typical ‘map is 
shown in fig. 9.2. Q represents the highest point of a “ hill”. The 
contour lines are usually drawn in wet rouge on the surface of the 
prism with a paint brush. The excess material may be removed by 
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polishing first at the point Q, and then gradually extending the area 
of polishing to the other contour lines. 


9.7—If it is uncertain whether Q represents the top of a hill or the bottom of a 
depression, the doubt may be resolved by pressing on the frame of the instrument 
so as to displace the mirror M,, and thereby to increase the corresponding path. 
If the contours expand so as to enclose a larger area, a hill is indicated and vice 
versa. The fringes give the total effect on the wave surface produced by double 
passage through the prism, and show (in wavelengths) the departure of the wave 
surface from flatness. These imperfections in the wave surfaces may arise from 
want of flatness of either or both surfaces of the prism, or from local variations in 
the refractive index of the material. The instrument does not distinguish between 
these possibilities. In an optically perfect prism the quantity (u. — 1)¢ increases 
linearly from the apex to the base. Optically perfect prisms are usually obtained 
by polishing the surfaces so that small differences of thickness compensate for 
inhomogeneity of the optical material. This process is called figuring. 


9.8.—It should be noted that variations in the contour lines may be obtained 
by a tilt of the plane of reference. A small adjustment of either M, or M, may 
change the contour map from that shown in fig. 9.3 to that shown in fig. 9.4. The 
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Fig. 9.3.—Contours of local depression (section shown above) 


form of the surface is the same in both cases (see sectional diagrams at the tops of 
the figures) but the plane of section is different. If the operator bases his polishing 
on either diagram he will obtain a perfect prism, but the angle of the prism ob- 
tained by using one diagram will differ slightly from that obtained when the other 
is used. The skilled operator will adjust the instrument before marking the con- 
tours, so as to choose an aspect which requires the minimum polishing to achieve 
a corrected prism. 
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9.9.—Although the Twyman-Green interferometer is superficially 
similar to the Michelson interferometer, its invention marked a radically 
new departure in interferometry and in optical testing. It differs 
from the Michelson instrument in the use of the point source which, 
together with the lens L,, produces a plane wave surface; it differs 
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Fig. 9.4.—Change in contours when reference plane is tilted 
(as shown above) 


also in the use of the lens L, which arranges that all parts of the emer- 
gent wave surfaces enter the observer’s eye. It should be noted that 
the lens L, does not act as a telescope and form an image of fringes 
localized at infinity. The observer’s eye is placed at its focus, not so 
as to view its focus. 

The function of the lens L, is to make light from all parts of the 
field enter the observer’s eye. The beams which interfere are nearly 
parallel, i.e. we are concerned with only narrow pencils of rays. This 
gives great depth of focus and the fringes are not sharply localized. 
If the observer puts the marking brush near either surface of a prism 
and focuses his eye upon it, he will see the fringes in focus, and can 
mark the part of the surface which must be worked to give correction. 


9.10.—The Twyman-Green interferometer may be adapted to test 
lenses or lens systems (fig. 9.16). If the lens L; which is under test 
changes the incident plane wave into an exactly spherical wave, then 
a convex mirror M,’ suitably placed will return all the rays along their 
own paths and the field will be uniformly bright in one adjustment. 
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The procedure for locating and removing errors is similar to that 
described for the prism. 

There is some difficulty in making spherical mirrors of radius of curvature 
small enough to test high-power microscope objectives. This difficulty has been 
overcome by using the surface of a minute drop of mercury as the reflecting 
surface. When the drop is of the order of a millimetre in diameter, the forces due 
to surface tension are so much greater than those due to gravity that the form of 
the drop is effectively spherical. An alternative method is to use an objective O; 

of known high quality, together with the 
re objective O, which is under test, so that 
together they form a telescopic combination. 
The interferometer may also be used to test 
\» pieces of glass with nearly parallel sides, using 
‘. the arrangement shown in fig. 9.1d. When a 
plate shows no fringes the value of (u — 1)t is 
the same at all points, but the surfaces are not 
necessarily flat. 


9.11. Fizeau Method. 


The apparatus shown in fig. 9.5 may 
be used for testing the constancy of pt 
for a piece of glass with nearly parallel 
sides. A black cloth is placed at the 
base of the instrument and interference 
is obtained between beams of light re- 
flected from the top and bottom faces 
of the test piece T. These beams are of 
approximately equal amplitude. The 
function of the lens L is to arrange that 
a plane wavefront falls nearly normally 
on the plate. Thus light reaching the 
observer’s eye from any part of the plate 
has passed through it nearly normally. 
The fringes seen are fringes of equal 
optical thickness. They are localized 

Fig. 9,5.—Fizeau interferometer in the plate (§ 5.20), though owing to 
the smallness of the source they are not 
very sharply localized. In many ways this arrangement is like a 
simplified form of the Twyman-Green interferometer. The lens in 
fig. 9.5 fulfils the functions both of L, and of L, in fig. 9.1. It does 
not act as a telescope to focus the fringes. The essentials of this 
arrangement were originally due to Fizeau, but the form shown is a 
more recent development. 
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The homogeneity of an optical material may be tested by cutting 
a sample and polishing the sides to be plane and parallel. The Twyman- 
Green interferometer may then be used to determine the variation of 
(u — 1)t, and the Fizeau apparatus to determine the variation of pt. 
When both of these are known the variations of » and of t may be 
calculated. 


9.12.—An optical flat is a piece of material having one surface plane 
to within one-tenth of a wavelength or better.* A surface may be 
tested against a glass optical flat by placing the surfaces in contact, 
and viewing the fringes of equal thickness described in § 5.18. An 
extended source of light—such as the light of the sky or a diffusing 


Oe 


Fig. 9.6.—Fringe systems obtained with Fizeau-type interferometer: (a) plane parallel 
surfaces, (6) plane surfaces inclined at a small angle, (c) central while (d) central e depres- 
sion ” at top of ‘‘ hill ”, (e) small ‘‘ hill” or ‘‘depression”’ at side, (f) ‘‘ hill” or “‘ valley 
running diagonally across plate. 


screen illuminated by a mercury arc—may be used. A colour filter is 
used to select a moderately narrow spectral region. With this arrange- 
ment irregularities of about one-twentieth of a wavelength may easily 
be detected. Some typical appearances are shown in fig. 9.6. 


* The highest quality optical flats are plane to about one-hundredth of a wave- 


length. : 
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9.13.—When it is inconvenient to place the surfaces in contact, 
a Fizeau type of apparatus may still be used. Since the fringes are 
seen by nearly parallel light, the surfaces may be widely separated. 
If the Fizeau arrangement is used with a glass plate as the standard 
optical flat, extra fringes may be seen owing to reflections between 
the two surfaces of the plate. These are confusing unless the plate is 
made wedge-shaped (so that the extra fringes are very close), or of 
exactly constant optical thickness. 

9.14.—It is interesting to consider the production of an optical flat when no 
standard flat is available for test. When two pieces of glass are ground and pol- 
ished on one another with a suitable rotary motion, they tend to become spherical. 
One is convex and the other concave. If the radius of curvature is very large, 
tests with contour fringes only reveal the accuracy of fit, but do not show that 
they are not plane. To meet this difficulty three surfaces are worked against each 
other, in pairs, until the fringes show that each of the three possible pairs fit. 
Then all three surfaces must be plane. 


9.15. Multiple-beam Fringes. 


A method of using multiple-beam interference for the examination 
of surfaces has recently been used by Tolansky.* His apparatus is 
essentially the same as that shown in fig. 9.5, but he uses a partly 
reflecting film of silver on both surfaces. The silver is deposited by 
evaporation in vacuum. Special care is taken to ensure that the light 
is accurately parallel, and normal to the surfaces. One of the surfaces 
is a good-quality optical flat, and the other is the natural surface of a 
crystal, such as quartz or mica. Owing to the multiple reflections 
between the two surfaces, the bright fringes are sharper than those 
obtained with the ordinary Fizeau method. “ Hills” and “ depres- 
sions” which are only 30 A. in height can be detected, and the error 
in measuring the height is only a few Angstrém units in the best cases. 
The molecule of mica is 20 A. in thickness, and it is possible to detect 
(on the surface of mica crystals) regions which are raised above the 
general surface level by distances varying from 40 A. to over 20,000 A. 
These distances are always multiples of the lattice spacing. 

It should be noted that the high linear discrimination is attained 
only in the vertical direction, and is due to the increase of effective 
length of path produced by multiple reflection. Some multiple-beam 
fringes of the type described above are shown in Plate II 7, j, & and I. 
Fringes obtained by the ordinary Fizeau method (§ 9.11) are shown 
for comparison (Plate II g and h, p. 126). 


* Reference 9.11. 
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9.16. Testing of Mechanical Gauges. 


Accurate standards of length are required for high-precision machine- 
shop work. The standards of length usually consist of cylindrical 
pieces of steel, whose ends have been polished to be accurately flat and 
parallel to one another. Two such gauges may be put together by a 
process known as “wringing”. The surfaces to be “ wrung” are 
carefully cleaned and pressed together with a minute film of paraffin 
between them. The paraffin is squeezed out by the atmospheric 
pressure so that the surfaces are forced into good contact. The accuracy 
of an instrument such as a good screw gauge may be estimated by 
finding what reading it gives when applied to a test block whose 
length is known very accurately. The test block itself is liable to 
wear under constant use, and it is therefore usual to retain certain 
standards of specially high quality, which are used only to check 
the ordinary working test block. The followmg method enables a 
test block to be rapidly and accurately compared with a standard. 


9.17.—The surfaces of the test block are first tested for flatness 
by the method described in § 9.12. If they are not sufficiently flat, the 
block has no unique and definite length to be accurately measured. 
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Fig. 9.7.—Testing of end-gauges 


If the ends are flat, then one end of the test block and one end of the 
standard gauge are wrung on to an optically flat steel plate. An opti- 
cally flat glass plate is placed across the top (fig. 9.7A). This flat will 
usually rest on one edge of each block, and there will be a wedge of 
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air between the flat and the standard gauge. Interference fringes will 
be seen, and from their separation the difference of height (dh) be- 
tween the gauge and the test block may be calculated.* Suppose that 
the number of fringes per unit length is n, and the distance between 
the two edges on which the upper plate rests is L, then 


ah = Spee eh ee 


It is usual to view the fringes through a filter which passes a narrow 
region of the spectrum of wavelength 5100A., or approximately 2 x 10-5 
inch. If L is made equal to one inch, then one fringe per inch implies 
a difference of length of one-hundred-thousandth of an inch. It is not 
convenient to count fringes whose separation is less than 1/40 inch, 
and the maximum difference of length which can easily be measured 
by this method is therefore 


8h = (40L) xX 10-°=4x 10D. . . . 9(2) 


Thus with optical flats of 24-inch diameter, a difference as great as 
one-thousandth of an inch can be measured. Greater differences than 
this can be conveniently measured by micrometer screw-gauge methods. 


EXAMPLES [9(i)-9(vii)] 


9(i). What will be the appearance of the fringes obtained with the apparatus 
described in §§ 9.16 and 9.17 if the ends of the test block are flat, but not quite 
parallel to one another? (b) What changes will occur when the test block is 
rotated about a vertical axis? 


[The fringes will always be straight lines perpendicular to the line of 
greatest slope. Their separation will change when the block is rotated. 
See fig. 9.7B and C.] 


9(ii). A standard gauge and a test block have each a one-inch square cross- 
section. The ends of the gauge are plane and parallel, and its length is 2 inches. 
The ends of the test block are plane, but not quite parallel, and its greatest length 
is a little less than the length of the gauge. The gauge and the test block are 
wrung on to an optical flat, so that their centres are 2 inches apart. An optical 
flat is placed across the top. In one orientation of the test block 20 fringes to the 
inch are seen in the film above it. When it is rotated through 180 degrees there 
are 5 fringes per inch. In each position the fringes above the test block are parallel 


to those above the gauge. What deductions concerning the test block can be 
derived from these observations? 


* Fringes are also seen over the test block, but they do not give the differen 
; > ce of 
cae directly unless the surfaces of the test block are accurately meen [see Heanple 
ii)]. 
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What further information may be obtained by viewing the fringes over the 
gauge? 

[There are two possible solutions which give the same number of fringes 
over the test block. In one case the flat rests on the same edge of the 
test block in both orientations. This situation gives maximum height 
of test block 1-99990 in., and minimum height 1-99975 in. The other 
solution gives heights of 1-99980 in. and 1-99970 in. The cases may 
be distinguished by viewing the fringes over the gauge.] 

9(iii). A glass flat is placed on top of a strip of polished steel which can be 
bent by weights as shown in fig. 9.8a. The fringes obtained are as shown in fig 
9.86. Give a qualitative discussion of the shape of the surface of the steel, al 


say generally how the results may be explained. [See answer to 9(iv).] 
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Fig. 9.8.—Cornu’s method for the measurement of Young’s modulus 
and Poisson’s ratio 


9(iv). Show that by means of measurements on the fringes described in 
Example 9(iii) it is possible to calculate Young’s modulus and Poisson’s ratio for 
the steel. Derive the appropriate formule. 

[See Campion and Davy: Properties of Matter (Blackie), second edition, 
pp. 76-78.] 

9(v). You are given two distance pieces each approximately one centimetre 
cube. How would you use interference methods to determine the ratio of the 
volumes? Give some estimate of the percentage accuracy attainable. 

[0-003 per cent accuracy without taking special precautions. ] 

9(vi). You are given two blocks each approximately one centimetre cube, and 
two optical flats of known high quality. The flats are about 24 inches diameter. 
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How would you use these to test the parallelism of the surfaces of a circular piece 
of glass of diameter one inch, and thickness about 0-25 inch? 
[First test for flatness as described in §9.12. Then wring glass and two 
cubes on to one flat, and place other on cubes. Observe fringes 
between second flat and cubes and between second flat and glass. ] 


9(vii). How would you use an interference method to compare a test block 
of approximately one inch with a gauge of thickness 2 inches ? 
[Make an auxiliary one-inch block, which need not be accurate. Measure 
it against the one-inch block. Then wring it to the one-inch block and 
compare the sum with the standard two-inch gauge. ] 


9.18. The Double Interferometer. 


The above method of comparing a test block with a standard gauge suffers 
from the disadvantage that the standard gauge has to be wrung on to the plane 
surface. It is difficult to ensure that the surfaces are perfectly clean and, if they 
are not, both the standard gauge and the optical flat may be damaged. Even if 
they are perfectly clean, some wear occurs each time. The amount of wear is very 
variable, but under good conditions it is of the order of 10—7 inch each time, which 
means that the standard may be appreciably affected after it has been wrung 
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Fig. 9.9.—Double interferometer: (a) general arrangement, (b) appearance of fringes 


§ 9.20 MECHANICAL DISPLACEMENTS 273 


about 50 times. This does not matter if it is being used for an annual check, but 
it is important if the standard is being used once a week. A modification of the 
Twyman-Green interferometer enables the comparison between test block and 
standard to be made without causing any wear on their ends. It is shown in 
fig. 9.9a, Considering the left half of the diagram, it may be seen that the arrange- 
ment is similar to that shown in fig. 9.1, except that the ends J, and J, of the test 
block and the standard gauge have replaced the prism. The fringes seen by an 
observer at E give a contour map of the end surfaces of the gauges. The ends 
are adjusted to be nearly coplanar, and their plane is tilted very slightly so that 
a series of parallel bands appears. White light is used and, when the compensator 
H is correctly adjusted, a central fringe corresponding to zero path difference can 
be distinguished clearly. This fringe is black, because the phase change on reflec- 
tion at the steel surface differs from that at the surface of M,. A typical appearance 
of the fringes is shown in fig. 9.9b. The relative displacement of the black fringes 
gives the distance by which the ends are non-coplanar. A displacement of one 
fringe corresponds to a distance of $A, or about 10° inch, and displacements 
can fairly easily be measured to a tenth of a fringe or a millionth of an inch. The 
process is repeated at the other end without moving the gauges. The difference 
in length is then the algebraic sum of the two distances by which the corresponding 
ends are non-coplanar. The figure illustrates an early form of this interferometer 
(introduced in 1932). In a more recent modification only one source and one 
position of observation are used. The introduction of extra mirrors enables the 
fringes formed by reflection at both ends to be viewed without moving the bar. 
This form is more compact and more convenient. 


9.19.—The methods which have been described in the preceding 
paragraphs are concerned with the testing of surfaces and with 
measurement of the distance between two flat surfaces. It is often 
important to test the angle between two surfaces which are not ap- 
proximately parallel (e.g. to test an angle whose nominal value is 
90° or 45°). The angles of a cube may be tested by wringing it on 
to an optical flat beside a glass cube of known high quality, and ob- 
serving the interference fringes. Two cubes may be made to “ test 
each other ” by suitable alternations of the surfaces in contact with the 
plane. A method for testing the angles of an octagonal prism to an 
accuracy of 0-05 second is described by Michelson.* Interference 
methods are not always used for testing angles because sufficient 
accuracy is often obtained by observing reflected beams in an auto- 
collimating telescope. Nevertheless, interferometers are in common 
use in laboratories which standardize gauges. 


9.20 Measurement of Mechanical Displacements. 


Interference methods have been applied to measure small me- 
chanical displacements in the study of elasticity, and in many other 


* See p. 134 of Reference 9.2. 
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branches of physics. One of the simplest applications of this type is 
due to Fizeau, who used the apparatus shown in fig. 9.10 to measure 
the thermal expansion of crystals of which only short specimens were 
available. Interference fringes are formed in the air-film between the 
top of the crystal and the plate P. 
The displacement of the fringes on 
heating measures the difference be- 
tween the expansion of the crystal 
S and that of the blocks which define 
the position of the plate. If the expan- 
sion of the material of which the blocks 
are made is known, the expansion of 
the crystal may be calculated. If the 
air-film is wedge-shaped, the change in 
Alig, the difference of length may be ob- 
pees ane crea tained by viewing ie fikdeh in a 
microscope focused on the film, and 
counting the number which pass the cross-wire. An alternative and 
in some ways a more convenient method is to make the upper plate 
slightly spherical, so that Newton’s rings are seen. The expansion 
causes fresh rings to appear or to disappear at the centre and the 
number of these rings may be counted. 


Ee 


The use of interference methods for measuring mechanical displacements is 
desirable only when sufficient accuracy is not obtainable by more direct means. 
Interference methods are unlikely to displace the mirror-and-scale method of 
measuring small angular displacements, because the latter is very convenient, 
and has sufficient accuracy and sensitivity for most purposes. The use of a high- 
sensitivity method of measurement in one part of an experiment is not justified 
unless a corresponding accuracy is obtainable in the other parts of the experiment. 
When interference methods are used it is necessary to be sure that the advantages 
of the method are not lost through irregular displacements due to temperature 
changes, mechanical vibrations, etc. Generally, the simpler interference methods 
have a rather small range, i.e. they become inapplicable if the path difference 
exceeds a few dozen wavelengths. 

For example, the method described in § 9.16 for comparing mechanical gauges 
fails if the difference between the lengths of the gauges exceeds about 50 wave- 
lengths. The range of interference methods may be extended by the use of 
compensators (see § 9.25), but this makes the apparatus more elaborate. Thus 
interference methods should be used only in conjunction with an experimental 


arrangement whose basic design enables full advantage to be obtained from the 
accuracy of the interferometer. 
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9.21. Measurement of Refractive Index and of Small Differences of 
Index. 


Several interference methods have been devised for the measure- 
ment of the refractive indices of gases, and for small differences in 
refractive index of liquids and solids. The most generally convenient 
and accurate apparatus is the Rayleigh refractometer. Fig. 9.1la is 
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Fig. 9.11.—Rayleigh refractometer: (a) plan, (5) vertical section, 
(c) compensator 


a diagram of the instrument seen from above. Light from a vertical 
slit source L,, is collimated by the lens L, and passes through the 
tubes T, and T, and the vertical slits 8, and 8,. Diffraction fringes 
are produced in the focal plane of the lens L, and are viewed with the 
aid of the eyepiece H. 

Suppose that the length of each tube is ¢. Then, if there is a small 


difference (Aj) between the refractive indices of the materials in the 
10* (G 677) 
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tubes, a path difference As = ¢Ap is introduced and the fringes are 
displaced from the standard position obtained when Au =0. The 
difference of refractive index may be measured either by observing the 
fringe shift directly or, more conveniently, by a compensation method. 


9,22.—The fringes are the diffraction fringes of a grating of two 
lines. If 2d is the width of each slit, and 2e is the distance between the 
centres of the slits, the distribution of illumination in the fringes is 
obtained by putting N = 2, 6, = 0 and @, = @ in equation 6(55). The 
relative energy in a direction @ is given by 


2 2 
a a ea a) fe (= aos a) 


ag ee 9 sin(Z a a) ee 
A r 
which can be put in the form 
sin (= d sin a) 
LO) a ae eee cos* (2 e sin 8). . 9(4) 
—— sin 0 


In the instrument made by Hilger and Watts, Ltd., the slits are each 
2-5 millimetres wide and the separation is 11 millimetres between 


centres. Fig. 9.12 shows the variation of illumination in the focal plane 
Olle. 


sin @ x 10+ 


Fig. 9.12 


9.23.—The instrument is reliable and convenient in operation only 
because a number of matters of detail have been carefully considered. 
The fringes in the focal plane of L, are extremely fine (fig. 9.12). They 
are viewed by means of a cylindrical lens which consists of an accu- 
rately made glass rod of diameter about 2 millimetres. This lens gives 
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an effective magnification (in the direction of separation of the fringes) 
of about 150. The brightness of the field is reduced 150 times. It is 
still very much brighter than it would be if a spherical lens of the same 
magnification were used, since the spherical lens would reduce the 
brightness 22,500 times (i.e. 150? times). This is important as the total 
amount of light passing down the tubes is not very great. In the 
simple form of the instrument so far described, monochromatic light 
is used. The refractive index of a gas may be measured by evacuating 
both tubes, and then counting the number of fringes which pass a fine 
needle point placed in the focal plane of L,, when gas is slowly ad- 
mitted to one tube. This method places a considerable strain on the 
observer who is very liable to miss one of the fine fringes. Also it is 
not applicable to a determination of the difference of the refractive 
indices of liquids. 


9.24.—Convenience and accuracy of observation are increased by 
using as fiducial mark a set of fringes similar to those due to light 
which passes through T, and T,, instead of a cross-wire. The way in 
which this is done is shown in fig. 9.116, which gives a side view of the 
instrument. Two beams pass below the tubes T, and T,. An inde- 
pendent set of fringes is formed. By tilting the plate H these may be 
moved vertically so that their upper edge may be brought into coin- 
cidence with the lower edge of the fringes due to light which has passed 
through T, and T,. In this way it is possible to take advantage of the 
high vernier acuity of the eye. A horizontal displacement between the 
two fringe systems of only one-fortieth of a frmge width can be de- 
tected, although it would not be possible to set a cross-wire on either 
system to an accuracy better than about one-tenth of a fringe. 


9.25.—The accuracy and convenience of the measurement are 
improved by compensating the optical path difference. The two 
fringe systems are then used as a null indicator of equality of path. 
The compensator, in the form originally due to Jamin, is shown in 
fig. 9.11c. It consists of two glass plates set at an angle to one another, 
and connected through the rod R, by means of which the system may 
be rotated as a whole. When the rod is turned the thickness of glass 
in each beam is altered but, since the glass plates are inclined to one 
another, the change in path of one beam is slightly greater than that 
of the other. Thus a considerable rotation of the rod corresponds to a 
small shift of the fringes. 


Rotation of the compensator makes the two systems of fringes slightly inclined 
to one another. This does not matter in the Jamin refractometer (§ 9.29) where 
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the fringes are comparatively broad, and are viewed by an ordinary eyepiece. 
In the modern Rayleigh refractometer, the cylindrical lens has to be set with 
its axis exactly parallel to the system of fringes. The compensator must be modi- 
fied so that only a negligible rotation of the fringes is introduced. In the Hilger 
instrument both plates are fairly thin. One is fixed, and the other rotates with 
the rod R. A small movement of the single plate introduces a sufficient path 
difference. A small and accurately reproducible rotation is produced by turning 
a micrometer screw which presses against a radial arm attached to the rod R. 


9.26.—In order to know the refractive index for a definite wave- 
length it is necessary to use monochromatic light, but the central 
fringe obtained with monochromatic light is indistinguishable from 
its neighbours. The systems appear to coincide when the path dif- 
ference (tAu) is an integral number of wavelengths. The following 
method is therefore adopted. 

T, and T, are evacuated (or filled with standard material) and 
white-light fringes are produced. The compensator is turned until the 
fringe systems in the upper and lower halves of the field appear to 
coincide. Monochromatic light is then introduced, and a small alter- 
ation is made in the setting so as to bring the two systems into coin- 
cidence. The setting of the compensator is read (on the micrometer 
scale). The material under test is then admitted to one tube, and the 
adjustment of the compensator is made again, first with white and 
then with monochromatic light. The final setting of the compensator 
is read. The difference between the two readings of the compensator 
gives tA and hence Ay. The compensator is calibrated with mono- 
chromatic light, by using it to produce displacements of 1, 2, 3, etc., 
fringes and noting the corresponding readings on the scale. This 
calibration must be carried out with a number of different wave- 
lengths suitably spaced through the spectrum. 


9.27.—The smallest difference of path which can be detected is 
about i9A and the largest which can conveniently be measured is 
about 200A. The corresponding limits of index are 


and Ajeet = 


a 
Almin = 4 A 
With a tube length of 100 centimetres, the instrument will detect a 
difference of index of about one part in 10° and the maximum dif- 
ference measurable is about one part in 104. With a tube length of 
one centimetre the sensitivity is one part in a million, and the 
maximum difference measurable is of order one part in 100. The 
instrument was used by Rayleigh to measure the refractivities of the 


§ 9.29 THE JAMIN REFRACTOMETER 279 


rare gases helium and argon. The smaller refractivity is 3-5 x 10-5 


at standard temperature and pressure, and is thus well within the range 
of the instrument. 


Measurements of refractivity can also be used to detect impurities in gases, 
and the instrument is capable of detecting 0-01 per cent of hydrogen or 0-03 per 
cent of carbon monoxide in air. A modified portable form of the instrument has 
been used for detecting “‘fire-damp ” in mines. The refractometer has also been 
widely used to measure small differences of refractive index of solutions, and 
hence to indicate differences in composition of solutions of chemical and bio- 
chemical interest. The final limiting factor in accuracy and convenience is set 
by the difficulty of temperature control. With liquids, it is often necessary to 
wait an hour or more to allow temperature equilibrium to be established. For 
this reason it is always desirable to choose the shortest tubes which give the neces- 
sary sensitivity. 


9.28.—An interesting point arises when the dispersion of the material under 
test is different from that of the compensating plates. Suppose that one of the 
tubes is evacuated and the other contains material of index 1; suppose also that 
a difference of thickness ¢’ of material of index y’ is introduced by the compen- 
sator. Then the centres of the fringe systems obtained with white light will be 
undisplaced if the extra paths introduced are traversed in equal times by two 
groups of waves which emerge from §, and §, respectively. This will be so if 


Aes e eg 

ee ey) pe ee ee 015 

(« dx ea 2 

If BED RUE egy 9 2) 4 ae 
wdrA ww’ da 


then 9(5) reduces to ut = w’t’, and the instrument measures Au as indicated in 
the simple theory. If, however, the left-hand side of 9(6) exceeds 321, the test with 
white light will not bring the correct pair of fringes into coincidence. Even for 
smaller dispersions there is an observational difficulty in that the central fringes 
obtained with white light are blurred to such an extent that the central fringe 
cannot be identified with certainty. This difficulty may be overcome by using 
short tubes to determine a preliminary value of the index. This value is sufficient 
to show which of the fringes obtained with monochromatic light have to be 
brought into coincidence when the longer tubes are used. 


9.29. The Jamin Refractometer. 


An earlier type of refractometer invented by Jamin is shown on 
p. 280. The substance under test is placed in T, and the standard in 
T,. Fringes due to interference between beams which have passed 
through two tubes are observed in the telescope T. The fringes formed 
are essentially fringes of superposition (§ 5.32). The glass blocks G, 
and G, are turned until the beams are accurately aligned. Then a 
slight tilt of one of the blocks about a horizontal axis gives horizontal 
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fringes. A compensator K of the type described above (§ 9.25) may 
be used. The instrument can be adjusted to give wider fringes than 
the Rayleigh refractometer, but is less accurate because the fiduciary 
mark is a cross-wire instead of another system of fringes, and also 


Fig. 9.13.—Jamin refractometer: (a) vertical section, and (}) plan 


because errors may arise from small mechanical deformation of the 
parts of the instrument. Nearly all errors of this type are automati- 
cally eliminated in the Rayleigh refractometer. Although it is less 
satisfactory than the modern form of the Rayleigh refractometer, 
Jamin’s instrument has, in the past, given valuable results in many 
different types of experiments. 


EXAMPLES  [9(viii)—9(xiii)] 


9(vili). The refractivity of helium is 3-5 x 10-* and that of argon is 2-8 x 10-4, 
Describe how you would use the Rayleigh refractometer to estimate the amount 
of helium in an argon/helium mixture which may contain from 50 to 100 per cent 
of argon. Assuming that the gas is to be used at standard temperature and 
pressure and that the compensator scale covers 200 fringes, calculate an appro- 


priate length of tube. Estimate the accuracy of the determination under optimum 
conditions. Take , = 5000 A. 
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[The optimum length of tube is about 80 cm., since a greater length would 
not permit the whole range of refractivities to be covered. The accuracy 
of the determination is then such that a difference of 0-006 per cent of 
argon in the mixture can be detected.] 


9(ix). In what way, if any, would your conclusions in relation to the previous 
problem be modified if the test samples consisted of only one cubic centimetre of 
gas at S.T.P? 

[Since a tube of cross-sectional area much less than 0-2 cm.? is impracticable, 
the length would have to be reduced to about 5 cm. This would reduce 
the sensitivity to about 0-1 per cent of argon.] 

9(x). The refractivity of air is 2-92 x 10-4 and that of helium is 3-5 x 10-5. 
It is suspected that a specimen of helium may be contaminated with air. What 


is the smallest amount of contamination that could be detected by measurement 
of the refractive index? 


[Using tubes 100 em. long, 0-005 per cent air could be detected.] 
9(xi). Discuss how the Rayleigh refractometer might be used to determine 
whether the refractivity of air is proportional to the density. How great a range 
of density could conveniently be covered? What lengths of tubes would be 
desirable ? 


[A tube one metre long would give 0-1 per cent accuracy for a pressure of 
about 0-05 atmosphere, and a tube 0-5 cm. long would give 200 fringes 
displacement with about 70 atmospheres. Hence the range is 0-05 
atmosphere to 70 atmospheres. ] 


9(xii). The refractive index of a 4 per cent solution of a certain salt is 1-3388, 
and of a 6 per cent solution is 1:3418. The refractivity varies linearly between 
these limits. It is desired to measure the percentage strengths of solutions to 
within +0-001 per cent. Explain how the Rayleigh refractometer might be used 
for this purpose and estimate a suitable length of the tubes. 

[Suitable length = 1 or 2 cm.] 


9(xiii). A Jamin compensator consists of two plates each of thickness ¢ set at 
an angle of 30 degrees to one another. Obtain an expression for the difference of 
path introduced when the bisector makes an angle @ with the direction of the 
two beams. 


9.30. Measurement of Wavelength. 


The study of the wavelengths of spectrum lines by means of inter- 
ferometers forms an extension of measurements with grating spectro- 
graphs just as the measurement of distance gauges with interferometers 
increases the accuracy of measurements made with instruments like 
screw gauges. ‘There is no difficulty in measuring the wavelengths 
of most spectrum lines to within 0-05 A. (or one part in 105) by means 
of grating spectrographs. Lines which are too diffuse to be measured 
within this accuracy on the photograph of a grating spectrum are 
usually not suitable for study with an interferometer. In a similar 
way there is no point in trying to measure the length of an end gauge 
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with an interferometer if measurements with a screw gauge show that 
the ends are seriously non-planar. If large numbers of moderately 
accurate measurements of wavelength are required, the spectrograph 
is the appropriate instrument. Interferometers are used: 

(a) To determine the ratio between one standard wavelength and 
the standard metre. This comparison has been made to within one or 
two parts in 10’. 

(b) To compare wavelengths so as to be able to compile a set of a 
few thousand secondary wavelength standards. A large number of 
iron lines have been compared in this way. Spectrographic measure- 
ments may thus be referred to secondary standards of wavelength 
near to the unknown wavelength. 

(c) To investigate the fine structure of spectrum lines and to 
measure differences of wavelength of the order of a few hundredths or 
thousandths of an Angstrém unit. 

It is convenient to defer consideration of (a) until the technical 
methods required for investigation (b) have been described. 


9.31. Comparison of Wavelengths by Coincidences. 


This method is similar to the well-known method of comparing 
the periods of two pendulums by observing the interval between 
times when the phases coincide. Its essentials have already been 
described (§ 4.11) in connection with the visibility of fringes obtained 
with a sodium light source and a Michelson interferometer. The Fabry- 
Pérot interferometer is now usually employed and fringes due to 
the two wavelengths are observed. The distance between the plates 
is varied and the separations (e, é,, etc.) when the fringes show maxi- 
mum clarity are noted. Suppose that A, is to be determined by reference 
to A, (a known wavelength) and that the fringe of order m for ), 
coincides with the fringe of order (m+) for A,. The next coinci- 
dence will occur after p fringes of A, and (p + 1) of A,, The observations 
as only p and not m or n, but the ratio A, : A, may be calculated 
or 

2e, = mA, = (m+ n)A,; 


2e, = (m + p)Ay = (m+ n+ p+ 1)A,, | A) 

and hence = pl rz 9(8) 
P 

oe 1-4 = 2 9(9) 
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Sometimes the number of fringes between coincidences is counted and 
9(8) is used. Alternatively 9(9) may be applied. On the right-hand 
side of the equation approximate values of the wavelengths, derived 
from spectroscopic measurements, are used. The value of (e, — e) is 
obtained from a micrometer screw reading. The right-hand side of 
9(9) then gives a more accurate value of (A, — A,) than that originally 
available. It is usually necessary to observe a number of coincidences. 
If this is done the method can be made very accurate, but it is rather 
laborious especially in view of the fact that every pair of wavelengths 
has to be treated independently. 


9.32. Comparison of Wavelengths by Exact Fractions. 


This method, which is due to Benoit, depends on the same prin- 
ciple as the method of coincidences, but the principle is applied in a 
more subtle and elegant way. It is based on the fact that the distance 
between two coincidences of scales which are divided into different 
units is the least common multiple of the units of the different scales. 
Thus if three rulers are divided in units of 2, 3 and 5 inches respectively, 
and their zeroes aligned, coincidences between the first two occur at 
every sixth inch, and coincidences between all three occur at every 
thirtieth inch. 

Suppose that we are told that the length of a certain bar is one 
inch greater than one of the lengths at which the three scales coincide, 
but are not told which one. If a rough measurement of the length of 
the bar has yielded the value (8 + 1) feet, we can at once deduce that 
the length is 91 inches, because no other length would agree with both 
the data. In the optical problem we determine a given distance by 
measuring the fraction by which it exceeds an integral number of 
wavelengths. This measurement is made for three or more different 
known wavelengths, and we then know that the optical path (2e) is 
given by 

Qe = (my + fi)rAr = (Me + fo)A2 = (M3 + fa)Az- - 9(10) 


In this equation 7, %», m3 are integers whose exact values are un- 
known. The fractions are known within an error of 2 or 3 per cent 
of a unit. If e were entirely unknown, knowledge of the fractions in 
equation 9(10) would only enable us to say that it had one of a certain 
set of very precisely defined values. Only one of these, however, agrees 
sufficiently well with a known approximate value of e, and we therefore 
know that this is the correct one. 
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9.33.—The method of measuring the fraction with a Fabry-Pérot 
etalon will now be described. Suppose that the relation between the 
thickness and A, is given by 9(10). Then bright rings occur for angles 
of incidence 6,, 95, etc., given by 


nA, = 2e cos 0, = (n, + f,)A, cos 4, 
(ny — 1)A, = 2¢ cos 0, = (m, + f,)A; 608 5, 
(ny — m — 1)A, = 2€ COS Om = (My +f), C08 Am —-9(1.1) 
If %,, is the angular diameter of the mth ring, we may put 


COS A, = 1 — $F’, 


so long as 9,, is small, and we then have 


hes i LA aly pas BL 9(12 
: m +f m +f; 2) 
Pets _firtm+i1 
or mers Th (fA t+ m+) ce 8A,. 9(13) 


A value of f,; may be obtained by measuring the angular diameters of 
several rings for values of m from about 3 to about 7, and then plotting 
Jn? against (m+ 1). The intercept * on the axis gives f,. If this 
method is used it is necessary to check by direct calculation that the 
angles are small enough to enable the approximate value of cos 6 to 
be used. 


9.34.—The procedure followed when f,, f,, f; have been measured 
may be illustrated by means of an example given by Childs.t+ 


The fractions for a certain etalon were measured and found to be 
0-20 - -03 for the neon line 4 = 6096-163 A. 
0-90+-03 , , . » A= 5852-488 A. 
035+ -03 ., ,, helium 2 = 5015-675 A. 
Measurement with a micrometer gave e = 10-040 + 0-005 mm. This implies that 
m, lies between 32,922 and 32,955. Each of these values is taken in turn and 


associated with the measured fraction 0-20. The corresponding values of (n, + ip) 
and (ng + f,) are tabulated: 


* For higher accuracy the best value of f, is computed by the method of least 
squares. 


t Reference 9.3, 
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Hypothetical order for \ = Corresponding order calculated for \ = 
6096-163 A. 5852-488 A. 5015-675 A, 
32,922-20 34,292-95 40,014-37 
32,923-20 34,293-99 40,015-58 
32,924-20 34,295-03 40,016-80 
32,943-20 34,314-82 40,039-90 
32,944-20 34,315-87 40,041-11 
32,945-20 84,316-91 40,042:32 
32,946-20 34,317-95 40,043-54 
32,953-20 34,325 -24 40,052-04 
32,954-20 34,326-28 40,053-26 
32,955-20 34,327-32 40,054-47 


Within the range covered by the table, the only value of (n, + f,) which makes 
the three fractions correct is 32,945-20 + 0-03. The corresponding value of e is 
10-04197 + 0-00001 mm. The nearest value of e which again gives three fractions 
0-20, 0-90 and 0-35 within the limits of error, is approximately 10-049 mm. (cor- 
responding to n, = 32,968). This is excluded by the “ rough” measurement with 
the micrometer. If the initial measurement with the micrometer were less accurate 
it would be necessary to measure the fractions for 4 or 5 wavelengths. 


9.35.—When the thickness of the etalon has been accurately de- 
termined in this way, an unknown wavelength (A,) can be determined 
by measuring the fraction (f,,). The order of interference at the centre 
of the ring system is about thirty to forty thousand, and the preliminary 
value of A, obtained with a grating should be correct to one in 10°, 
and should give the integral part of the order without any ambiguity. 
If a less accurate preliminary value is available, it may be necessary 
to start by using a shorter etalon (say 2-millimetre separation) and 
to take the value obtained with this etalon as the preliminary one for 
use with an etalon of 10-millimetre separation. 


9.36.—The method of exact fractions increases the accuracy of the determination 
of a wavelength from --0-05 A. to +0-005 A. I rf a spectrum line is sharp enough, 
a further increase of accuracy (to about +0-0002 A.) may be obtained by pro- 
ceeding to a 100-millimetre etalon. It will be appreciated that this accuracy is 
obtained only when the plates are very accurately plane and parallel. The wave- 
lengths of a large number of lines may be measured in one experiment by focusing 
the ring pattern on the slit of a spectrograph with an achromatic lens. If a wide 
slit is used, the different spectrum lines each show a series of short arcs whose 
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separations give the angular diameters of the rings for the corresponding wave- 
lengths (fig. 9.14). A few known wavelengths are then used to determine the thick- 
ness of the etalon and the remainder may then be treated as unknown.* 


cl pessoa oa i 
A= 40004 A= 6000A 
(a) (b) (c) 


Fig. 9.14.—Diagrammatic representation of pattern obtained in spectrogram 
for stated wavelengths when the Fabry-Pérot rings are focused on the slit 


9.37.—The usual objective of wavelength determinations is to measure the 
wavelength in vacuo, since this value forms a constant of theoretical importance, 
whereas the wavelength in air varies from day to day. If the method described in 
the last paragraph is used, the ratio of the wavelengths obtained is independent 
of atmospheric conditions, and is equal to the ratio of the wavelengths in vacuo, 
provided that the standards and the unknowns are all located within a fairly short 
interval of the spectrum. If they are not, a correction has to be made for the 
dispersion of air under the conditions obtaining during the experiment. It is 
then also necessary to make a small correction for the variation with wavelength 
of the phase change after reflection (§ 5.26). An account of the method by which 
this change is determined is given by Childs (Reference 9.3). 


EXAMPLES [9(xiv)-9(xvii)] 


9(xiv). An unknown wavelength of less than 6000 A. is to be compared with 
a standard wavelength of exactly 6000 A. Coincidences occur when the separation 
of the plates of a Fabry-Pérot interferometer are 1-5 mm., 3 mm. and 4:5 mm. 
Find the unknown wavelength. [5998-8 A] 


9(xv). A certain wavelength is known to lie between 5990 A. and 5992 A. It 
gives coincidences with a standard source of 6000 A. when the separations are 


* This procedure is discussed by Meissner (Reference 9.4), whose article includes 
many interesting photographs of the rings. 
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Gt mm. and 6-4 mm., but it is not certain whether these are neighbouring’ coin- 
cidences. Find the unknown wavelength. 


[Coincidence period lies between 600 and 750. 2(e, — e,) = 0-8 mm. = 1333 


wavelengths. Thus there has been one intermediate coincidence. Exact coinci- 


dence period is 667, and % = 48 x 6000 = 5991 A.] 


; 9(xvi). A certain wavelength is known to lie between 5000-0 A. and 5000-1 A. 
Fringes are formed with a Fabry-Pérot etalon of separation exactly 5-0000 mm. 
The fraction is found to be 0-7 + 0:05. Find the wavelength to the maximum 
accuracy which the interferometer measurement justifies. [5000-07 A.j 


9(xvii). Three wavelengths are known to be exactly 4200 A., 4800 A. and 
5000 A. A certain etalon is known to have a separation of 10-000 + 0-001 mm. 
The fractions are 0-20, 0-06 and 0-46 respectively. The fractions are each measured 
to an accuracy of +-0-05. Find the thickness of the etalon. 

[9-99961 + 0-00002 mm.] 


(“ Round” numbers have been inserted in Examples 9(xiv)-9(xvii) in order 
to enable the reader to practise the methods without carrying out the large 
amount of arithmetical work which would be needed if data were taken from real 
problems.) 


9.38. Comparison between Optical and Mechanical Standards of 
Length. 


At present the internationally accepted standard of length is the 
distance between two fine lines engraved on a platinum bar when the 
bar is at 0° C. This bar is called “ the standard metre ” or “‘ the metre ” 
and is keptin France. The different national standardizing laboratories, 
such as the National Physical Laboratory in Great Britain and the 
American Bureau of Standards, hold copies of this standard. These 
copies have been compared with the standard by the use of high-quality 
travelling microscopes, and the difference between each copy and the 
standard is known * to about 2-5 x 10-° centimetre. When accurate 
interferometric measurements became available, it was suggested that 
an attempt should be made to determine the relation between the wave- 
lengths corresponding to certain spectral lines and the standard metre. 
This problem was first attacked in 1892-5 by Michelson { and Benoit, 
who used a modification of the Michelson interferometer. They found 
that the ratio between the length of the standard metre and the wave- 
length of the red cadmium line (in air at 15° C. and 760 mm.) was 
1,553,163-5. The result is accurate to about one part in two million. 
A new determination was made by Benoit,{ Fabry and Pérot about 
fourteen years later, using a set of Fabry-Pérot etalons. The use of a 


* See § 9.47. + Reference 9.5. t Reference 9.6. 
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multiple-beam interferometric method, and various other technical 
improvements, enabled the accuracy to be improved to about one part 
in five million. The earlier determination is of considerable historical 
interest, but for all practical purposes it is superseded by the second 
determination, which we now describe.* 


9.39.—Benoit, Fabry and Pérot used five Fabry-Pérot etalons of 
lengths approximately 6-25, 12:5, 25, 50 and 100 centimetres. The 
separators which determined the distances between the plates were 
V-shaped bars of Invar. Three types of measurement were involved: 

(i) a determination of the length of the shortest etalon in terms of 
the wavelength of the cadmium red line; 

(ii) an intercomparison of the etalons; 

(iii) a determination of the difference between the longest etalon 
and a standard metre (i.e. a copy of “‘the metre’). 


Lea 


Fig. 9.15.—Apparatus used by Benoit, Fabry and Pérot for the comparison 
of optical and mechanical standards of length 


The experimental procedure was so designed that the final series 
of experiments could be carried out rapidly and without disturbing 
the apparatus. In this way, errors due to changes of temperature and 
of atmospheric pressure were greatly reduced. The arrangement of 
apparatus is shown in fig. 9.15. L,, is a source of white light, and Lo, 
is a source of cadmium light. Sixteen mirrors (indicated by numbers) 


* A complete account of the Michelson-Benoit determination is given i 
in Ref 
9.5; see also p. 51 of Reference 9.1. The work of Benoit, Fabry and Bérot is BEN es 
Reference 9.6. Later determinations are described in References 9.7, 9.8, and 9.9. 
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are used to direct the light along desired paths. Arrangements are 
provided for inserting and removing any of these mirrors without dis- 
turbing the rest of the apparatus, or causing temperature changes. 
W, and W, are wedges of small angle, T is a telescope, and M, and M, 
are low-power microscopes focused upon W, and W,. Mirror 13 is used 
to direct the cadmium light through the shortest etalon to the observa- 
tion telescope T; mirrors 14 and 16 to direct it through W, to M,; 
and mirrors 14 and 15 to direct it through W, to M,. 


9.40.—T wo preliminary experiments are carried out. In the first, 
the length of the shortest etalon is measured in terms of the cadmium 
red line, by the method of exact fractions. The length so obtained 
may not be the exact length at the time of the final experiment, since 
there may be changes due to differences of temperature between the 
days of the preliminary and final experiments. The preliminary 
measurement does, however, give the length to within one wave- 
length, and it is necessary to re-measure only the fraction during the 
final experiment. In the other preliminary experiment the angles of 
the wedges W, and W, are determined by measuring the separation 
of the fringes, using cadmium light. Both of these prelimmary measure- 
ments may be made with the whole apparatus im situ, the other 
mirrors being removed. 


9.41.—In the final experiment, each etalon is compared with its 
neighbour, by using a suitable arrangement of mirrors. For example, 
white light may be directed through A, B, and W,, by inserting mirrors 
1, 2 and 3. The Brewster fringes (§§ 5.32 and 5.33) are observed by 
means of M,, and measurement of the position of the central fringe 
then gives the difference between A and 2B. Extension of this pro- 
cedure gives the difference between A and 16H. Observations on the 
circular fringes with cadmium light give the number of wavelengths 
of cadmium light corresponding to the length of E with an error of 
about 0-01 of a wavelength. The relation between A and the wave- 
length is then known to an only slightly lower accuracy. The final 
operation consists in a comparison of the distance between the plates 
of the etalon A and the distance between two lines engraved on an 
Invar bar LO. This latter length has previously been compared with 
the standard metre by the usual method, using travelling microscopes. 
The two microscopes are each set on one of the marks of the standard, 
and their readings noted. Without disturbing anything else, the bar 
LO is substituted for the standard. The algebraic sum of the distances 
through which the microscopes must be moved to bring them into 
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coincidence with the marks on LO, gives the difference between LO 
and the standard. 


9.42.—A comparison between LO and A which involved setting the travelling 
microscopes first on two engraved lines on LO and then on the edges of the plates 
of the etalon, would not be accurate because of the difference in the marks. The 
travelling microscopes are therefore used to measure the difference between the 
marks on LO and two fine lines engraved on the edges of the end-plates of A. 
The edges are ground, polished and silvered in order to give fine marks. The 
etalon A thus has an “ optical length ” between its mirror surfaces, and a “‘ mechan- 
ical length”? between the engraved lines. The difference is determined by an 
auxiliary experiment in which the plates are mounted with separators which make 
the distance between the marks nearly one centimetre, and then with a second 
set of separators which make the distance nearly two centimetres. The optical 
lengths of these two etalons are measured with cadmium light. Suppose that they 
are found to be N,4 and NA, and that the (unknown) sum of the distances from 
the engraved lines to the surfaces is XA. Three marks A, B and C are ruled on a 
plate so that AB and BC are approximately equal to one centimetre. The small 
differences 

(N, + X)A — AB= a, 
(NV, + X)A — BC = a, 


and (Nate eA Oran ore 


are measured with travelling microscopes. 
Since AB + BC = AC, we have 


XK = (Ng — 2N,)A + a, + a — os. 5 wo 6 GZ) 


9.43.—Thus the final result gives the relation between the stan- 
dard metre and the wavelength of the cadmium red line emitted by 
the source Log. The error in the interferometric measurements is a 
few parts in 10’ for a single measurement but, when the average of 
repeated measurements is taken, the probable error is reduced to one 
part in 10’. The wavelength of cadmium light in dry air at standard 
temperature and pressure is found to be 6-438 4696 x 10-7 times 
the standard metre. The difference between the value found by Benoit, 
Fabry and Pérot and that obtained by Michelson and Benoit is 
four parts in 10’. The earlier determination referred to air containing 
an undetermined amount of water vapour. There was also a slight 
uncertainty in the temperature scale. These effects are sufficient to 
account for the whole of the difference. 


9.44. Recent Work on Standards of Length. 


There have been two recent re-determinations of the relationship 
between the wavelength of cadmium red light and the length of the 
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standard metre. These were made by Watanabe and Imaizumi * in 
Japan, and by Sears and Barrell + at the National Physical Laboratory. 
The results of the four determinations give the following values t 
for the wavelength (in dry air at 15° C. and 760 millimetres): 


Michelson and Benoit (1895) 6438-4691 x 10-!° metre 
Benoit, Fabry and Pérot (1906) 6438-4703 x 10-!° metre 
Watanabe and Imaizumi (1928) 6438-4682 x 10-1° metre 
Sears and Barrell (1934) 6438-4708 x 10-1 metre 


Mean 6438-4696 x 10-1° metre 


The maximum divergence from the mean of these four independent 
measurements is only 2-2 parts in 10’. This variation is within the 
limits of variation of the different copies of the original “ metre ”’. 


9.45.—The Japanese determination was made with apparatus 
essentially the same as that used by Benoit, Fabry and Pérot. The 
N.P.L. experiment was based on similar principles, but many im- 
provements in technique were introduced and, in the strictly optical 
part of the experiment, the accuracy was greatly improved. Sears and 
Barrell used only three stages of intercomparison. Their subsidiary 
etalons were one-ninth and one-third of the length of the etalon which 
was compared with the standard metre.§ The comparison between 
etalons whose length ratio is nearly 3: 1 was made with the Brewster 
fringes, using the tilt method described in § 5.32, so that the calibrated 
wedges were not needed. The apparatus was generally more compact 
(fig. 9.16a), and more accurate temperature control (to within 0-001° C.) 
was possible. The etalon separators were made of Invar with chromium- 
plated ends. Quartz plates were wrung on to the ends, which were 
polished so as to be optically flat.. The joint was airtight, and the 
etalons could be evacuated. Adjustments for parallelism, and also to 
a small extent for length, could be made by means of straining wires 
(of Invar) joining two flanges on the ends of the tube (fig. 9.160). These 
etalons were extremely rigid. 


9.46.—An end gauge whose section is a rectangular cross could be 
placed inside the longest etalon (fig. 9.16c). The difference between 


* Reference 9.7. + Reference 9.8 and 9.9. 

+ The value obtained by Michelson has been corrected, using the most accurate 
estimate available for the humidity and: CO, content of the air. 

§ An etalon of length approximately one-twelfth metre was used in some experi- 
ments to give an independent check. 
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Fig. 9,16.—Apparatus used by Sears and Barrell: 
(a) general arrangement, (bd) etalon 
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the length of this gauge and the distance between the plates of the 


fe was determined by observing circular fringes with reflected 
ght. 


The difference of (a) the distance between the ends of the X-gauge, and (5) the 
distance between the lines on the standard metre, was determined by means of 
an intermediate composite gauge. This consisted of a bar with accurately plane, 
parallel ends, and of circular section. Its length was about half an inch less than 
that of the standard metre. Two parallel-faced blocks each half an inch in thick- 
ness, with sides respectively equal to the radius and diameter of the bar, were 
also used. At the middle of the half-inch face of each block, a fine line is ruled 
parallel to the longer edge. The two blocks are then wrung on to the two ends of 


Fig. 9.16.—Apparatus used by Sears and Barrell: 
(c) X-gauge 


Crown copyright reserved 


the bar, so that the graduated faces are parallel to each other. A series of com- 
parisons is then made, under microscopes, between the lengths of the composite 
line-gauge so formed, and the length of the standard metre, reversing the blocks 
between measurements so that their opposite faces are in turn in contact with 
the ends of the bar. The average of all these measurements gives the difference 
between the length of the metre and that of the end bar, plus half the sum of the 
thicknesses of the blocks. The end bar, with one block at a time wrung centrally 
on to its end, is then compared with the X-gauge, using an apparatus equivalent 
in principle to that described in § 9.18. The average of these measurements gives 
the difference between the length of the bar plus half the sum of the thickness of 
the blocks and the X-gauge. Subtracting these results gives the relation between 
the X-gauge and the metre. It will be noticed that the lengths of the auxiliary 
bar and blocks need not be known with precision since they are eliminated in the 


final result. 


9.47.In addition to determining the relationship between the 
wavelength in air and the metre, Sears and Barrell also measured the 
relationship between the wavelength in vacuo and the metre. They 
also made direct determinations of the relationship between the wave- 
lengths and the standard yard. Comparison of their results gives a 
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very accurate determination of the refractive index of air for cadmium 
red light. Examination of the results shows that the main uncertainty 
in the relation between the wavelength and the metre is in the com- 
parisons made with the travelling microscopes. In order to define the 
standard metre to within one part in 10’, it is necessary to locate the 
positions of the defining marks to within 0-25 x 10 millimetre or 
+4). The marks themselves are much wider than this. When viewed 
under high magnification they appear to be irregular blurred scratches. 
The observer has to set the crosswire on what he estimates to be the 
centre of the blur. There is obviously room for personal judgment, 
and the mean position accepted as central by one group of observers 
may differ appreciably from that accepted by another group—possibly 
of a different generation. In the experiments of Sears and Barrell 
the relationship between the length of the X-gauge and the wave- 
length in vacuo was determined by three observers. The values ob- 
tained (for the ratio of the length of the gauge to the wavelength) were: 


1,552,808-930 
1,552,808-897 
1,552,808-944 


Mean 1,552,808-917 


The standard deviation of a single determination by any one observer 
was only 4 parts in 108, and the standard deviation of the set was less 
than one part in 10%. An accuracy of a similar order was obtained in 
the intercomparisons between etalons.* 


9.48.—In view of these results it is suggested that the standard of 
length should be redefined in terms of a wavelength (in vacuo) emitted 
by a lamp of standard construction. If the cadmium red line + were 
used as standard, a lamp of a fairly simple type could be specified. 
Lamps produced according to the specification (within a fairly wide 
tolerance) would give the same wavelength to within a few parts in 
108. Probably further study of the conditions of excitation would 


__ * It is impossible, in the space available, to give the reader more than a general 
idea of the ingenuity and care used in obtaining this result. The original papers are 
worthy of study, both for their interesting material and also for the method of 
presentation. (Reference 9.8.) 


+ The line chosen should have no hyperfine structure (see § 9.50) and should have 
a small Doppler width (see § 4.25). The latter condition suggests the use of the heavy 
element mercury [see eqn. 4(23)] but ordinary mercury consists of several isotopes and 
the lines have a complicated hyperfine structure. The isotope mercury 198, prepared 
from gold by nuclear transmutation, is now available. It gives very narrow lines, one 
of which will probably be used to define an optical standard of length. 
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enable a standard lamp to be specified in such a way that the vacuum 
wavelength emitted by different specimens would be the same to 
within one part in 108, or even better. If this suggestion were adopted 
the “metre” would be defined to be 1,552,734-52 (or some similar 
number) times the wavelength of light, instead of being the distance 
between two marks engraved on a bar. 


9.49.—Even if an optical wavelength were chosen as the ultimate 
standard of length it would still be necessary to have auxiliary me- 
chanical standards. It is clearly desirable that the mechanical 
standards should be end gauges, not line standards. 


It is of historical interest that the ‘“‘ Exchequer yard”’ of Queen Elizabeth 
and the original “‘ Métre des Archives”? were end standards. When the present 
“ Imperial standard yard ” and “‘ international prototype Metre ”’ were introduced, 
line standards could be more accurately constructed than end standards, and two 
line standards could be more accurately compared than two end standards. 
Modern technique has improved the construction of the end standards, so that 
they can be constructed with very high accuracy, and the comparison by inter- 
ferometric means now far exceeds the accuracy of comparison of line standards. 
The end standard is suitable for use in workshop practice and it is also suitable 
for direct comparison with the wavelength of light. All these reasons combine in 
favour of the use of end standards. 


9.50. Investigation of Hyperfine Structure. 


The use of interferometers has shown that most of the lines which 
appear to be single when examined in a prism or grating spectro- 
graph, can be resolved into a number of components with separations 
of a few hundredths or a few thousandths of an Angstrém unit. This 
hyperfine structure, as it is called, is of great interest to the theoretical 
physicist, who can derive important information about atomic nuclei 
if he is given accurate determinations of the number, intensities and 
separations of the components. The practical problem involved has 
two important aspects: 

(a) the production of interferometers with sufficient resolving 
power to separate the components, and 

(b) the production of auxiliary apparatus to effect a sufficient 
separation to prevent confusion owing to overlapping of orders. 

There is no serious difficulty in making interferometers of the 
necessary resolving power. By increasing the separation of the murrors, 
the Michelson or the Fabry-Pérot interferometer can be given any 
desired resolving power. If, however, the resolving power of an inter- 
ferometer is increased merely by increasing the path difference, there 
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is also a proportionate increase in the overlapping of orders. Thus the 
two problems are interconnected. If AX, is the largest range of wave- 
length which an interferometer can accept without overlapping of 
orders, and AX, is the difference of wavelength between components 
which are just resolved, we desire AA,/AA; to be as large as possible. 


9.51.—An echelon diffraction grating of N steps gives N beams of 
equal amplitude, with phases arranged in arithmetic progression. The 
vector diagram for calculating the resultant is given in fig. 3.2a. Sup- 
pose that for normal incidence and reflection the echelon gives a maxi- 
mum for some wavelength ». For this wavelength the vector diagram 
will give a straight line. Let us consider what would happen if the 
wavelength could be slowly increased. Hach of the vector elements 
would rotate relative to its neighbour, forming a vector polygon. For 
the wavelength which is just resolved from A, the vector diagram would 
be a completed regular polygon. Each element would have rotated 
through 27/N relative to its neighbour. If the wavelength were further 
increased, a stage would be reached when each element had rotated 
through 27 relative to its neighbour. The vector diagram would be 
a straight line again giving a principal maximum of order one less than 
the order for A. If the differences of wavelength involved were small, 
the ratios of the two differences of wavelength would be equal to those 
of the angles through which the vectors had rotated, i.e. 


Ady _ 
RN ee 8) 
9.52.—In § 8.10 we saw that the resolving power of instruments 
of this type is proportional to the order of interference (m) multiplied 
by the number of beams (NV). We now see that the ratio of separating 
power to the resolving power is determined solely by the number of 
beams. Similar considerations apply to a Fabry-Pérot etalon and to 
a Lummer-Gehrcke plate, though the problem is slightly more com- 
plicated since the amplitudes of the beams are not equal. We saw 
in § 8.18 that an “equivalent number” of beams of equal intensity 
may be calculated for the Fabry-Pérot etalon and for the Lummer 
plate. These “equivalent numbers” are of the order 30 to 50. The 
value of the ratio for these instruments is thus about the same as the 
value for an echelon of 40 plates. The Michelson interferometer has 
only two beams and is thus, from this point of view, greatly inferior. 
A grating, of course, gives a ratio much higher than that given by any 
interferometer, but gratings cannot be applied to the type of problem 
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now under consideration, because the resolving power is not quite 
high enough. 

Houston * has used two Fabry-Pérot etalons in series in order to 
obtain high resolving power together with a good separation of orders. 
One of the etalons had a separation of 3 millimetres and the other a 
separation of 9 millimetres. Every third maximum formed by the 
9-millimetre etalon coincides with a maximum for the 3-millimetre 
etalon. Only these maxima show up strongly in the pattern produced 
by the compound interferometer. Houston shows that the resolving 
power is slightly higher than that of the 9-millimetre etalon, and the 
separating power is equal to that of the 3-millimetre etalon. There are 
two disadvantages: (a) a large loss of light owing to transmission 
through four silver films, and (6) the “ missing ’’ maxima are not en- 
tirely suppressed, but only made very weak. They may mask the 
presence of weak satellites. 


9.53. Auxiliary Apparatus. 


Sometimes it is possible to effect the separation of lines by the use of colour 
filters. The strongest lines of many elements can be separated in this way. Usually 
it is necessary to use dispersion by means of a prism or grating. When this is 
done, the light may be passed through the other instrument before or after the 
interferometer. An arrangement such as that suggested in § 9.36 (in which the 
interference pattern is focused on the slit of the dispersive instrument) is often 
used. It is also possible to place the interferometer inside the spectrograph, so 
that it is in the approximately parallel beam produced by the collimator. This 
arrangement, which has special advantages in relation to certain problems, has 
been used both with the Fabry-Pérot etalon and with the reflecting echelon. 


9.54.—The choice of interferometer for a particular problem is determined 
partly by considerations of convenience of use, and of cost. The latter is a measure 
of the difficulty of accurate construction. In 1939, the prices of a Fabry-Pérot 
interferometer and of a reflecting echelon of 35 plates were each about £1000. 
The cost of an etalon of fixed distance was, however, only about £30, and of a 
Lummer-Gehrcke plate from £50 to £250 according to size. 

The general tendency was to use Fabry-Pérot etalons when possible. A set of 
three etalons of suitable sizes (say 5, 20, and 50 millimetres) was not unduly 
expensive.t Such an outfit is sufficient for a wide range of problems. At one time, 
the Lummer-Gehrcke plate seemed to compete with the Fabry-Pérot etalon, but 
it is less convenient, requiring careful mounting and very good temperature 
control. For weak sources of light, the reflecting echelon has some advantages; 
but the process of making a large number of plates of identical thickness is very 


laborious and costly. 


* Reference 9.10. 
+ Three separate etalons cost less than £100, but cost could be reduced to about £50 
by using one pair of plates with different separators. 
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9.55.—It is of interest to consider what is the highest resolving power ever 
likely to be required. The widths of all components of a spectrum line are 
affected by (a) natural damping, (b) Doppler effect, and (c) pressure broadening. 
Under ordinary conditions (b) and (c) produce much larger effects than (a). It 
appears possible that by special attention to design of sources these effects may 
be made of the same order as (a). The Doppler effect may be reduced by using a 
discharge through a gas cooled by liquid air, or by using an atomic beam. Col- 
lisions in an atomic beam are also infrequent, so that the main cause of broadening 
should be natural damping. This usually implies a width of at least 0-0005 A., 
indicating a maximum useful resolving power of about 10’. A Fabry-Pérot etalon 
of separation 20 centimetres would give approximately this resolving power. 
No existing source gives lines sharp enough to require a higher resolving power. 
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CHAPTER X 


The Velocity of Light 


10.1. Historical. 


In 1676, the astronomer Romer showed that the velocity of light 
is finite, although it is very large compared with the velocities 
ordinarily occurring in laboratory experiments. After a considerable 
interval, experiments were carried out by Fizeau, Foucault and 
others during the first half of the nineteenth century. During this 
period it was recognized that the velocity was an interesting and 
important physical datum, but there was no way of relating the 
measured values to any physical theory. The electromagnetic theory 
of Maxwell, which required that the velocity of light in vacuum 
should be exactly equal to the ratio of certain electrical units, gave a 
great impetus to experimental determinations of both quantities. 
It was obviously important to see whether the experimental values 
agreed in a satisfactory way. This theory was published in 1873, and 
in 1879 Michelson made his first determination of the velocity of 
light. Measurement of the velocity was naturally correlated with 
attempts to find a variation under various physical conditions. The 
results of these experiments led to the relativity theory (1905). We 
shall see that, in relativity theory, the velocity of ight in vacuum is 
regarded as one of the most important of all physical constants. Its 
value appears in the relation between mass and energy. 


10.2. General Review of Methods. 


The direct measurement of a velocity involves the determination of 
a distance and a transit time. Since the velocity of light is very high, 
it is necessary to use a large distance and, in most methods, to measure 
a very short time. It is not possible to observe the progress of a con- 
tinuous beam of light without marking or “ modulating” it in some 
way. Three main methods of modulation have been used: (a) the 
toothed-wheel method, (6) the rotating-mirror method, and (c) the 
electronic shutter. In any of these methods the transit time is 


derived from a measurement of the frequency of the modulator. The 
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measurement of distance is made by standard surveying or metro- 
logical processes. The early experiments were not sufficiently accurate 
to detect the difference between the velocity in air and the velocity 
in vacuum, but, as experiments became more accurate, it became 
necessary to know the temperature and pressure of the air through 
which the beam passes. For this reason most modern experiments 
have been carried out in vacuum, or under conditions in which the 
refractivity of the air could be accurately determined. 


10.3. Indirect Methods. 


If certain theoretical ideas are accepted, experiments on light received from a 
source which is moving with respect to the observer, yield a series of values for 
the velocity of light. In those experiments, the velocity of light is compared with 
the relative velocity of source and observer. This latter velocity is then measured 
directly. The experiments on the Doppler-Fizeau effect, and on the aberration 
of light, thus form indirect determinations of the velocity. In a similar way, an 
experiment on the transmission of light through a medium which moves with 
respect to source and observer, effectively compares the velocity of light with the 
velocity of the medium. Such experiments are usually regarded as establishing 
certain points of theoretical interest rather than as determinations of the velocity 
of light (Chapter XI). Considered as determinations of the velocity, they 
are less accurate than the direct determinations. 


10.4.—Once it has been established that the velocity of light, the 
velocity of electromagnetic waves, and the ratio of the electrical units 
are equal, it is legitimate to gather all the experimental evidence 
together, and to use it to obtain the most accurate value of this quan- 
tity. It will be shown later that the accuracy of the determination of 
the velocity of electromagnetic waves on wires, and of the ratio of the 
units, is about the same as the accuracy of direct measurements of 
the velocity of light; and the results are in good agreement. In the 
following account of the direct determinations, we shall give only an 
outline of four of the most interesting methods. The reader must refer 
to the original papers for details.* 


10.5. Romer’s Method. 


The planet Jupiter has several satellites whose orbits are so nearly 
in the plane of the planet’s orbit that they pass through the shadow 
of the planet and suffer eclipse at every revolution. The satellites 
revolve much more rapidly than our moon, and three of them have 
periods of 1$, 33, and 7 days respectively. The first one passes through 


* See References on p 312. 
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a distance equal to its diameter in 3 minutes. It is possible to observe 
the moment when an eclipse begins within a small fraction of this 
time. R6émer made careful observations of the eclipses over an ex- 
tended period of time and found irregularities ranging up to about 
10 minutes. These irregularities were correlated with the variation 
of the distance between the earth and Jupiter, and might be due to 
the varying time taken for light to travel to the earth. Rémer obtained 
a value of about 3-5 x 101° centimetres per second for the velocity of 
light. Modern observations by the same method give a value of about 
2-98 x 10'° centimetres per second, i.e. about 0:5 per cent less than 
the more accurate value obtained from terrestrial measurements. The 
difference of path is about 1-5 x 10! centimetres and the time is about 
500 seconds. 


10.6. Fizeau’s Method. 


Fizeau’s apparatus is shown in fig. 10.1. L,, is a vertical slit source 
of light, and M, is an unsilvered piece of plane glass. (Half-silvered 
mirrors were not available at the time.) The light is brought to a 
focus at F', where it is interrupted by the toothed wheel W, which can 
be rotated using a clockwork mechanism actuated by a falling weight. 
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Fig. 10.1.—Fizeau’s method for the velocity of light 


The point F is in the focal plane of the lens L,, from which the light 
goes in an approximately parallel beam to L,, and to the concave 
mirror M,. If the wheel is stationary, some of the returning hight 
passes through M,, and is seen by the observer through the eyepiece 
at E. If the speed of the wheel is gradually increased from zero, a 
stage will be reached when the light which passes through a given 
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space will, on its return, be interrupted by a tooth which has moved 
into the appropriate position during the time of transit. At a higher 
speed the returning light will pass through the next space and, at a 
still higher speed, it will be eclipsed by the next tooth. Fizeau (1849) 
used a wheel with 720 teeth, and found that the first eclipse occurred 
when the speed was 12-6 revolutions per second. This gives a transit 
time of 5-5 x 10-5 second. The length of the double path was 
1:7266 x 10® centimetres, and the value obtained for the velocity is 
3:15 x 10! centimetres per second. The chief error in Fizeau’s method 
is in the difficulty of observing exactly when the image is eclipsed, i.e. 
it is an error in the measurement of the time. Essentially the same 
method was used by Cornu (1874), who increased the path and was 
able to observe eclipses up to the thirtieth order. It was also used by 
Young and Forbes (1881), and by Perrotin and Prim (1903). These 
workers made a considerable number of technical improvements and 
were able to show that the velocity lies between 2-99 and 3-01 x 101° 
centimetres per second. The method is, however, much less accurate 
than either of the methods which will now be described. 


10.7. Rotating-mirror Method. 


This method was first suggested by Wheatstone in 1834 and was- 
first used by Foucault in 1860. The apparatus is shown in fig. 10.2. 


Fig. 10,2.—Foucault’s rotating-mirror method 


Light from the slit source L,, is collimated by the lens L; it is then 
reflected by the mirrors M, and M,, and by the unsilvered mirror 
M;. The mirror M, can be rotated at a high speed. When it is stationary, 
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and set at the correct angle, an image formed at I is viewed by an 
observer through an eyepiece. When M, is rotating rapidly, light falls 
on M, during only a small portion of the revolution. The light beam 
thus becomes intermittent. During the transit from M, to M, and 
back, the mirror M, rotates through a small angle and consequently 
the image is displaced slightly from I to I,. Measurement of the dis- 
tance from I to I, gives the angle through which M, turns during the 
transit and, if the speed of rotation is known, the transit time can be 
calculated. 

The speed is measured by a stroboscopic method. A toothed wheel 
(with very small teeth) is viewed through a microscope. The wheel is 
intermittently illuminated (since the return beam is intermittent). 
If one tooth exactly replaces another between the flashes, the wheel 
appears to be stationary. If the wheel has n teeth, its rate of rotation 
is then 1/nth that of the mirror. If the angular speed of the wheel is 
nearly, but not exactly, 1/nth that of the mirror, then the wheel 
appears to rotate slowly and we have 


N/n = (M — m), 


where N is the number of rotations per second for the mirror, M is the 
real and m is the apparent number of rotations per second for the 
wheel. It is easier to measure M and m, in order to derive N, than to 
measure the high angular speed directly. In his final experiments, 
Foucault used an arrangement with five mirrors (to reflect the beam 
to and fro) instead of M,. In this way he obtained a total path of 20 
metres. His value of the velocity of light was 2-98 x 10! centimetres 
per second. The distance between I and J, was only 0-7 millimetre 
and the most important source of error was in the measurement of 
this distance. 


10.8.—The rotating-mirror method was used by Michelson (1879, 
1882, 1927 and 1935) and by Newcomb (1882). Very important tech- 
nical improvements were made from time to time. These included: 

(a) rearrangement of the optical system to give a brighter image 
and so to permit a longer path; 

(b) use of a compensation method with a mirror of 4, 8 or 32 sides; 

_ (c) arrangements for ascertaining the refractive index of the 
medium so as to enable the velocity of light in vacuo to be calculated. 

We shall give a brief description of the last two arrangements 
designed by Michelson, though it should be stated that many of the 
improvements which he incorporated were first suggested by other 
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workers, Foucault and Newcomb both contributed to improvements of 
type (a), and Newcomb was the first to use a many-sided mirror. 


10.9. Mount Wilson Determination (1927). 


The apparatus used is shown in fig. 10.3. Light from the slit source 
L,, is reflected from the octagonal mirror M, to the plane mirror M,, 
and thence to the mirror M,, which is slightly separated from M,’. (M, 
is slightly above and M,’ is slightly below the plane of the diagram.) 
From M, the light passes to concave mirror M,, to the concave mirror 
M, and to the plane mirror M,. It returns, via M;, My, M;’ and M,’, to 
the octagon, whence it goes to the eyepiece E. The right-hand portion 
of the apparatus was at the Mount Wilson Observatory, and the left- 
hand portion was about 22 miles away on Mount San Antonio. The 


Fig. 10.3.—Michelson’s Mount Wilson (1927) determination of the velocity of light 


octagonal mirror makes approximately 528 turns per second, and 
rotates through almost exactly one-eighth of a turn during the transit 
of the light to and fro. If the rotation were exactly one-eighth of a 
turn, the image would be undisplaced by the rotation. Actually a 
small deviation has to be measured. The speed of the mirror was 
controlled and measured stroboscopically. The stroboscope was an 
electrically driven fork carrying a mirror. The frequency of the fork 
was about 132 vibrations per second, and was accurately measured by 
reference to a standard pendulum supplied by the U.S. Coast and 
Geodetic Survey. The distance between the two stations was measured 
by the U.S. Coast and Geodetic Survey. 


Very great care was taken, and it is thought that this is the most accurate 
measurement, of this type, which has ever been made. The probable error of the 
straight-line distance (estimated from concordance of results) was only one part 
in 6,000,000 or about a fifth of an inch in 22 miles, The final accuracy of the 


§ 10.10 THE EVACUATED-TUBE EXPERIMENT 305 


distance is not so high, owing to uncertainty in the steel tape used to measure the 
base line, and also to the errors involved in measuring the distances from the 
bench marks B, and B, (fig. 10.3) to the mirrors. Michelson considered the final 
value for the length to be correct to within one part in a million. Dorsey* is of 
the opinion that Michelson misinterpreted the Bureau of Standards’ certificate in 
regard to the length of the tape, and that the overall error in the measurement 
of the light path is about 1 in 200,000. Even this larger error is smaller than the 
errors due to (a) uncertainty in the measurement of the frequency of the fork (i.e. to 
error in the transit time), and (b) uncertainty in the temperature and pressure of 
the atmosphere over the light path (i.e. errors in the refractive index of the air, 
and hence in the correction required to reduce the measured velocity to a velocity 
in vacuum). The final result (given by Dorsey and including certain corrections 
not made by Michelson) is 2-9980 + 0-0002 x 101° centimetres per second. 


10.10. The Evacuated-tube Experiment. 


In order to avoid the error due to uncertainty in the refractive 
index of air, Michelson planned an experiment in which the light path 
was within an evacuated tube. He was unable to take part in the 
observations and the experiment was completed after his death by 
his colleagues, Pearson and Pease. The tube was a mile long, and by 
reflecting the light to and fro twice between two plane mirrors, a total 
light path of nearly 13 kilometres was obtained. A mirror with 32 
sides replaced the octagonal mirror previously used, and the reflect- 
ing system was not quite the same as that shown in fig. 10.3. A 
number of detailed improvements in technique were incorporated, but 
the methods used for the measurement of distance and time were 
essentially the same as those used in 1927. The pressure in the tube 
varied from 0-5 to 5:5 millimetres in different experiments, and a cor- 
rection was made for the refractive index of the residual air. The 
final result for the velocity in vacuum is 2-99774 + 0-00011 x 101° 
centimetres per second. 


10.11. The Kerr Cell Optical-shutter Method. 


In this method a “ mark ”’ is placed on the beam of light by passing 
it through a Kerr cell to which a short-wave radio-frequency voltage 
is applied. In the simplest form of the apparatus the “mark” is a 
sinusoidal variation of the amplitude of the light transmitted. The - 
radiation from a broadcasting station consists of a radio-frequency 
carrier wave modulated by frequencies in the audible range. In the 
light passing the Kerr cell, the radio frequency is the modulation fre- 
quency, and the frequency of the light is the carrier frequency. The 


* Reference 10,9, + The theory of the Kerr cell is discussed in Chapter XVI, 
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method was first used by Karolus and -Mittelstaedt, and has since 
been used by Hiittel and by Anderson (in two separate determinations). 
The experiments differ in technical details and, although some of 
these details are important, we shall describe only the second deter- 
mination made by Anderson. The apparatus is shown in fig. 10.4. 
Light from a mercury arc L, passes through the modulator cell 
(KC), and one part is reflected by the half-silvered mirror M, and the 
plane mirror M,, to the photocell R. The other part is transmitted by 
M, and goes to M;, M,, M; and Mg. It returns along the same path to 
M, and is reflected to the photocell. The photo-electric current pro- 


Fig. 10.4.—Electro-optical shutter method used by Anderson 


duced by the joint action of the two beams is amplified by an ampli- 
fier tuned to the frequency of the oscillator. The resultant voltage is 
dependent on the phase relations of the light modulations. If the two 
beams arrive at the cell with their “ modulation waves ”’ in phase, the 
resultant current contains a large component whose frequency is the 
same as that to which the amplifier is tuned. If they arrive with the 
modulation waves out of phase, the total photo-electric current is the 
same, but the component which is amplified is small and the output 
current is then a minimum. The mirror M, could be replaced by 
another mirror M,’ (of different focal length) which was tilted so 
as to return the light direct to M;. The following procedure was 
adopted. 

With the mirror M,’ in place, the position of M, was adjusted (by 
a micrometer screw which moved it along accurately constructed 
guides) until the amplified current was a minimum. The mirror M, 


§ 10.12 DISCUSSION OF RESULTS 307 


was then put in the place previously occupied by M,’, and the position 
of M, adjusted until the current was again a minimum. The time 
taken for the light to traverse the main path from M, to M, and M, and 
back, plus the distance between the two positions of M,, is then equal 
to an integral multiple of the period of the radio-frequency oscillator. 
It is unnecessary to measure the distances M,M,, M,M,, M,M,, ete.* 
The length of the main path was measured by reference to the dis- 
tance between two fine marks on a steel tape. The distance between 
the positions of M, is given by the difference of the readings of the 
micrometer screw. The overall accuracy of the measurement of path 
is about 1 part in 200,000. The frequency of the modulator was 
19-2 x 10® cycles per second. It was accurately controlled, and 
measured by the methods usually employed for radio frequencies. It 
was known to 1 part in a million or better. The value obtained for 
the velocity of light was 2-99776 + -00014 x 10” centimetres per 
second. 


10.12. Discussion of Results. 


It is desirable to consider whether the differences between the 
methods are such as to make it very unlikely that the same systematic 
errors enter into all the above experiments. The chief errors that have 
been proposed are: 

(2) a delay in reflection, and 

(6) an error due to abnormal reflection at the surface of a moving 
mirror, or abnormal reflection of a beam which is sweeping across 
a reflector with high velocity. 

An appreciable delay on reflection should have been detected 
because some of the arrangements use more reflections than others. 
An error of type (b) should be revealed by a difference between the 
results obtained by the rotating-mirror method and the Kerr cell 
method. The results are, however, in good agreement. There is no 
theoretical reason for suspecting a delay on reflection. The theory of 
reflection of a rapidly moving beam has been investigated by Lorentz, 
who concludes that there may be an anomaly which is probably too 
small to be detected. It therefore appears reasonable to assume that 
the weighted mean of the recent accurate determinations should be 
regarded as the most accurate value, and that the error should be 
estimated from the deviations of the results. On this basis, Dorsey, 
after reviewing all the experimental evidence, concludes that the value 


* A small correction is necessary because M, does not exactly replace M,’. 
11¥ (G 577) 
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is 2:99773 + -00001 x 101° centimetres per second.* It is of interest 
to note that the four determinations with the Kerr cell, taken alone, 
give this mean, and that the same value is obtained by the rotating- 
mirror evacuated-tube experiment. A slightly higher value is given 
by the Mount Wilson experiment, but this experiment is probably 
less accurate than those which were made later. 


10.13. Group Velocity or Wave Velocity. 


It is generally agreed that methods like that of Fizeau, in which the light beam 
is chopped up into sections, lead to determinations of the group velocity. It is 
less obvious that the rotating-mirror method measures the group velocity, but 
this may be shown to be so by considering the Doppler effect on the two parts of 
the mirror, one of which approaches, and the other of which recedes from the 
observer. It is, however, scarcely necessary to make this investigation since it 
is obvious that the rotating mirror divides the beam into trains of finite length. 
In a similar way the sinusoidal modulation used by Anderson in the experiments 
which have been described creates wave groups. Dorsey considers that the first 
method used by Anderson (in which the amplitude of the beam of light was con- 
stant, and the marking was done by altering the ellipticity of the polarization in a 
periodic way) measures the phase velocity directly. In our view, Dorsey is mis- 
taken, because the components of the light polarized in any given plane are modu- 
lated just as much in Anderson’s first method as in his second, and therefore wave 
groups are involved. Even if no modulator were used, it is doubtful whether any 
measured velocity could be other than the group velocity since the trains of 
waves emitted by the atoms must be represented by wave groups. The values of 
the velocity of light quoted above give the velocity in vacuum. The observations 
have been corrected for the difference between the group velocity in air and the 
velocity in vacuum. The difference between group velocity and phase velocity 
in air at standard temperature and pressure is about 0-00006 x 101° centimetres 
per second, or 1 part in 50,000. 


10.14. Comparison of the Velocity with the Ratio of the Electrical Units, 
etc. 


According to the electromagnetic theory, the observed velocity of 
light should agree with (a) the observed values of the velocity of 
electromagnetic waves on wires, and (6) with the ratio of the electro- 
magnetic units. The following are probably the most accurate values 


available: 
(a) 2-99782 + 0-0003 x 101° cm./sec. (Mercier.) 
(6) 2-99784 + 0-0001 x 101° cm./sec. (Rosa and Dorsey.) 


* Birge (see Reference 10.10) assigns different weights to the experimental deter- 
minations and obtains 2-99776 + -00004 x 101 ee. : ae 
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These values * are in reasonably good agreement with the value 
of 2-99773 x 10! centimetres per second obtained for the velocity of 
light. 


10.15. Recent Work. 


We now give the results of some recent measurements of the velocity 
of light and of radio-frequency electromagnetic waves. A review article 
by Essen (Reference 10.12) gives a general account of the work and 
includes references to the original papers. The radar apparatus used 
during the war included elements which, in their simplest use, esti- 
mated the distances of targets by measuring the time required for a 
signal to travel from the apparatus to the target and back again. 
The accuracy of these devices was checked by using targets whose 
distances could be measured by ordinary methods of surveying. At 
first it was assumed that the velocity of radio waves in vacuum was 
equal to the accepted value of c (see Reference 10.12). The velocity 
in air was calculated using moderately accurate values for the refractive 
index of air. An error due to radiation reflected or scattered from the 
ground was estimated and eliminated. After making these corrections 
it was found that the distances obtained from the radar measurements 
were too small by about one part in 20,000. The discrepancies could 
be reduced by assuming a higher value for c. After the war the radar 
technique was used to make systematic measurements of the velocity 
of radio waves. The value obtained is 299,792 + 3 km./sec. 

Essen and Gordon-Smith made a very precise measurement of the 
resonance frequency for a cavity resonator of accurately known dimen- 
sions. The resonator was evacuated to avoid any error due to un- 
certainty in the refractive index of air at radio-frequency. The phase 
velocity in the resonator is not equal to the velocity in free space, 
but the latter velocity can be calculated from their results. The value 
obtained is the same as that given by the radar measurements. 


10.16.—Two measurements have recently been made on visible 
light. Bergstrand, using a modulated beam of light and a technique 
somewhat similar to that used in the radar measurements, obtained a 
result in agreement with that given by the radar method. On the 
other hand Houston, using a new type of electro-optical shutter, 
obtained the lower value previously given by the methods described 
in §§ 10.7-10.12. Thus all the measurements on visible light except 


* The values quoted include certain small corrections suggested by Birge (Refer- 
ence 10,10). 
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that of Bergstrand give 299,773 + 3 km./sec. All the measurements 
on radio-frequencies give 299,792-5 + 3 km./sec. The indirect measure- 
ments considered in § 10.14 give a result about half-way between these 
values. It thus appears that there is a discrepancy which is somewhat 
larger than the estimated experimental errors.* All results except 
those of Bergstrand suggest a difference between the velocity of light 
in vacuum and the velocity of radio waves in vacuum. This differ- 
ence, if confirmed, would require important modifications of theory, 
but obviously further experimental work is needed before we can be 
sure that there is a real difference. 


10.17. Suggested Variation of the Velocity of Light with Tume. 


It has been suggested by several writers that the velocity of light | 
is decreasing, or possibly varying in a periodic way. It is true that the 
“best values”? announced by the experimenters do show a general 
tendency to decrease from the time of the first measurements. De- 
tailed examination shows, however, that the differences are all within 
the range of the experimental error obtaining at any given time. 
There are no systematic differences between the last six determinations. 
There is also good indirect evidence against the existence of any 
measurable variation with time. (Reference 10.10.) 


The observed value of the velocity is in terms of the standard metre and the 
mean solar day. Let us assume that the fundamental equation ¢ = vA is valid, 
where v is the frequency of the atomic oscillator which emits light of wavelength 
2. We may also assume that a vacuum is a non-dispersive medium, so that the 
wave velocity and group velocity in vacuum are the same. Then, if ¢ varies, 
either vy or A must vary. It is extremely improbable that v (whose value may be 
calculated from constants such as e, m, h) varies, though we cannot show by direct 
measurement that it does not vary. Comparison of the different determinations 
of the relations between the wavelength of cadmium light and the metre, indicates 
that the ratio has not varied by more than 2 or 3 parts in 107 during the last 
fifty years (§ 9.44). It is thus very unlikely that c is varying by an amount which 
could be detected by direct measurement. Other indirect evidence for the con- 
stancy of the velocity is given by experiments on the ratio of the electrical units. 


10.18. Variation of Velocity with Refractive Index. 


The velocity of light in water was compared with that in air by 
Foucault, using the apparatus shown in fig. 10.5. The mirror M, 
revolves, and two deflected images are obtained. The ratio of the 
deflections is approximately inversely proportional to the ratio of the 


* There is considerable difficulty in estimating the effective values of the experi- 


mental errors. The values given are upper limits for the random errors with some 
allowance for known sources of systematic errors, 
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velocities. Foucault was able to show that light travels faster in air 
than in water, but he gave no quantitative value for the ratio. The 
experiment was repeated by Michelson, who obtained the value 1-33 
for the ratio of the velocity of light in air to the velocity in water. He 
also found the value 1-758 for the ratio of the velocity of light in air 
to the velocity in carbon disulphide. The ratio of the group velocities 
can be calculated when the refractive indices and the dispersions of 
the media are known. For water the calculated ratio of the group 


2 


Fig. 10.5.—Comparison of velocity in air with velocity in a liquid 


velocities is nearly the same as the ratio of the phase velocities (i.e. 
it is the inverse ratio of the indices of refraction). The observed value 
agrees, within experimental error, with either calculated value. For 
air and carbon disulphide, the calculated ratio of the phase velocities 
is 1-64, and of the group velocities 1-745 for the wavelength 5800 A. 
The wavelength used by Michelson was not very sharply defined but 
was probably higher than 5500 A. Thus his observed value (1-758) 
is in reasonably good agreement with the calculated ratio of the group 
velocities, but is definitely not in agreement with the calculated ratio 
of the wave velocities. Michelson was able to show that the velocity 
of red light in carbon disulphide is a little greater than the velocity 
of blue-green light, as would be expected from the difference of re- 
fractive index. 
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EXAMPLES [10(i)-10(iii)] 


10(i). An electron is accelerated from rest in a uniform field of 100 volts per 
centimetre. Calculate the transit time for a path of 2 centimetres. 


[4:75 x 10-® second. ] 


10(ii). What is the ratio of the transit time for a light path of 30 metres to 
the electron transit time under the conditions of the preceding example? 
(20 :1.] 
10(iii). In Anderson’s experiment there is an error in timing due to variation 
in electron transit time. Suppose that conditions are as described above, and that 
the variation in transit time is due to a difference in the electron path of p per 


cent (where p is less than 1). What value of p will cause an error of 1 in 100,000 
in the velocity of light? 


[p = 0:02 per cent. Note: The conditions in Anderson’s experiment are 
not as simple as those assumed in the example, but he states that 
variations in electron transit time account for most of the inaccuracy 
in his result. ] 
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CHAPTER XI 


Relativistic Optics 


11.1. Introduction. 


The word “theory” is used by scientists in two ways. It may 
mean a co-ordinated description of the results of certain experiments, 
or it may mean a general method for the description of experiments. 
The Theory of Relativity is a “theory ”’ in both senses of the word. 
It started from the results of certain experiments on the velocity of 
hight. In order to obtain a satisfactory description of these experi- 
ments, it was necessary to reconsider the basic definitions of words 
like “length ”’, “ mass” and “time”. It was then found that certain 
general difficulties in theoretical physics could be removed if these 
terms were redefined so as to give them a precise relation to the results 
of experiments. Concepts invented for a special purpose were seen to 
be useful in relation to many problems both in optics and in dynamics, 
and the new definitions became part of the language of theoretical 
physics. In this chapter we are concerned with deriving some of the 
main ideas of relativity from optical experiments and with applying 
these ideas to other optical experiments. The reader should consult 
textbooks on relativity for a general account of the theory and of its 
application to dynamical problems.* 


11.2. Relative Velocity of Earth and Atther. 


Suppose that the velocity of sound is measured by an observer 
on the ground. In still air, he will obtain a velocity which we may call 
V, and when there is a wind he measures a velocity (V + v), where 
v is the component of wind velocity in the direction of propagation. 
The velocity of waves relative to the observer is simply the vector 
sum of the wind velocity and the velocity of the waves relative to the 
air. If the observer had no other method of measuring the wind 
velocity, he could determine this quantity by measuring the velocity 
of sound in different directions. He would find that in a certain direc- 
tion the velocity of sound was a maximum, and that would give the 


* References 11.1-11.5. 
813 
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direction of the wind. The difference between the speed of sound up- 
wind and down-wind would be equal to twice the speed of the wind. It 
was at one time thought that this method might be used to determine 
the relative velocity of the earth and the ether. If light is a system of 
waves in the ether, and the earth is moving through the ether, we 
have effectively an “ether wind”. Experiments on the velocity 
of light in different directions should determine the direction and 
speed of the “ether wind” or, as we more usually describe it, the 
velocity of the earth relative to the ether. This conclusion is valid 
whether we consider the ether as an elastic solid, or as the seat of the 
electromagnetic phenomena. 


11.3.—The measurement of a possible variation of the velocity 
with direction is made more difficult because, in terrestrial experi- 
ments at least, we cannot measure the time for light to travel along a 
given path in one direction, but only the transit time to go to a certain 
point and to return. We shall now show that this implies that, if the 
velocity (v) of the earth with respect to the ether is a small fraction of 
the velocity (c) of light with respect to the ether, we can observe only 
effects of the second order, i.e. differences proportional to v?/c?. 

Consider first the total transit time to go and to return along a 
path whose direction is the same as that of the relative velocity of 
earth and ether. If d is the length of the path, we have 
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and, when v is small compared with c, 
T= Tele) ey 


where 7’) = 2d/c is the time required for the transit to and fro along 
a similar path in a stationary ether. For a direction at right angles 
to the above direction, the velocity of light relative to the earth should 
be (c? — v?)"”, and the transit time (to and fro) is 


2, 
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Further discussion shows that the maximum transit time (to and 
fro) for different directions is given by 11(2) and the minimum by 
11(4). The maximum difference is thus 


2 
ATy, = T, — 1, = 40 y 5. 8 are L() 

The most direct way of finding the earth’s velocity relative to the 
ether would consist in measuring the transit time over a certain path, 
whose length is defined by rigid rods, when the apparatus is placed in 
different orientations. The direction corresponding to the maximum 
transit time would be the direction of the relative velocity, and the 
difference between the transit times for this direction and a perpen- 
dicular direction would enable the magnitude to be calculated from 
equation 11(5). The smallest difference in transit time which could 
be detected in experiments such as those described in the preceding 
chapter is about one part in 100,000. This corresponds to a relative 
velocity of 0-003c¢ or 10° centimetres per second. The velocity 
of the earth relative to the sun is about 3 x 10° centimetres per 
second. An exther-earth relative velocity of this order of magnitude 
is thus far too small to be detected in a direct experiment. For- 
tunately indirect methods are much more sensitive. 


11.4. The Michelson-Morley Experiment. 


About 1887, Michelson and Morley used a modification of the 
Michelson interferometer (fig. 4.1) to investigate the problem. Suppose 
that the mirror M, (figs. 4.1 and 11.1) is set at a small angle to the 
reference plane R and is moved until the fringe corresponding to zero 
order of interference appears in the centre of the field of the telescope. 
We assume that the plate C exactly compensates for the path in the 
mirror M, (fig. 4.1) and we therefore omit the plate C in fig. 11.1 and 
regard M, as of zero thickness. Then the optical paths from M, to Mg, 
and from M, to M,, are equal; i.e. if d, is the geometrical path from 
M, to M,, and dy is the geometrical path from M, to M,, we have 


nd, == Nolo, . . . . . . 11(6) 
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where c is the velocity of light for a body at rest in the ether in vacuum, 
and 6, and 6, are the velocities in the regions between M,M, and M,M, 
respectively. The terms in the brackets in 11(7) are the transit times. 
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Suppose that the arm M,M, happens to lie in the direction of the earth- 
ether velocity. Then, for equal paths, the transit time M, to M, and 
back is greater than the corresponding transit time from M, to M, 
and back. In bringing the fringe of zero order to the centre of the 
field, we have made the transit times equal by making d, slightly less 
than d,. If now the apparatus is rotated through a right angle, M,M, 


O 


Fig. 11.1.—The Michelson-Morley experiment 


will be in the direction of the ether-earth velocity and would have the 
longer transit time for equal paths. But if the lengths d, and d, have 
not altered when the apparatus was rotated, d, is the longer path, and 
this further increases the transit time. The difference of transit times 
is twice that given in equation 11(5), and this difference should produce 
a fringe movement corresponding to a path difference As, given by 


ve v2 
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where d = 3(d, + d,). 


11.5.—At the beginning of the experiment, the direction of the 
earth-ether velocity is unknown. The fringe of zero order is brought 
to the centre of the field and the apparatus is slowly rotated, obser- 
vations of the position of this fringe being made at every sixteenth of 
a revolution. If the above theory is correct the fringes should move 
sideways, in a periodic way, the period being half the period of the 
rotation of the apparatus. When the fringes indicate a maximum 
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transit time for M,M,, this arm lies along the direction of the sther- 
earth velocity. The magnitude of the velocity is determined by ob- 
serving the amplitude of the fringe movement and applying 11(8). 
In fact no movement of the fringes could be observed. It was calcu- 
lated that a movement corresponding to an ether-earth velocity of 
3 X 10-°c, or about 10° centimetres per second, could have been 
detected. The possibility that at the date of the original experiment 
the earth happened to be moving with very small velocity relative to 
the wether was considered. The experiment was therefore repeated at 
different times of the year. It always gave a null result. The result 
was later confirmed using more sensitive apparatus capable of detecting 
a velocity of 10° centimetres per second or 3 x 10-®c. 


11.6.—The apparatus used by Michelson and Morley is shown 
diagrammatically in fig. 11.2. Each of the arms of the interferometer 
has been lengthened by allowing reflections from corner to corner. 


Fig. 11,2.—The Michelson-Morley experiment (multiple reflections) 


(Actually there were twice as many reflections as those shown in the 
diagram.) This method of obtaining a long path is better than a direct 
increase of the length of the arms, because it is easier to secure tem- 
perature control and mechanical rigidity. The effective path was 30 
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metres and it was estimated that a change in path length of about 
/25 or 2-4 x 10-6 centimetre could have been detected. Thus the 
minimum detectable value of v/c, calculated from 11(8), is 2-8 x 10~%c. 
The experiment was later repeated by Joos, and by Kennedy and 
Illingworth.* They modified the optical arrangements so that a 
path difference of about 0-001A could be detected. No movement of 
the fringes was observed. Miller attempted to make the mstrument 
more sensitive by using very large arms. This led to comparatively 
large random movements of the fringes owing to temperature variation, 
etc. He thought that there were small regular movements of the 
fringes superposed upon these irregular movements, but his “positive” 
results are generally regarded as within the limits of error. 


11.7. The FitzGerald-Lorentz Contraction. 


It was suggested by G. F. FitzGerald (1851-1901), and later by H. 
A. Lorentz, that the null result of the Michelson-Morley experiment 
might be due to a compensating effect, i.e. a contraction of each arm 
as the interferometer was turned into the direction of the ether- 
earth velocity. From equations 11(1) and 11(3) it may be seen that 
if the ratio of the length when the arm is orientated in the direction of 
the ether-earth velocity, to the length when orientated in the perpen- 
dicular direction is (1 — v?/c?)"”, there will be no difference in transit 
time, whatever the value of vy may be. Lorentz gave reasons, based on 
the electron theory, for supposing that this contraction might be a 
universal property of matter. Various attempts were then made to 
measure v, either by detecting and measuring the FitzGerald-Lorentz 
contraction, or in other indirect ways. All of these experiments had 
one feature in common. Their objective was to show that free space is 
optically or electrically anisotropic. The observers looked for some 
difference to be produced merely by altering the orientation of their 
apparatus. All these experiments gave a null result. We shall see that 
according to relativity theory all these experiments are essentially 
the same experiment and all must yield a null result. It is not neces- 
sary to discuss details, but we may briefly mention the following: 

(a) Rayleigh (and later Brace) sought to detect a photo-elastic effect 
produced by the FitzGerald-Lorentz contraction. 

(b) Rayleigh looked for a variation in the optical rotatory power 
of a quartz crystal when its orientation was altered. 


* References 11.7-11.9. 
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(c) Nordmeyer placed two sensitive thermopiles on opposite sides 
of a small source of light. The currents were balanced and the appa- 
ratus rotated. It was expected that when the axis of the apparatus 
was in the direction of the earth-ether velocity, the optical path to 
one thermopile would be shorter than the path to the other. The 
radiation received would be proportional to the inverse square of the 
optical paths. The balance would therefore be disturbed by rotating 
the apparatus so that the optical path to the other thermopile 
became the shorter path. 

(d) Many electrical experiments were performed. It was suggested 
that the resistance of a wire should depend on its orientation because 
of the contraction. In a similar way the frequency of a quartz crystal 
vibrator might be expected to depend on its orientation. These elec- 
trical experiments were of high sensitivity. 


11.8. Special Theory of Relativity. 


It is fairly easy to explain the null result of any one of these ex- 
periments by the hypothesis of a compensating effect such as the Fitz- 
Gerald-Lorentz contraction, but it would obviously be unsatisfactory to 
explain each result by a separate and rather special hypothesis. Hin- 
stein decided to accept the experiments as a proof that the velocity 
of light is the same for all observers, and to re-examine the basic prob- 
lems of kinematics in the light of this result. Every kinematical prob- 
lem is stated, directly or indirectly, by reference to a co-ordinate 
system and to a clock. Suppose that a given dynamical problem is 
referred to a co-ordinate system 2, y, z, t, and the equations of motion 
are set down. It is possible to express the problem in terms of another 
co-ordinate system 2’, y’, 2’, t’, if algebraic equations connecting 2, 
y, Z, t are available. Such a set of equations is called a transformation 
group. In the simplest case, if the two co-ordinate systems differ 
only in that the origin of the dashed system is situated at a distance a 
from the origin of the undashed system, and along the axis of x, we 
have 


a =ata; y=y; 2 =z; 0 =t. 
More complicated transformations refer to other geometrical changes 
(e.g. rotation of axes.) 


11.9.—It is possible also to consider systems of axes which are 
moving with respect to one another. Such systems are considered in 
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Newtonian mechanics, and it is easy to derive the transformation 
group: 


e=2+u, 
a eee cs) 
2 =2, 


oe | 


We assume that the axes Ox and Oz’ have been chosen to coincide 
with the direction of the relative velocity. Using this transformation, 
it can be shown that the laws of mechanics (expressed in Newton’s 
Laws of Motion) are the same in the dashed and in the undashed 
systems, provided that the systems have no relative acceleration. 
For a particle moving with constant velocity U along the z-axis in 
the undashed system, we have 


__ dz 
=5, 
; ? 11(10) 
, _ da’ x = 
ape gies ne 
dU’ da! Pax 
arya ee EN 


The velocities of the particle in the two systems are different, their 
relation being given by 11(10), but their accelerations are the same 
and laws like “ force = mass X acceleration” are unaflected. Equa- 
tion 11(10) appears to be in good agreement with experimental results 
when it is applied to ordinary velocities. For example, the equation 
can be used to calculate the speed of an aeroplane relative to the 
ground when its air-speed (i.e. speed relative to the air) and the wind 
velocity are known. The Michelson-Morley experiment and the asso- 
ciated experiments show that for light 


coe Le eae err iia 
and this indicates that equation 11(10) cannot apply to light. 


11.10.—Starting from this fact Hinstein made two hypotheses: 

(1) The principle of equivalence—the laws of physics are indepen- 
dent of the motion of the co-ordinate system to which they are re- 
ferred. We can never detect absolute motion of bodies through space, 
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but only the relative motion of one material body with respect to 
another. 

(2) The velocity of light in every co-ordinate system has always 
the same value (c). 

In the special theory of relativity (published in 1905), he applied 
the principle of equivalence to systems in uniform relative motion, 
but not to systems which are accelerated with respect to one another. 
In the general theory (published in 1915) the principle is applied to all 
systems. For the present, we consider only the special theory. It is 
important to note that in respect of systems which have relative 
motion, but no relative acceleration, the principle of equivalence holds 
in both Newtonian and in relativistic mechanics. The difference lies 
in the fact that the relativistic mechanics takes account of the ex- 
perimental observation that the velocity of light is the same for all 
systems. 


11.11.—Using the two fundamental hypotheses stated above, we 
may proceed to derive a transformation group which will replace 
equations 11(9). The derivation is very simple if we accept two assump- 
tions: (a) that the equations of transformation are linear and homo- 
geneous, and (b) that co-ordinates in directions perpendicular to the 
direction of the relative velocity are the same in both systems.* 

We consider two systems S and 8’, and choose co-ordinates such 
that OX and O’X’ are both in the direction of the relative velocity, 
We choose the origins of time and space so that ¢’ = 0 when ¢ = 0, 
and at this time O coincides with O’. We imagine a light signal emitted 
from the origin when ¢ = 0. At time ¢ in system §, it will have reached 
the sphere 7+ y2+2=c*t?. The same signal viewed from the 
system S’ will appear at time ¢’ (corresponding to ¢) to have reached 
the sphere 2’? + y’2 + 22 = ct’, Thus we must have 


(a? + y? + 22 — ct?) = y(x'? + y + 2% — ct), 11(13) 


where y is a constant. This equation is derived from the assumption 
that c is the same for both systems. The principle of equivalence 
implies that y = 1, because, if this were not so, the “light sphere ” 
would not be the same size in both systems. Also we have decided to 
assume that y = y’ and z = 2’, and hence 


ag? — oc? = '® — ot’2, Cee oe L( 14) 


Let the relative velocity be such that O’ appears to be moving with 


* For a derivation independent of these assumptions see Reference 11.5, 
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velocity v when viewed from 8, and O appears to be moving with 
velocity —v when viewed from 8’. Then 2’ =0 when «# = vt, and 
’. Hence we must have 


x = 0 when x’ = —w’. 
xv’ = k(x — wt), vn ee eee) 
and eas ki (a 0), 752 GO Lio) 


where k and k’ are two constants which must depend on v. Inserting 
the value of x’ given by 11(15) in 11(16), we obtain 


“=r[e—2(1— 4). tee 


Equations 11(15) and 11(17) give x’ and ¢’ in terms of # and ¢. These 
values may now be inserted on the right-hand side of 11(14), and the 
coefficients of z?, ¢ and at on the two sides of the identity may be 
equated. Three equations are obtained, and these may be regarded 
as simultaneous equations for k and k’. It is found that all three 
equations are satisfied when k = k’ = (1 — v?/c?)"‘/?._ The equations 
of transformation [obtained by inserting the values of k and k’ in 
11(15), 11(16) and 11(17)] are thus 


pas x — vt aes xv + ot 
a) (li 48 fe4): a/(1 — 0/0)’ 
1 
t—<s Rel picia, wd 
Cc e 


(ee a a a eee 
‘/ (ict) VJ (1 — v/c?)’ 
and we have also 
y=y and ¢—Z. 
The equations have the symmetry required by the principle of 
equivalence, allowing for the fact that the sign of the relative velocity 
measured in 8’ is opposite to its sign when measured in S. It may 


be verified by direct substitution in 11(14) that the velocity of light 
is the same in both systems. 


11.12. Dilation of Time and Contraction of Space. 


Let us now consider four consequences which follow from equations 
11(18). 


(a) Relativity of Simultaneity. 
From equations 11(18) we see that two events which are simul- 


§ 11.12 DILATION OF TIME 323 


taneous in the system 8, but which occur at different places, are not 
simultaneous in the system 8’. For, if t; = ty, 


Veen 1 Vv , 1 Vv 


where we have written 
Coley a TO) 


Thus ¢,’ and ¢, are not equal if x, + a». 


(6) Dilation of Time. 
In a similar way we see that the interval between two events which 


occur at times ¢, and ¢,, and at the same place (z,) in system §, is not 
the same as the interval measured in system 8’ for 


Avi, 4, | 


Af mea =| eh i SHY, 
4 


Since « is less than unity, At’ is greater than At. 


(c) Contraction of Space. 


An observer who is at rest in system S may measure the length of 
a bar which is also at rest in that system by placing a measuring scale 
against the bar and reading the co-ordinates of its ends. Let the read- 
ings be x, and x». An observer in S’ can also measure the lengths of 
the same bar by placing a measuring scale (which is at rest in his 
system) against the bar, but his measuring scale will be moving past 
the bar. He therefore reads the co-ordinates of the ends simultaneously, 
i.e. at the same time in his system. The length he will measure will be 


tf — 1 =" {(t—%) — Wy — 4}, = 11002) 


and he will have 


11(23) 
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if he makes the observations at the same time (¢’) in his system. Sub- 
stituting in 11(22) from 11(23), we have 


, , 1 v / , 
Ly — Ly ra (@ — %) —— — ')}, 


2 
or (1 + =) (x! — a) co : (=, — a), 
are Ca 


and Lp’ — Ly’ = a(%_ — 2), Ss” el Se dame Le) 
2 
Since 1+ 2 == || 45 a 


Thus the length measured in system 8’ is less than that measured in 
system S in the ratio a: 1. 


(d) Addition of Velocities. 


Suppose that a particle is moving in the common direction of the 
x and x’ axes and that its velocity as measured by an observer in the 
system S is U, and as measured by an observer in the system §’ is U’. 
Then 


Hence ee 11(25) 


This law of addition of velocities applies only when the two velocities 
are in the same direction. It is the relativistic equation corresponding 
to the Newtonian relation given by equation 11(10). It is in agreement 


§ 11.13 ADDITION OF VELOCITIES 325 


with the hypothesis of the constant velocity of light because, if 
U’ =c, we have 
U = pee al aie Z = . . . . . 
Tae coat c 11(26) 
Thus the addition of any velocity (positive or negative) to the velocity 
of light leaves this particular velocity unchanged. 


11.13.—The conclusions of the last paragraph, that space and time 
measurements depend on the velocity of the observer, appear to be 
contrary to our “intuitive ” ideas of space and time. These concepts 
are derived from experience, in which the observer is either at rest 
with respect to the objects observed, or moving with a velocity which 
is a small fraction of the velocity of light. The dilation of intervals 
and contraction of lengths are then much too small to be observed.* 
It is then natural to think that lengths and intervals are the same for 
all observers and hence to think of them as fixed objects having an 
existence independent of any observer. They are so conceived in 
Newtonian mechanics and this idea leads to equation 11(10) for the 
law of addition of velocities. In this law, all velocities differ according 
to the motion of the observer. Hinstein starts from the assumption 
that in physics we deal only with measured length and measured time. 
These quantities are significant only when we have clearly defined 
the process of measurement. 

Suppose that in the system of §, light signals are emitted at times 
t, and t,. An observer in system 9’ can note the difference between the 
times at which they are received. He does not regard this as the cor- 
rect interval between the events, because he knows that the source 
has moved between the emission of the two flashes. He has to make 
an allowance for the difference in time of transit. According to New- 
tonian mechanics, this allowance must be made so that the interval 
measured in system 8’ is the same as that measured in system 8, This 
method of making the allowance cannot be reconciled with the constant 
velocity of light. According to relativity theory, the allowance must 
be adjusted so that the velocity of light is the same for both observers. 
The intervals are then unequal. We cannot have both the equality of 
intervals and the constant velocity of light. The Michelson-Morley 
experiment, and other experiments which we shall describe later, 
furnish very strong evidence in favour of accepting the constant velo- 
city of light. We shall see that there is also direct evidence for the 


* For an observer moving at 60 m.p.h. past the scene which he observes, « differs 
from unity by about one part in 10, 
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inequality of intervals and for the velocity addition theorem [equation 
11(25)]. If we accept the inequality of intervals (and the corresponding 
inequality of lengths), it follows that a statement concerning a length 
or a time is incomplete unless the frame of reference is stated. If the 
given data in a problem do not all refer to the same frame, they must 
be converted to the same frame by means of equations 11(18)—or 
some equivalent process must be carried out. 


11.14. Experiments in which Source and Observer are in Relative 
Motion. 


We shall now develop equations giving the frequency and apparent 
direction of light emitted by a source which is moving with respect to 
the observer. The medium between source and observer has unit 


Q 


Xx 


Fig. 11.3 


refractive index. The observer is at rest at Q in system S, and the 


source is at rest in 9’ (fig. 11.3). Let the waves emitted from P’ be 
represented by 


{2 A’ G 4yf , : , 
C= 7 exp t{(w't —Kr)+e% ©. 11(27) 
Let the ray from P’ to the observer at Q make an angle 6’ (measured 


in system 8’) with the a’ axis. Then r’ = 2’ cos @ + y’sin 6’, and 
we have 
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— =r &XP i{w’t’ — x'a’ cos 6’ — k’'y’ sin & +}. — 11(28) 
To the observer in system S, the same beam is represented by 


A : 
= — exp i{at — Kx cos 6 — Ky sin 6 + e}. 11(29) 


But the expression derived by applying the transformation equations 
11(18) to equation 11(28) must also represent the beam observed in 
the S system, and must therefore agree with 11(29) at all places and 
times, i.e. 
wt — kx cos 0 — cy sm 6+ « 
ae (: — =] (a vt) cos 0 — x'y sin #’+ ¢’, 11(30) 
ed Cc a 

Equating the coefficients of x and ¢, and remembering that w/k = w'/k’ 
=c, we have 


o= a (w’ + xv cos 6’), 
(o4 


or w= 2 (1420080); eee en T(SL) 
ow @ 
and k cos 0 = I (« cos &’ + ), 
ow c 
w [cos , v 
x 005 8 = 2 (8 +3), 
COS (0 = ee (cos 0’ +°), 
Wah 
cos 6’ + - 
i tS ree Maltin aed WEY) 
1+ "cos 6’ 
c 


The frequency of the light observed in the system S is given by 11(31), 
and in this system the position of the source is at P (fig. 11.3), the 
angle @ being given by 11(32a). It is found that both equations 
11(31) and 11(32a) are verified by experiment (§§ 11.15, 11.16 and 


11.19). 
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EXAMPLES [11(i)-11(v)] 


11(i). Show that the transit time (to and fro) for a path which makes an angle 8 
to the direction of the relative velocity is given by 
2d 


T) = age {c? — v? (1 — cos*6)}. 


Hence show that 7’, and 7’, [equations 11(2) and 11(4)] are maximum and mini- 
mum velocities respectively. 


11(ii). Show that equation 11(32a) may be written 


aah eG 11(32b) 


1+” cos 0’ 
c 


[From 11(32a) we have (1 + cos 6) = (1 + cos 0’) (1 -L “/0 — ” cos 0’) 
c 


and a similar expression for (1 — cos 0). We obtain 11(326) by putting sin? @ = 
(1 + cos 6) (1 — cos 6).] 


11 (iii). Show that 11(326) implies that 
egy ee . ee aCe) 
1 — ° cos @ 
c 


and obtain an expression for cos 0’. 
[Equation 11(32c) and a corresponding expression for cos 0’ are obtained by 


applying the principle of equivalence to 11(32b) and 11(32a). They may be verified 
algebraically. ] 


1l(iv). Show that 11(32a) is consistent with the requirement that the coeffi- 
cients of y in 11(30) must be equal. 


[ Remember that ° — & = al 
K 


1l(v). Light (emitted from a source in S’) is limited by stops which obstruct 
all the light except that within a small cone of solid angle dQ’ (measured in §’). 
Show that the solid angle measured by an observer in a system S (which is ap- 
proaching the source with velocity v) is given by 


dQ _1—v/c 


da l+ofc 


11(33) 
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[ Differentiating V1(325) we obtain 


Pogo a cos 0’ i nee sin? 0’ 6’ 
1 += cos 6" “(1 + 2 cos 6’)? 
c 


When 6 = 0’ = 0, we have iy ae dd’, 


ie 1+ v/c 
and 11(33) follows since Cie = Eas 
ChOM 0’ 


11.15. Radial Doppler Effect. 


Equation 11(32) shows that when 6’ = 0 we have also 9=0. In 
this condition source and observer are approaching directly along the 
line of sight when v is positive. The relation between the ‘frequencies is 
then 

aw = w'(1 + v/Cc), ee emer (340) 
or A(1 + v/c) = ad’. Se ee ED) 


This differs from the non-relativistic expression 2(58) only in respect 
of the factor a. Experiments of the type described in § 2.24 are 
not sufficiently accurate to decide between the two formule. The 
difficulty is not in the optical part of the experiment. In the early 
experiments on the Doppler effect, the atoms were not all moving in 
precisely the same direction, so that @’ [in equation 11(31)] was not 
known exactly, and v was known only with moderate accuracy. This 
makes it impossible to calculate the term in the bracket to an accuracy 
of better than about one part in a thousand. Also the lines are 
broadened owing to the variation of the component of the velocity 
in the line of sight. 


11.16. Transverse Doppler Effect—Dilation of Time. 


If a beam of atoms is observed in a line which, according to the 
observer, is at right angles to the direction of the relative velocity, 
then cos § = 0, and from 11(32a) we see that cos 0’ = —v/c. Inserting 
this value in 11(31), we have 

pee 
Pea ee 11(35a} 
(Gh v2 /c2) 1? 
Nee aM 
a (1 — v2/c2)t?’ 


Hence 1 11(355) 
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where A is the wavelength observed in system 8, and 2’ is the wave- 
length which would be observed by an observer at rest with respect 
to the source. This change is called the transverse Doppler effect. Com- 
paratively recently this effect has been observed by Ives and Stilwell, 
and by Otting, working independently. Three technical problems 
have to be solved in order to attain the necessary accuracy: 

(a) A fairly accurately collimated beam of emitting atoms must 
be produced. 

(b) The experimenter must be able to set his line of observation 
accurately at right angles to the direction of relative motion and to 
know when he has achieved this setting. 

(c) The velocity of the atoms must be fairly high (of the order 
10-%c) and must be known with moderate accuracy. 

Residual errors due to imperfect collimation are proportional to 
v/c, and their importance relative to the main effect (which is propor- 
tional to v?/c?) is greatly reduced by using a very high velocity. In 
Ives’ experiment, charged atoms and molecules were focused into a 
parallel beam by suitably designed electrodes (working on the same 
principles as the well-known “ electron focusing’ methods). At the 
speeds involved, an ion may capture an electron and proceed as 
an excited atom without being appreciably deflected. A mirror set 
accurately normal to the line of observation was used, and the line of 
observation altered until nearly the same wavelength was given by 
the direct and the reflected light. When the difference (due to the 
small components of velocity in the line of sight) was very small, the 
mean could be taken as the wavelength due to an atom moving at 
right angles to the line of sight. Velocities ranging from about 
4<10-%c to 7X10-%c were used. The variation of A with v was that 
given by equation 11(35b). The experiment forms a satisfactory and 
very direct verification of the dilation of time. There is no correspond- 
ing direct verification of the contraction of space. This part of the 
theory is verified indirectly by the experiments described in § 11.20. 


EXAMPLES 11(vi) and 11(vii) 


11(vi). Calculate the difference between the Doppler shift obtained from 2(57 ) 
and that obtained from 11(34b) for particles whose velocities of approach are 
(a) 0-1c, (b) 0-Olc, and (c) 0-003c. Take the wavelength of the light to be 6000 A. 

(a) 27 A., (b) 0-30 A., (c) 0-027 A.] 
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11(vii). A certain source emits light of wavelength 6000 A., measured by an 
observer for whom the source is stationary. Find the displacements (a) for an 
observer who observes a transverse motion of the source, and (b) for an observer 
who observes a recession at 89° 55’ to the line of sight. In each case the velocity 
is 0-0031c. 


[(a) 6000-03 A. from equation 11(358); (b) 6000-06 A. To derive the second 
result use the formula w’ = © (i —° cos 6) obtained by applying the 
a Cc 


principle of equivalence to 11(31). Insert the value v = —0-003le, since 
the source is receding. ] 


11.17.—It is sometimes thought that the contraction of space implied in 
equation 11(24) is the contraction suggested by FitzGerald, and that this con- 
traction is verified by the Michelson-Morley experiment. This idea is not consistent 
with the relativity theory because FitzGerald’s hypothesis was put forward as 
an alternative to the hypothesis of a constant velocity of light. The parts of the 
apparatus in the Michelson-Morley experiment are not in motion relative to each 
other, or to the observer. Only one frame of reference is involved, and therefore 
there is no contraction of space or dilation of time to be considered. It has also 
been suggested that, because transits to and fro are involved, the Michelson- 
Morley experiment does not prove anything about the velocity of light in one 
direction. Essentially the experiment shows that if c(@) is the velocity in a direction 
which makes an angle 0 with an axis fixed with respect to the earth, then 


ee a constant independent of 0. 


c(8) c(0+ 7) 

The repetition of the experiment at a different time of year shows that a similar 
relation holds when the earth has a different velocity relative to the sun, though 
the constants are not necessarily equal. Eddington has analysed the significance 
of this relation.* He concludes that a 
logical argument based on the Michelson- 
Morley experiment and on other generally 
accepted results shows that the velocity of 
light is the same in all directions and for 
all observers. It is not, however, strictly 
correct to say that the Michelson-Morley 
experiment by itself proves this proposition, 


11.18. Reflection of Light by a 
Moving Mirror. 

We wish to calculate the law of 4 
reflection of light at a plane mirror Fig. 11.4.—Reflection at moving mirror 
which is moving (relative to the ob- 
server and the source) in the direction of its own normal (fig. 11.4). Let 8 
be the system in which the mirror is stationary, and S’ the system of the 


* Reference 11.3. 


12 (G 577) 
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observer. Let x be the angle of incidence measured in 8. Then the 
angle of reflection, measured in S, will be —x, since the ordinary law 
of reflection is valid in §. Let the angles of incidence and reflection in 
S’ be y,/ and —y,’. Then we may apply 11(326) first to obtain the 
relation between y and y,’, and again for the relation between x and 
x,’ In the second application we must change the sign of v, because 
the incident beam travels towards, and the reflected beam away from, 
the mirror. Thus we have 


a sin x; a SIN xX," 


and sin (—x) = — rere oe 
1+ © cos x; Le han 
C 


sin x = 


Thus the law of reflection is 


a ee sin x, 


ee LALO) 
Vv ’ 7) , 

1 + - cos x; 1 — - cos x, 
Cc Cc 


EXAMPLES [11(viii)-11(x)] 


11(viii). Show that if w,’ and o,’ are the circular frequencies of the incident 
and reflected radiation respectively, then 


o; (1 + : cos x) = of (I — = cos = 7) 


{In 8, the frequency of the incident and reflected radiation is the same. 


Let this frequency be , and use 11(31) to determine the relations between 
w and w,’, and between w and ,’.] 


1l(ix). A point source of light is placed at the focus of a lens whose focal 
length is f, and a plane mirror is set normal to the axis of the lens so as to give 
an image which coincides with the object when the mirror is stationary. Show 
that the displacement of the image when the mirror moves with speed v in a direc- 
tion perpendicular to its normal is approximately 2vf/c. 

[Apply equation 11(32).] 

11(x). Show that, in the experiment described in the preceding example, 
there is a change of wavelength proportional to v?/c?. 

[Let w be the circular frequency for an observer whose frame § is fixed 
relative to the mirror, and let ,’ be the frequency measured in §’. 
Then 11(31) gives ,;’ = wa. For the return beam we have, approxi- 
mately, cos 0’ = 2v/c, and 11(31) then gives w,’(1 + 2v/c?) = wa = Qj. 
The wavelength of the return beam is thus increased by AX = 2Av2/c?.] 
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11.19. Aberration Experiments. 


Returning to equation 11(32a) and to fig. 11.3, we see that an ob- 
server in the S system has to look in a direction @ in order to view an 
object which in the S’ system is situated in the direction 6’. Con- 
sidering the simplest case when 6’ = kz, we see that the difference 
(A@) between @ and 6” is then given by 


sin (A@) = sin ($7 — 0) =cos@=v/e. . . 11(38) 


The angle A@ is known as the angle of aberration. Aberration was 
first observed by Bradley, who found an apparent difference between 
the angular positions of stars at different time of the year. The effect 
was additional to the well-known parallax effect, and was ascribed to the 
reversal of the earth’s velocity in its orbit. Bradley used his observa- 
tions to determine the velocity of light. At present it is perhaps more 
useful to regard the velocity of light as known, and to use the aber- 
ration effect to determine the orbital velocity of the earth. 


Airy and Hoek observed the angle of aberration both (a) with an ordinary 
telescope and (b) with a telescope filled with water. It was expected that there 
would be a difference in the angle and that the difference would determine the 
velocity of the earth relative to the ether. No difference was observed. A rather 
complicated explanation of this result based on the Fresnel convection coefficient 
(§ 11.20) was given later. Relativity theory gives a much simpler explanation. 

Suppose that, when the tube is filled with air, the observer in system S turns 
his telescope so that he sees a star in the centre of the field of view. In his system, 
the light from the star falling on his telescope is represented by a system of nearly 
plane waves whose wave normals are in the direction of the axis of his instrument. 
Filling the telescope tube with water makes no difference to this angular rela- 
tion, and the star is seen in the same direction. The situation would, of course, be 
quite different if a material medium filled the whole region between source and 
observer. 


11.20. Experiments with a Moving Medium. 


In 1818 Fresnel suggested that it should be possible to determine 
the velocity of light in a moving medium by measuring the optical 
thickness of a moving plate. This experiment was carried out by Fizeau. 
His arrangement was, in effect, a modified form of the Rayleigh re- 
fractometer (fig. 11.5). Interference is observed at O between light 
which has passed from M, to M, by the upper path, returning by the 
lower path, and light which has passed from M, to M, by the upper 
path zeturning by the lower path. The displacement of fringes due to 
reversing the direction of liquid flow is measured. This displacement is 
proportional to the velocity of the liquid. The change of velocity of light 
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could be calculated from the change of optical path, using 11(6), and it 
was found that the effective velocity of light in the moving medium was 


y =b+0(1— 4) Dire 8 1EU)) 
11) 


It had been expected that the velocity would be (6 + v) according to 
the Newtonian velocity addition equation 11(10). Fizeau’s result was, 
at first, explained by saying that the ether was convected with a moving 
medium, but acquired only a fraction of the velocity of the medium. 


Fig. 11.5.—Transmission of light in a moving medium 


The factor (1 — 1/n?) was called the Fresnel convection coefficient. This 
somewhat peculiar assumption was not derived from any satisfactory 
theory. In relativity the result does not require any special assump- 
tion. Applying the velocity addition equation 11(25), and writing b 
and 0’ in place of U’ and U, we have 


hoe b+v b+ 


T+ eb/) 1+ one ite 


When v is small compared with c, this may be written 


v= (+9(1—") 


: Z 
=b+0(1—3), 


in agreement with equation 11(39). 


This experiment is of importance as a direct verification of the velocity addition 
theorem. It also shows that it is not possible to explain the null result of the 
Michelson-Morley experiment by saying that the ether is completely convected 
with the apparatus. The medium being air, the convection coefficient would be 
nearly zero, whereas a convection coefficient of unity would be needed to explain 
the null result. Fizeau’s experiment was repeated by Michelson and Morley, and 
by Zeeman. Part of the object of these later experiments was to investigate a 
small correction due to the dispersion of the medium. The fundamental result 
[stated in equation 11(39)] was confirmed. 
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11.21. General Theory of Relativity. 


In 1915 Einstein extended the principle of equivalence to frames 
of reference which are accelerated with respect to one another. Such 
frames are not equivalent in Newtonian dynamics. Suppose that an 
observer in a closed lift finds that bodies when released have an ac- 
celeration f. Then according to Newtonian ideas he is entitled to 
deduce that his frame has an absolute acceleration of (g —f). Einstein 
points out that all his observations are consistent with the view that 
he has been transferred to a place where the force of gravity is f instead 
of g. All he knows is that if he is in a gravitational field g, then his 
frame of reference has an acceleration (g —f). He cannot determine 
the absolute acceleration of his frame. Einstein thus makes force 
and mass-acceleration equivalent in a more complete way than was 
contemplated in Newtonian dynamics. From this point onwards the 
general theory of relativity is in two parts: 

(i) A general mathematical method whereby fields of force are 
expressed in terms of a “curved” (ie. non-Euclidean) space-time 
continuum. 

(ii) A theory of world structure. 


11.22.The first part is essentially the development of a general 
method of mathematical representation, and its application to the 
local gravitational fields produced by bodies like the earth and the 
sun. This first part of the general theory is incomplete, because it 
indicates the possibility of a general curvature of space-time, which 
cannot be determined by observations on local gravitational fields, 
but which may be determined by more general astronomical observations 
(e.g. on estimates of the number and distribution of the nebule). 
Further discussion of the general theory of relativity is outside the 
scope of this book, but we shall describe some optical experiments 
which are relevant to what we have called the first part, and one 
experiment which may be interpreted in terms of world structure. 


11.23. Refraction of Light Rays in a Gravitational Field. 


According to Newtonian theory, a material particle at a distance r 
from the centre of gravity of a body of mass m is subject to a gravi- 
tational acceleration m/r?. Thus, according to non-relativistic ideas, 
the paths of light corpuscles should be curved in the neighbourhood 
of a large mass, but Newtonian theory does not predict any deflection 
of electromagnetic waves. Without reference to either corpuscular or 
wave concepts, the general relativistic principle of equivalence requires 
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that light rays shall be curved by an amount corresponding to ap- 
proximately twice the above force. The curvature produced by a 
gravitational field, such as that of the earth, is far too small to be 
observed.* The curvature which should be produced when a ray 
grazes the sun’s limb is only 1-75 seconds of arc. This curvature has 
been measured by photographing the star field surrounding the sun 
during an eclipse. This photograph is compared with one of the same 
region of the sky taken six months earlier, at night. The outer stars 
in the two photographs form a co-ordinate frame of reference. Light 
from them does not pass near enough to the sun to suffer any deflec- 
tion. The positions of stars whose light has passed near the sun may 
be measured on both plates, using the above co-ordinate system. It 
is found that the images of these stars in the photograph taken 
during the eclipse are slightly displaced towards the sun. From these 
displacements the deflection may be calculated. In 1919 the eclipse 
was observed at Sobral and at Principe.t Deflections of 1-98 + 0-12 
seconds and 1-61 + 0-30 seconds were obtained. Later observations f 
in 1923 and 1928 gave deflections of 1-72 + 0-11 seconds and 1-82 + 
0:15 seconds. The four measurements taken together form a reason- 
ably good verification of the effect. 


11.24. Displacement of Lines in a Gravitational Field. 


It may be shown that the wavelength of light received from an 
atom in a large gravitational field is greater than that from an atom 
which is not in a gravitational field in the ratio 


m . 
(14+): ere rs a eS 


where k is a constant. The value of the constant is such that the effect 
of the earth’s gravitational field is extremely small, and the change of 
wavelength produced by the field at the surface of the sun is only 
about 2 parts in a million, or 0-01 A. for a wavelength of 5000 A. There 
is no difficulty in measuring wavelength changes of this size, but the 
observed wavelengths of the solar spectrum have to be corrected for 
Doppler effects and other effects (due to possible magnetic and electric 
fields and to collisions). These subsidiary eflects vary from point to 
point across the sun’s surface, and to some extent they may be 
eliminated by comparing the wavelengths of light from different parts 


* See p. 90 of Reference 11.3. + Reference 11.3. { References 11.11 and 11.12. 
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of the sun. When this is done, there is fairly strong evidence in favour 
of the existence of the gravitational-field displacement.* 


Much larger displacements of the spectrum lines have been observed in the 
dark companion of Sirius. The large displacement is not shown in the spectrum 
of Sirius, and is therefore not due to a Doppler effect. If interpreted as a gravi- 
tational effect, the displacement of the spectrum lines would indicate a density 
of order 104 grammes per cubic centimetre in the star. The existence of dwarf 
stars with densities of this order had been predicted in theories of stellar evolution. 
It thus appears reasonable to regard these observations as an important verifica- 
tion of the general principle of equivalence. 


11.25. Interference in a Rotating System. 


Rotation is often thought to constitute a serious difficulty in rela- 
tivity theory. An observer in an enclosure can detect the rotation of 
his system by observing the centrifugal force, or by observations on a 
system like a Foucault pendulum. It is suggested that he thereby 
detects absolute motion. According to general relativity theory he 
detects, not absolute motion, but motion relative to the main gravi- 
tational lines of force produced by all the masses of the universe. If 
all exterior masses were removed, rotational effects such as centri- 
fugal force should disappear. In relativity theory rotational forces are 
represented by suitable terms in the expressions which define the 
curvature of space-time, and hence the gravitational fields of force. 
In most practical conditions, the predictions of relativistic theory in 
regard to rotation agree with those of non-relativistic mechanics, 
apart from minor corrections which are too small to be detected. We 
shall now describe two experiments on the interference of light. One, 
due to Sagnac, may be regarded as analogous to a mechanical experi- 
ment on a spinning top. The other, due to Michelson, is analogous to 
the Foucault pendulum experiment since it depends upon the rotation 
of the earth. 


11.26.—The apparatus used by Sagnac is shown in fig. 11.6. The 
interfering beams traverse the square in two opposite directions, and 
the fringes produced at Q are recorded photographically. The whole 
apparatus including the source and camera is rotated about once a 
second. The fringes are found to be displaced from the positions occu- 
pied when the apparatus is at rest. According to non-relativistic 
theory, if the component of the velocity of one of the mirrors in the 
direction of the propagation of light is v, the velocity of light in one 


* Reference 11.12. 
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direction is (c-+v) and in the other is (c—»). If the length of path for 
each beam is S when the mirrors are stationary, there is a difference in 
transit time of 


S S 
c—v ce+tv 


when the system is rotating. 


ee Q 


Fig. 11.6.—Sagnac’s experiment 


When »v is small compared with ¢, the corresponding path difference 
is 
eat o eee eee) 
The observed displacement of fringes is in agreement with this 
expression. 


EXAMPLE 11(xi) 


11(xi). Show that for a rectangular circuit the effective path difference is 
approximately 


44 
AS == 9, Se 8 oe coe tta3) 


where A is the area of the circuit and Q is the angular velocity. 
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11.27.—Michelson used the rotation of the earth and was forced to 
use a large circuit in order to compensate for the comparatively slow 
rate of rotation. Moreover, he was unable to vary the rate of rotation. 
He therefore used two circuits, one of large area (2000 feet x 1100 feet) 
and one of small area. His apparatus is shown in fig. 11.7. One set 
of fringes is formed by interference between a beam which has tra- 
versed the main circuit (ABCD) in an anticlockwise direction, and a 
beam which has traversed the same circuit in a clockwise direction. 


O Fig. 11.7 


An auxiliary set of fringes is formed by light which has traversed the 
small circuit ABEF in both directions. The source is a narrow slit 
and if images of the source corresponding to the two pairs of circuits 
accurately coincide, then the fringe systems should also coincide—if 
there were no effect due to rotation. The effect to be expected owing 
to the component of the earth’s rotation in latitude 41° 40’, and for 
a wavelength of 5700 A., was a displacement of 0-236 of a fringe 
width between the two systems of fringes. A displacement of 0-230 of 
a fringe was observed. This result was obtained only when effects 
due to variations of temperature and pressure had been reduced by 
enclosing both circuits in pipes which were partially evacuated. 


11.28.—It is sometimes stated that the rotation experiments are 
“ equally well” explained on (a) non-relativistic theory, (6) special 


relativity theory, (c) general relativity theory. This is not correct. 
12 (G 577) 
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The “ explanation ” on non-relativistic theory given in § 11.25 assumes 
that the ether is entrained with the rotating apparatus. This, how- 
ever, is quite inconsistent with the non-relativistic account of the 
“ sether-drag ” phenomenon (§ 11.20). Special relativity is not appli- 
cable to any system involving rotation, and therefore does not give 
any explanation. Langevin * has shown that general relativity does 
give a satisfactory account of the phenomenon. This is the only theory 
to account for these results without creating inconsistencies elsewhere. 


11.29. The Nebular Red-shift. 


The spectrum of light from a nebula shows absorption lines similar 
to the Fraunhofer lines in the solar spectrum, but with a displacement 
toward the red end of the spectrum. It is found that this displace- 
ment varies regularly with the brightness of the nebula, 1.e. the fainter 
nebule give the greatest displacements. It is generally accepted that 
the fainter nebule are fainter mainly because they are the most dis- 
tant, and, using other astronomical data, an expression has been de- 
rived giving the relation between brightness of the nebula and dis- 
tance. If this relation is accepted, the increase of wavelength (AA) 
at a distance of d parsecs } is given by 


ANA=17 x 10d. ws. «10 (44) 


This relation was discovered by E. G. Hubble, after whom it is named 
“Hubble’s law’. It is fairly accurately verified for distances up to 
the order of 10® parsecs, i.e. to the limit of the observations. 


11.30,—It is nearly certain that this phenomenon has an important 
bearmg on the theory of light as well as on cosmological theory. 
Various interpretations have been proposed. The most generally 
accepted is that of the “expanding universe”. According to this 
theory, the red-shift is a radial Doppler effect. A uniform expansion of 
the whole universe would require that an observer at any point would 
observe a general recession of the nebulw, the rate of recession being 
proportional to the distance from himself. If the red shift is due to a 
Doppler effect, we may put AA/A = v/c and equation 11(44) grves 
approximately 

v = 50d, a Oe eee (Ae) 


where centimetres per second is the velocity of recession for a nebula 
whose distance is d parsecs. The most distant nebule are estimated 


* Reference 11.10. f 1 parsec = 3 x 1018 centimetres. 
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to be more than 10° parsecs away and to be receding with a velocity 
of more than 108 centimetres per second. 


Equation 11(44) is valid only if we assume a static universe. If we assume 
that the distant nebulz are receding, it is necessary to make a correction because 
the amount of light received from a receding body is less than the amount which 
would be received from a similar body which is stationary in our frame of refer- 
ence. This requires a correction term proportional to d? in 11(44) and a 
consequential modification of 11(45). Thus the observations do not agree with a 
law of exactly uniform expansion of the universe. 


11.31.—An explanation based on the idea that the effect is a gravitational 
shift is not satisfactory. If an observer in one nebula (A) observes a shift to the 
red in light coming from another nebula (B), then an observer in nebula B 
would observe a shift to the blue in light coming from nebula A. It would 
therefore be extremely probable that we should observe a red-shift in the light 
from some nebule, and a blue-shift in the light from others. The fact that we 
always observe a red-shift could be explained only by the assumption that our 
particular nebula is at, or near, a minimum of gravitational potential, and gravi- 
tational potential increases uniformly in every direction. This is highly impro- 
bable, and it is much more likely that the red-shift is due to some effect which 
is the same for all observers. It is desirable to point out that the interpretation 
in terms of an expanding universe is not the only one which satisfies this criterion. 
It has been suggested, for example, that a quantum may slowly lose part of its 
energy in transit across space. If this happened, and if 4 remained constant, 
there would be a decrease of frequency and an increase of wavelength. The in- 
crease of wavelength would be proportional to the distance of the source from 
the observer. Another suggestion is that the frequency of the light emitted by an 
atom of a given kind is slowly increasing owing to a change in one or more of the 
fundamental constants (h, m, e, and c). Here we are not concerned to argue the 
case for or against the ideas. It is, however, important to recognize that the 
observational data expressed in equation 11(44) are of great importance. The 
interpretation in terms of a radial Doppler effect, though adequate in the present 
state of our knowledge, may have to be abandoned when fresh experimental 
material becomes available.* 


11.32. Relation between Mass and Energy. 


We have seen that length and time are relative quantities, 1.e. 
their values differ according to the movement of the frame of reference 
in which they are measured. It is reasonable to suppose that most 
derived quantities, such as momentum, energy, force, etc., will also 
be relative quantities, and that only certain rather special functions 
of length and time will be invariant (i.e. the same for all observers). 
It is shown in textbooks on relativity + that the general methods of 


* The red-shift is given an important place in modern cosmological theory (Reference 
11.17). 
+ Reference 11.3 or 11.5. 
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dealing with dynamical problems, which were invented by Hamilton 
on the basis of Newton’s laws, may be retained if we regard the mass 
of a body as a function of its velocity. On this basis we have 


m = M,/a, eer aes mE) 


where m, is the mass of the body in a frame in which it is at rest. m9 
is called the rest mass or the proper mass. m is called the relativistic 
mass or simply “the mass”. The momentum (P) and energy (Z) of a 
body are then defined to be 


P=m = iva 11(47) 
Myc? : 
E => me = aa ey 11(48) 
When v is smal] compared with c, the energy is given by 
E=m ce? + dmv? = Ey + dmv. .sS.ss«11(49) 


The energy thus consists of a constant part corresponding to the rest 
mass of the body, and a part corresponding to the kinetic energy. 

An electrical charge e, distributed uniformly over a sphere of radius 
79, would have a potential energy e?/rp. Putting this energy equal to 
mc? we obtain 


1s he A Oy LTO) 


The quantity 7), so defined, is often called the ‘“‘radius of the electron”’, 
even though the detailed picture of an electron as a charge distributed 
over a sphere is not generally accepted. 


11.33.—Under the conditions of ordinary dynamical problems, 
with bodies moving at speeds which are small compared with that of 
light, the mass is effectively constant. Relativity gives the same pre- 
dictions as Newtonian mechanics, because the constant term (H,) in 
equation 11(49) appears on both sides of every energy equation, and 
is self-balancing. It is possible, however, to accelerate electrons, etc., 
so that they move with speeds comparable with that of light. Under 
these conditions a large variation of mass with velocity is obtained. 
Also, in the reactions of atomic nuclei it has been found that the rest 
mass of the final products is not always the same as that of the initial 


reacting material. An energy change in agreement with equation 
11(48) is observed. 
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11.34. Mass, Momentum and Energy of the Photon. 
From equations 11(47) and 11(48) we may derive the relation 
EH? = m2ct + c?P?2. er oreeee(5),) 
There is for light, however, direct experimental evidence (§ 17.21) that 
1 IY a te eee, eK y)) 


This relation is consistent with 11(49) if, and only if, the rest mass 
associated with light is zero. That some such assumption must be 
made concerning light may be seen by considering 11(47) or 11(48) 
alone. From these equations we see that a material particle would 
have to acquire an infinite momentum and an infinite energy in order 
to move with the velocity of light. We can, however, imagine a par- 
ticle whose rest mass is extremely small, and whose velocity is ex- 
tremely near to c. A suitable relation between the velocity and the 
rest mass will give a finite momentum and energy. The photon may 
be regarded as the limiting case when rest mass has tended to zero 
and velocity to c. In this sense, a photon may be said to have zero 
rest mass. 


11.35.—The mass associated with a quantum of visible light is of 
order 10-* gramme. Thus an atom whose weight is of order 10-*4 to 
10-3 gramme loses only a very small fraction of its energy when a 
quantum of visible light is emitted. The mass of the energy received 
per year by the earth from the sun is of the order 6 x 10!° grammes, 
and the total amount emitted from the sun per year is 1-4 x 10” 
grammes. Thus, in the course of a million years’ emission at this rate, 
the sun would lose 1-4 x 106 grammes or 10-% per cent of its present 
mass. The loss of mass by radiation is very important in connec- 
tion with the process of stellar evolution. We do not know the stages 
of the process by which mass is converted into radiation in the stars, 
though there are detailed theories concerning this. It is nearly certain 
that some set of nuclear reactions in the core of a star 1s accompanied 
by the transformation of mass into kinetic energy, and into radiation 
of high frequency. Most of this energy is changed by scatterg, and 
by absorption and re-emission into radiation of longer wavelengths as 
it travels towards the outside of the star. It is finally emitted in the 
form of ultra-violet, visible and infra-red radiation. 
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CHAPTER XII 


Polarized Light 


12.1. Scalar and Vector Wave-theories. 


In the experiments described in Chapters II-IX, all planes which 
include the wave normal are equivalent. If, for example, the wave- 
front is a horizontal plane, anything that can be said concerning a 
vertical north-south plane is equally true of a vertical east-west plane. 
The phenomena of interference and diffraction which we have de- 
scribed lead naturally to a wave theory, but the quantity whose 
periodic fluctuations constitute the waves need not necessarily be a 
vector quantity. If these were the only experiments on light we should 
naturally tend to use a scalar wave theory because of its greater sim- 
plicity. 

We now come to consider experiments in which the results depend 
on the relative orientation of different parts of the apparatus with 
respect to planes through the wave normal. These results cannot be 
described in terms of a scalar wave-theory, but are adequately de- 
scribed by a theory in which light is represented by the periodic 
fluctuations of a quantity which has direction as well as magnitude. 
The disturbance at any moment is then represented by a vector, 
which specifies the direction of the disturbance as well as its magni- 
tude.* In an isotropic medium the vector is always in the wavefront, 
and the ray is normal to the wavefront. The result of the experiments 
which will now be described lead to the assumption that there are two 
types of light, called polarized light and unpolarized light. We find 
that we have to represent the former by a vector whose magnitude 
and orientation vary in a related way as the phase of the light alters. 
When the orientation remains constant and only the amplitude varies, 
the light is said to be plane-polarized. When the amplitude remains 

\constant, but the orientation of the vector varies regularly so that the 
‘end of the representative vector moves uniformly round a circle, the 
light is said to be circularly polarized light. There is another type of 

* It should be understood that this representation is entirely different from the 
previous “ vector representation ” in which the direction of the vector represented the 


phase. 
845 
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polarized light in which both amplitude and orientation vary in such 
a way that the end of the representative vector moves smoothly round 
an ellipse. This kind is called elliptically polarized light. 

A beam of unpolarized light may be regarded as the resultant of 
two beams, polarized in two different planes and having no permanent 
phase relation (§§ 12.17 and 12.31). The variation of the direction of 
the vector which represents this resultant is not related, in any regular 
way, to the variation of its magnitude. Most of the polarization | 

phenomena are subject to disper- 
sion (i.e. they vary with the wave- 
length of the light), and some of; 
the effects due to dispersion are 
considered in §§ 12.38-12.44. In 
the earlier part of this chapter it 
is assumed that the light is mono- 
G chromatic. 


12.2. The Experiment of Malus. 

G Ordinary light may be plane- 
polarized by reflection at the un- 
silvered surface of a transparent 
medium such as glass. This 
phenomenon was discovered by 
Malus, who allowed light to be 
successively reflected at two such 
surfaces. If the relation of the 

st fatecton a tye tacinenty Saree, two surfaces is that shown in fig 
(G, and G,). 12.1, the light is strongly reflected. 

. If the second piece of glass G, is 
turned so as to reflect the beam out of the plane of the paper, then 
the amount of reflected light is greatly reduced. Thus the first re- 
flection alters the light so that it is capable of being strongly reflected 
_in the plane of the paper, but is not capable of being strongly reflected 
| (by an unsilvered mirror) in a perpendicular plane. These results 
| may be described by saying that the first mirror polarizes the light, 
and the second reveals that it is polarized. An arrangement which 
| produces a beam of plane-polarized light from a beam of unpolarized 
[light is called a polarizer. An arrangement which detects plane- 
| polarized light is called an analyser. Any piece of apparatus which 


is capable of acting as a polarizer is capable of acting as an analyser 
and vice versa. 
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In the experiment of Malus the first unsilvered mirror is regarded 
as a polarizer, and the second as an analyser, but the experiment 
might equally well be performed with the light travelling in the re- 
verse direction. When a polarizer and an analyser are oriented so as 
to pass the maximum amount of light, they are said to be parallel. 
| When the relative orientation is san that the light emerging from the 

| system is a minimum, they are said to be crossed. Two unsilvered 
murors are parallel when the reflections are in the same plane, and 
are crossed when the reflections are in perpendicular planes. 


12.3. Definition of the Plane of Polarization. 


The description of a parallel beam of unpolarized light is complete 
when the direction of propagation, the amplitude, and the frequency 
have been stated. To complete the description of a beam of plane- 
polarized light, it is necessary to give an additional datum which 
specifies an azimuth. It is usual to state the plane in which the beam 
is most strongly reflected at an unsilvered glass surface, and this plane 
is called the plane of polarization. It should be emphasized that this 
choice is purely a matter of convention. There is no logical reason why 
the plane of minimum reflection should not be called the plane of 
polarization, and some writers have adopted this convention. The 
important thing is that our definition of plane of polarization must be 
such that, given a beam of plane-polarized light, we can determine the 
plane of polarization by a simple physical test. The most simple 
method is to measure amounts of light reflected in different planes. 
At a certain stage in the elastic-solid theory of light, it was important 
to know whether the direction of vibration, which was usually called 
the direction of the “light vector”, was in, or perpendicular to, the 
plane of polarization. For the discussions of this chapter, this question 

‘is of no significance and, for convenience, we assume that the light 
\vector is normal to the plane of polarization. In Chapter XIII we shall 
‘show that, in the electromagnetic theory, a beam of plane- -polarized 
light in an isotropic medium is represented by a magnetic vector in 
the plane of polarization, and an electric vector in a perpendicular 
plane. That is to say, we shall describe further experiments which 
show that the single “light vector ”’, which is sufficient for the descrip- 
tion of the experiments discussed in this chapter, must be identified 
with the electric vector of Maxwell’s theory. 
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12.4. Brewster’s Law. 


In § 12.2 we did not discuss the ratio of the maximum amount of 
light transmitted when the polarizer and analyser are parallel, to the 
minimum obtained when they are crossed. The variation of this quan- 
tity with the angle of incidence (@) was investigated by Brewster, who 
showed that this ratio is very large for an angle 6, given by 


tan 0, = p. See a eek 


This relation is known as Brewster’s law, and the angle which satisfies it 
is known as the polarizing angle. A beam of light which gives zero 
transmission for one orientation of an analyser is said to be completely 
plane-polarized. 

If a beam which is completely plane-polarized is added to a beam 
which is unpolarized, the result is said to be partially polarized. When 
a beam of partially polarized light is passed through an analyser, there 
is a maximum for one orientation and a minimum for another, but the 
minimum is not zero. By this test * the light reflected from an un- 
silvered mirror is very nearly completely polarized when 0 = 0@,, and 
is partially polarized for any other value of @ except @=0. It was 
at one time thought that the light reflected at the polarizing angle 
was completely plane-polarized, but detailed experiments which will be 
discussed later (§ 14.17) show that this is not so. 


12.5. Polarization by Transmission. 


If the light passing through a plate of glass falls upon an analyser, 
it is found to be partially polarized (unless 6 = 0). For one trans- 
mission, the degree of polarization is small. The ratio of the maximum 
reflection coefficient given by one orientation of the plate to the 
minimum (obtained with a perpendicular orientation) is largest when 
the light is incident at the polarizing angle, but this maximum ratio 
[ is only about 1-1: 1. When a beam of light is incident at the polarizing 
_angle upon a pile of parallel plates (fig. 12.2), the degree of polarization 
|of the transmitted light increases with the number of plates. A pile 
of twenty-five plates gives strong polarization. If the transmitted 
light is reflected at the front surface of an unsilvered mirror (used as 
an analyser), the maximum reflection is obtained when the analyser 
is turned to reflect the beam out of the plane of the paper (fig. 12.2), 


* We assume for the moment that auxiliary tests such as those described in § 12.28 
have shown that elliptical polarization is not present. 
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1.€. when its orientation is at right angles to that which would give 
_maximum reflection for a beam which has been reflected from an un- 
| Silvered surface. For this reason we say that the transmitted light is 


polarized in a plane perpendicular to the plane in which the reflected 
light is polarized. 


ve 


SS 


Fig. 12.2.—Polarization by transmission through a pile of plates 


12.6. Double Refraction. 


Crystals of the cubic system are optically isotropic. Each cubic 
crystal has a single refractive index, and crystalline media of this type 
behave like non-crystalline materials such as glass. Other crystals are 

( optically anisotropic. The phenomena observed when a beam of 
‘unpolarized light enters a crystal of this latter kind depend on the 
| relation between the direction of the beam and the axes of crystal 
symmetry. When the beam is plane-polarized, the effects also depend 
‘upon the relation between the plane of polarization and the crystal 
(axes. In general, when a beam of light enters an anisotropic medium, 
lit is divided into two parts which are refracted in different directions. 
This phenomenon is called double refraction or birefringence. From the 
theory which will be developed later it is possible to derive general 
laws of double refraction. These laws cannot be stated completely in 
any brief and simple way and, for our present purpose, it is sufficient 
to consider certain special cases.* 
* In the course of the discussion in this chapter and in Chapter XVI, we shall 
state some of the symmetry properties of certain crystals. The reader who wishes to 


relate these statements to the general systematic classification of crystals is advised to 
consult References 12.1 and 12.2. 
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12.7.—Calcium carbonate crystallizes in rhombohedra to form a 
mineral which is called calcite or Iceland spar. The shape of the crystal 
is shown in fig. 12.3, in which ABCDA’B’C’D’ represent the corners 
of the crystal. Two of the corners A and A’ each contain three obtuse 
angles. The direction of a line making equal angles with each of the 
three edges meeting at A is called the principal axis of the crystal. 
In a perfectly formed crystal, the six faces are similar, and the line 
AA’ is then in the direction of the axis.* The plane ACA’C’ is called 
a principal plane. The principal axis and the principal plane are 


D 


D 


Fig. 12.3.—Regular crystal of calcite 


defined by directions. Any line parallel to AA’ may be called a prin- 
cipal axis, and any plane parallel to ACA’C’ may be called a principal 
plane. It is possible to draw a line and a plane, in the directions of the 
principal axis and principal plane respectively, through any point in 
the crystal. These definitions of the principal axis and the principal 
plane refer to the symmetry of the crystal form, and not to the optical 
properties. We shall see later that there are, in general, two directions 
in a crystal which are of special importance in relation to the optical 
properties. These are called optic axes. The optic axes do not always 
coincide with any of the axes of crystal symmetry, though there is 
usually a fairly simple geometrical relation between the directions 
of the optic axes and the axes of crystal symmetry. In calcite, the 
two optic axes coincide, and the crystal is said to be uniaxial. The 
single optic axis also coincides with the principal axis of crystal sym- 

* Tt should, however, be understood that the axis is defined by the angles which it 


makes with the appropriate faces. This definition applies to crystals which have not 
grown with perfect regularity, or to a broken piece of a crystal. 
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metry which has been defined above. These relations correspond with 
the fact that the laws of double refraction in calcite are not as com- 
plicated as the general laws applying to some other types of crystal. 


12.8.—The following experiments may be carried out with two 
calcite plates which have been optically worked so that two plane 
faces of each plate are parallel, and so that the angle between the optic 
axis and the normal to the polished surfaces is the same for each plate. 
The exact value of this angle is not important provided that it is not 
_ too near zero or $7, i.e. the optic axis must not be in, or perpendicular 
_ to, the polished surface. For simplicity of description we shall discuss 
_ the case for which the normal to the surfaces is in a principal plane, 
_and the optic axis is at about 45° to the surface (fig. 12.4a, p. 353). 
_ A narrow beam of unpolarized light incident normally on one of 
the plates, is found to divide into two beams. One, called the ordinary 
ray, goes straight through; the other, called the eatraordinary ray, is 
deflected on entering the crystal and emerges parallel to its original 
direction.* The extraordinary ray always lies in the principal plane 
which passes through the point at which the light enters the crystal. 
If the crystal is rotated about the normal to the polished surfaces, the 
extraordinary ray rotates with it. The separation of the two emergent 
beams is proportional to the thickness of the plate. 

If the emergent beams are allowed to fall upon a second plate, 
whose optic axis is parallel to that of the first plate, two beams emerge 
from this second plate (fig. 12.4b). They are in the same plane as 
those emerging from the first plate, but have a greater separation. 
The same final result would be obtained by passing the light through 
one plate whose thickness is equal to the swm of the thicknesses of the 
plates. If now the second plate is rotated through an angle z, the 
deflections in the two plates are of opposite sign and the combination 
behaves like a single plate of thickness equal to the difference of the 
thicknesses of the two plates (fig. 12.4c). If the second plate is rotated 
through 47, there are still only two beams, but the beam which passed 
straight through the first plate is deflected in the second, and the 
beam which was deflected in the first plate is undeflected in the second. 
Thus the ordinary ray for the first plate behaves as an extraordinary 
ray in the second plate and vice versa (fig. 12.4d). 

' If the second plate is given an intermediate orientation with re- 
spect to the first, then there are four emergent beams (fig. 12.4¢). Let 


* The effect is best seen in calcite which is not of the highest optical quality, since 
this scatters a small amount of light, and so reveals the paths of the rays inside the 
crystal. 
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us call the ordinary beam which emerges from the first plate O,, and 
the extraordinary beam E,. Then the four images due to the beams 
emerging from the second plate may be called 0,02, O,E,, E,O, and 
E,E,. 0,0, has always the same brightness as E,H,, and O,K, has 
always the same brightness as H,O,. 

If the second plate is rotated from the position in which its axis is 
parallel to that of the first, the following changes occur. First of all 
O,E, and E,O, are of zero brightness, and there are only two beams 
~ emerging from the second plate. As the plate is rotated O,H, and 
E,O, increase in brightness, and 0,0, and E,E, decrease. When the 
plate has been rotated through an angle of 47, the four images are of 
equal brightness. When it has rotated through $7, 0,0, and H,E, 
are of zero brightness, and there are again only two beams. As the 
second plate is rotated through another right angle, the same changes 
occur in the reverse order. When the total rotation is 7, there are 
again only two images, and these are of equal brightness. The de- 
flections of the images are now in the same line, but in reverse direc- 
tions (fig. 12.4c). If the plates are of equal thickness, the images are 
superposed. 


12.9.—These observations on double refraction, taken by them- 
selves, give evidence of the polarization of light since the refraction 
in the second plate of either of the two beams which emerge from the 
first plate depends on the orientation of the beam with respect to the 
crystal axes. All the phenomena are consistent with the supposition 
that the ordinary and extraordinary ray are polarized in two mutually 
perpendicular planes. This evidence for the existence of the polariza- 
tion of light is quite independent of the experiments of Malus. It did, 
in fact, lead Huygens to the basic idea of transverse waves more than 
150 years before Malus’ experiment was performed. 

The experiments on polarization by reflection and by transmission 
have been described separately in order to show that each set, taken 
by itself, leads to the concept of polarized light. When this point is 
accepted, it is convenient to discuss them together. When the two 
beams emerging from a single calcite plate are examined by reflection 
at an unsilvered surface, it is found that the ordinary beam is polarized 
in the principal plane, and the extraordinary beam in a perpendicular 
plane. Further tests show that when a beam which has been polarized 
by reflection is incident normally upon a calcite plate, its behaviour 
depends on the relation between the plane of polarization and the 
principal plane of the crystal. When the plane of polarization is 


Fig. 12.4 


(a) Refraction of light by a calcite plate. 

(6) Refraction by two plates with the same orientation. 

(c) Refraction by two plates, one rotated through 7 about the direction of the inci- 
dent ray. 

(d) Refraction by two plates, one rotated through $7 . 

(e) Refraction through two plates, one rotated through 47. 

(The dots on the right-hand side show the relative positions of the spots of light received 
on a screen perpendicular to the direction of incidence. Dotted lines indicate rays passing 
out of the plane of the paper.) 
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parallel to the principal plane of the crystal, then there is only one 
image formed by an ordinary emergent beam, i.e. the light goes straight 
through. When the plane of polarization and the principal plane of 
the crystal are mutually perpendicular, there is only an extraordinary 
beam, which suffers a displacement in passing through the crystalline 
plate. For intermediate orientations there are two beams. 


12.10. Malus’ Law. 


It is found that if % is the angle between the plane of polarization 
and the principal plane, the relative brightnesses of the images cor- 
responding to the ordinary and the extraordinary beam are propor- 
tional to cos? and sin? % respectively. Neglecting small losses due to 
reflection and scattering, the sum of the brightnesses is always equal 
to the brightness of the image obtained with the crystal removed. It is 
also found that when the angle between the principal axes of two calcite 
crystals is equal to #’, the brightnesses of the 0,0, and E,H, images 
are proportional to cos? #’, and those of the O,E, and E,O, images are 
proportional to sin? %’. Finally, it is found that when a beam of light 
is twice reflected (at the polarizing angle), the brightness of the image 
produced by the twice-reflected beam is proportional to cos? #’’, where 
~’”’ is the angle between the two planes of reflection. This last relation 
is known as Malus’ law. 

All these observations are consistent with the representation of 
plane-polarized light by a light vector which can be resolved into 
components like any other vector. It is supposed that when light is 
incident upon a glass surface at the polarizing angle, only the com- 
ponent polarized in the place of incidence is reflected. If the incident 
light is already polarized in this plane, it is all reflected. If it is 
polarized in a plane which makes an angle #%” with the plane of inci- 
dence, then the amplitude of the reflected wave is proportional to 
cos 7s’, and the relative energy is proportional to cos? ¥’’. In a similar 
way, when light is incident in the appropriate way upon a calcite 
crystal, the component polarized parallel to the principal plane forms 
the ordinary beam, and the component polarized in the perpendicular 
plane forms the extraordinary beam. Detailed consideration shows 
that this hypothesis is consistent with all the observations on the 
variations in the brightness of the images. The fact that the results 
of calculations based on the resolution and composition of vectors are 
in agreement with experiment justifies the use of a vector wave repre- 
sentation. 
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12.11. Methods of producing Plane-polarized Light. 


As we have seen in §12.2, plane-polarized light may be produced 
by reflection at the Brewsterian angle, or by transmission through a 
pile of plates. The former method involves great loss of light, since 
only a few per cent of the incident beam is reflected. The latter method 
does not give complete polarization and, to obtain a high degree of 
polarization, it is necessary to use an inconveniently large number of 
plates. For this reason many methods of producing plane-polarized 
light by means of double refraction have been devised. The simplest 
method is to use a thick piece of calcite, and to insert stops so as to 


Fig. 12.5.—Rochon prism (dots in- Fig. 12.6.—Wollaston prism (dots 


dicate optic axis perpendicular to the indicate optic axis perpendicular to 
plane of the paper). the plane of the paper). 


remove either the extraordinary or the ordinary beam. Since the 
separation is not very great, it is necessary to use a narrow beam. The 
prisms of Rochon (fig. 12.5) and of Wollaston (fig. 12.6) produce two 
beams of light, polarized in mutually perpendicular planes and travel- 
ling in different directions. The orientations of the optic axes are 
shown in the figures. It will be noticed that the Wollaston prism pro- 
duces the wider separation, but the Rochon prism leaves one ray 
undeviated. This is an advantage in certain applications. These prisms 
are usually made either with quartz or with calcite. The former is 
more easily worked to high optical quality, but the latter provides the 
larger separation. 


12.12. Nicol, Foucault, and Glan-Thompson Prisms. 


The difference in the angles of refraction for the ordinary and 
extraordinary rays suggests the possibility of separating them by 


(68 


Fig. 12.7.—Nicol prism 


arranging that one is totally reflected, and the other transmitted at 
a thin film separating two pieces of calcite. This possibility was first 
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realized by Nicol, who cut a calcite crystal in a way shown in fig. 
12.7, and cemented the two pieces together with Canada balsam. The 
extraordinary ray is teansmitted, and the plane of polarization of the 
transmitted light is perpendicular to the plane of the diagram. 

Calcite prisms of large size are expensive and, in order to obtain a bright 


source of polarized light, it is desirable to concentrate the light on the Nicol. 
The angular divergence of the cone which can be used is limited by the difference 


A 


C 


Fig. 12.8.—Angular field of Nicol prism; rays B and C limit the useful field. 
Outside this range either both components of ray A are totally reflected, or both 
components of ray D are transmitted at the interface. 


between the critical angle for the ordinary and extraordinary rays. By drawing 
extreme rays, as shown in fig. 12.8, it is found that the maximum permissible 
divergence of the transmitted beam is 24°. The Nicol prism has the disadvantage 
that the emergent light is slightly elliptically polarized owing to a secondary effect 
due to the inclined end faces. 

The Glan-Thompson prism (fig. 12.9) is designed to give a wider field and 
more perfect plane-polarization. The exact angle 
at which the crystal is cut varies according to the 
purpose for which it is designed. The prism 
shown in the diagram may be regarded as typical. 
The design of this type of prism is discussed in 
detail in Reference 12.3. It is not necessary that 

Fig. 12,9,—Glan-Thompson Canada balsam should be used as the separating 

La es layer, though it is most generally useful for the 

polarization of visible light. A prism of the Nicol 

type with air as the separation film was devised by Foucault for the polarization 
of ultra-violet radiation. Such a prism is transparent to 2300 A. 


12.13. Polarization by Absorption. 


It has long been known that when unpolarized light is passed 
through tourmaline, the emergent light is partially plane-polarized. 
The crystal is doubly refracting, and the ordinary beam is much more 
strongly absorbed than the extraordinary beam. The natural crystal 
is strongly coloured and, for most wavelengths, absorbs a considerable 
part of the extraordinary, as well as of the ordinary beam. It is not 
suitable as a polarizer and its properties are chiefly of theoretical 
interest. A series of artificial materials, which polarize by absorption, 
have been developed by the Polaroid Corporation, U.S.A., following 
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an invention by HE. H. Land. The Polaroid type H film contains iodine 
which has been imbibed in an initially transparent plastic sheet of 
polyvinyl alcohol. The polarizing unit is an iodine polyvinyl alcohol 
complex which has been oriented by stretching the film.* This material 
transmits nearly 80 per cent of light polarized in one plane and less 
than 1 per cent of light polarized in the perpendicular plane. For 
wavelength 5500 A., two pieces transmit up to 40 per cent of incident 
unpolarized light when parallel, and less than 0:01 per cent when 
crossed. At the extreme blue end of the spectrum the polarizing action 
is not quite so good and nearly 0-1 per cent of the incident light is 
transmitted. The residual light seen when a powerful source is viewed 
through two crossed pieces of Polaroid film is therefore blue. For an 
earlier type of film (known as type J) the residual light was mainly red. 
Large sheets of the material (up to 20 in. x 50 in.) are obtainable. 
Polaroid film offers the most convenient and inexpensive method of 
obtaining a strong source of light which is nearly completely plane- 
polarized. Prisms of the Glan-Thompson type are superior for use in 
instruments when it is important to have a very high degree of polar- 
ization for all wavelengths transmitted. 


12.14. Uses of Polarizing Devices. 

Polarizing devices are used in a variety of ways in scientific instru- 
ments, and in industry. In some experiments it is desirable to be able 
to reduce the effective intensity of a source of light in an accurately 
known ratio. This may be done by inserting a polarizer and an 
analyser between the source and the point of observation. The light 


In F «che | 
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Fig. 12.10.—Polarization photometer 


transmitted is proportional to cos?@, where @ is the angle through 
which the analyser has been rotated from the parallel setting. This 
method is accurate and sensitive when the ratio of reduction is not 
léss than 1:10 [Example 12(ii)]. 

A photometer based on this principle is shown in fig. 12.10. Light 
from the two sources S, and §, is polarized in two mutually perpen- 


*The author is indebted to the Polaroid Corporation for supplying this technical 
information. 
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dicular planes by the Wollaston prism W, and the field is viewed 
through the analyser A which is rotated until the two halves appear 
equally bright. The ratio of illumination falling on the windows W, 
and W, is equal to tan?0. If the ratio of the intensity of the weaker 
source to that of the stronger source is less than about 1: 5, a filter 
of known transmission is placed in front of one window. 


Polarizing devices are used in industry to detect strains in glassware. The 
glass is placed between a polarizer and an analyser which are crossed, so that the 
field ig dark except in the strained regions which possess double refraction. Pola- 
roid spectacles are worn to reduce glare due to sunlight reflected by the sea. In 
a similar way Polaroid screens are sometimes inserted in front of reading lamps 
to reduce reflection from glossy paper. In both of these applications the polarizing 
device is only partially effective because only part of the light is reflected at the 
polarizing angle. It has been proposed that all motor-headlights be covered with 
Polaroid film oriented at 45° to the vertical and that each driver be provided 
with film oriented at the same angle as that over his own headlights (and there- 
fore at right angles to the film over the headlights of a car travelling in the 
opposite direction). He thus sees the headlights of an oncoming car only as 
glare-free blue discs. The advantages of this scheme are obvious. The disadvan- 
tages include a serious loss of light which it is proposed to make good by using 
125-watt headlights. The overall merits of the device, and the prospects of its 
being generally adopted, depend on considerations which are not purely a matter 
of optics and which lie outside the scope of this book. 


12.15. Interaction of Beams of Plane-polarized Light. 


The conditions under which two beams of polarized light may 
produce interference fringes were investigated by Fresnel and Arago, 
whose results may be summarized as follows: 

(1) Two beams of light plane-polarized in mutually perpendicular 
planes do not produce interference fringes under any condition. 

(2) Two beams of light plane-polarized in the same plane inter- 
fere under the same conditions as two similar beams of unpolarized 
light, provided that they are originally derived from the same beam of 
plane-polarized light, or the same component of a beam of unpolarized light. 

(3) Two beams of plane-polarized light derived from perpendicular 
components of unpolarized light, and afterwards rotated into the same 
plane, do not produce interference fringes under any condition. 


12.16.—The generalizations stated in the preceding paragraph were derived 
from a rather lengthy and complicated set of experiments. The essential points 
are shown by the following experiments. 

An apparatus similar to that used by Young in the original discovery of interfer- 
ence is used, and a polarizing device is placed in front of each of the slits (fig. 12.11). 
A pile of mica plates was actually used, but for a modern demonstration a piece 
of Polaroid film would be more convenient. The following results were obtained: 
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(i) If the polarizer Py is omitted, and P, and Py, are set parallel to one another, 
interference fringes are obtained. If they are set to polarize the two beams in 
mutually perpendicular planes, no interference fringes are obtained. 

(ii) With the three polarizers in position, and with P, and P, set to polarize 
in parallel planes, the orientation of P, affects the total illumination on the screen 
S, but not the distribution. So long as there is any illumination, fringes are ob- 
tained. In this case the interfering beams are both derived from the same polarized 
beam, and they are polarized in the 
same plane. Their plane of polarization Re S 
is not the same as that for the beam fe) | | | 
from which they are derived, except , 
when P,, P, and Py, are all parallel. Sf | 

(iii) A doubly refracting plate of | 
calcite is placed behind each slit. The | 
two plates are of equal thickness. Their $ 
principal planes are at right angles to Bigot 2d 
one another, so that the ordinary ray 
passed by one plate is polarized in the same plane as the extraordinary ray 
passed by the other. Two sets of fringes are obtained. These are displaced to the 
right and left of the system obtained when the plates are removed. Further in- 
vestigation shows that one set is due to the interference of the ordinary beam 
transmitted by the upper plate, and the extraordinary beam transmitted by the 
lower plate. The other set is due to the other pair of beams. The sign of the 
displacements indicates that, for calcite, the ordinary beam is retarded with 
respect to the extraordinary beam, i.e. the optical thickness of the crystal (and 
therefore the refractive index) is greater for the ordinary than for the extra- 
ordinary ray. 

(iv) Two polarizers and a doubly refracting crystal C are placed behind the 
slits, as shown in fig. 12.12. The two polarizers are set with their planes perpen- 
dicular to each other and at an angle of 47m to the principal plane of the crystal. 
No fringes are observed. In this 
condition an extraordinary and an i e S 


Aes ——) 


ordinary beam pass each slit. The 

four beams are of equal amplitude | ll 

and, as in experiment (iii), there 

are two pairs polarized in the Se 

same plane. If, however, we con- | 

sider either of these pairs, we see | 
that its members have been derived P 

from perpendicular components of Fig. 12.12 


the unpolarized source. No inter- 

ference is obtained, indicating that 

these components are non-coherent. Similar results may be produced by in- 
serting polarizing devices in appropriate parts of the other pieces of apparatus 
which are commonly used to produce interference fringes with unpolarized light. 
It should, however, be remembered that the polarizing devices may cause phase 
retardations. If these are too large, no interference will take place even if the 
conditions (1) and (2) stated in § 12.15 are fulfilled. Also the polarization may 
alter the relative amplitudes of reflected beams and thereby affect the distribution 
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of illumination in the interference fringes. It is.even possible that one of two 
interfering beams may be eliminated and, if this happens, the fringes disappear. 


12.17.—The vector representation of polarized light is in accord 
with the observation that two beams polarized in mutually perpen- 
dicular planes cannot produce interference fringes. Two vectors 
situated in perpendicular planes cannot annul one another, because 
each has no component in the plane containing the other. The vector 
representation would also lead us to expect that if a long train of 
waves polarized in a given plane is resolved into two (e.g. by the use 
of a Rochon prism), the beams should have a permanent phase re- 
lation. They are not able to interfere because they are situated in 
mutually perpendicular planes, but a component of each, polarized 
in an intermediate plane, may be selected. These two components 
interfere, provided that they are brought together without the intro- 
duction of an unduly large path difference. Since beams derived from 
mutually perpendicular components of unpolarized light do not inter- 
fere, it follows that, if unpolarized light is to be represented by a single 
transverse vector, it must be assumed that the plane of the repre- 
sentative vector changes in an irregular way.* 


12.18. Circularly Polarized Light and Elliptically Polarized Light. 


Although two disturbances in mutually perpendicular planes can- 
not give interference fringes, even when there is a permanent phase 
relation, the interaction of such vibrations does produce a type of light 
which has special properties of its own. Consider two disturbances, 
one in the wz plane and the other in the yz plane and both travelling in 
the direction OZ. They may be represented by 


€_ = @ cos (wt — xz) = a cos ¢, rane tie back) 


and E, = b cos (wt — nz + €)=beos(d+e). . 12(2b) 


These vibrations have the same frequency and velocity of propagation, 
but their amplitudes differ, and they have a permanent phase dif- 
ference «. Let us first consider the special case when « =0. The 
resultant vibration is then represented by a vector of length (a2 + b?)1/”, 
It lies in a plane which includes OZ and makes an angle y = tan—1b/a 
with the x axis. Thus the resultant of these two disturbances is, in this 
special case, a linear disturbance represented by a vector in a plane 
intermediate between the planes of the vectors which represent the 
component disturbances. 


* See § 12.31 for a further discussion of this point. 
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Now consider a second special case when « = —}7. Then we may 
Re é, = b sin (wt — xz) = bsin ¢. eee we (3) 


At any instant, the resultant is represented by a vector. If we plot 
é, and &, along two axes as shown in fig. 12.13, we see that, as ¢ varies, 
the magnitude and direction of the resultant alter. We have: 
CG) when o'==0, £,=a and 12, — 03 
(iu) when®?=4r, €,=a/r/2 and £, = b/4/2; 
(in) when 6 =\47, €,==0 and €,— 0. 


Fy 


p=0 


o-E 


Fig. 12.13.—Vector representation of elliptically polarized light 
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The figure shows the resultant for these values of ¢. It indicates 
that both the magnitude and orientation of the resultant vary with ¢ 
in a periodic way. The resultant rotates once when ¢ changes by 27 
and, as it rotates, there is a gradual fluctuation in its magnitude. 
The changes may be expressed analytically by noting that the 7 and y 
co-ordinates of the end of the resultant are equal to €, and &,. Com- 
bining 12(2a) and 12(3), we see that these co-ordinates satisfy the 
relations 


Ex ne Says 12(4) 
+ : is FAD 
and tan Vi=e Z = b tan d. S Got ate ge 12(5) 
ye a 


Equation 12(4) implies that the end of the resultant always lies on an 
ellipse. This type of light is called elliptically polarized light. When 
a=, the ellipse becomes a circle, and the light is called corcularly 
polarized light. 

In understanding the properties of elliptically and circularly 
polarized light it is important to remember that ¢ may alter through 
a variation of ¢ or of z. At any one place the resultant rotates and, in 
general, changes in magnitude with a time-period 27/w. The change 
in the magnitude of the resultant is not usually simple harmonic, but 
follows the variation of the radius vector of the ellipse. At any one 
time the direction of the resultant varies from point to point along 
the direction of propagation. It has a space-periodicity A = 27/k. 
When z increases by A, the vector makes a complete rotation, and the 
amplitude follows the variation of the radius vector of the ellipse given 
by 12(4). When the light is circularly polarized, the magnitude of the 
representative vector remains constant as the wave advances. The 
component (in any direction perpendicular to the direction of propa- 
gation) varies sinusoidally. 


12.19.—So far we have considered only two special cases: 
(i}ce—— 0 
and (ii) « = —437. 
Before considering the general case, we may consider the cases 
(ill) € == 47 


and (iv) « = 47. 


§ 12.19 HLLIPTICALLY POLARIZED LIGHT 363 


It is easily verified that when « = 7, the resultant is a linear vibration 
in a plane whose angle with the zz plane is given by tan x = —6/a. 
If « = 47, we have 

é, = —D sin (wt — xz), eee (0) 


instead of 12(3). When 12(6) is combined with 12(2a), we again obtain 
equation 12(4), but equation 12(5) is replaced by 


Se. ee eel) 
€ a 


x 


tan xy = 


Thus the end of the vector, which represents the resultant, rotates 
round the ellipse when ¢ increases, but in a clockwise direction. This 
type of elliptically polarized light is known as right-handed, or positive 
elliptically polarized light—the type discussed in § 12.18 being called 
left-handed or negative. In right-handed elliptically or circularly 
polarized light, the representative vector at any given point rotates 
clockwise when viewed by an observer who receives the beam of light. 


We shall now show that when ce has some value other than one of those con- 
sidered so far, the resultant is still elliptically polarized light, but the axes of the 
representative ellipse are not coincident with OX and OY. We need to eliminate 
from equations 12(2) so as to obtain a relation between & and & which is 
independent of @. We have, from 12(2a), 


De ee eee ve fe ee ee 2(8) 
a 
and from 12(26), = = cos > cos c — sin ¢ Sine. 
1 Ey" a by 2 25 — gin2 in2 
Squaring, 7 2 a cos cos « + cos? d cos? « = sin? ¢ sin’ e, 


and, substituting from 12(8), we obtain 


2 2 2 
by —2 baby cos e + ee cos? ¢ = (1 _ =) sin? ¢, 
a 


b ab a 


2 
or bat + Ee 2 Ew by cos « — sint?e = 0. » « IeY@) 
aa b? ab 
This is the equation of an ellipse for which one axis makes an angle 0 with the 


x axis, where 0 is given by 
(Raya) PAs) == Se > o = 0 Soe 2b4el) 
a — 
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EXAMPLES [12(i)-12(vi)] 


12(i). Suppose that the effective intensity of a source of light is reduced 
by the use of a polarizer and analyser whose relative orientation is 6. Show 
that the percentage error in the intensity due to an error AQ in the setting is 
—(200 tan 6)A0. 


12(ii). Using the data of the preceding example, show that if the scale of the 
analyser can be read to 0-1°, an accuracy of 1 per cent is obtainable for a setting 
which reduces the intensity in a ratio of approximately 1 : 10. 

12(iii). Find the ratio of the relative energies of the beams 0,0, and O,E, 
(see § 12.8) when the relative orientation of the two crystals is 0. [cot? 0.] 


12(iv). Show that if two coherent beams of circularly polarized light of equal 
amplitude (one left-handed and the other right-handed) are superposed, the 
resultant is plane-polarized. What determines the plane of polarization? 

[The plane of polarization of the resultant contains the direction for which 
the components of the constituents are in phase. ] 


12(v). Show that the resultant of two coherent beams of elliptically polarized 
light is in general another beam of elliptically polarized light. 


12(vi). Write down the conditions that the resultant of the preceding example 
shall be (a) plane-polarized, (b) circularly polarized. 
[(a) The resultant components for any two directions of vibration must 
have the same phase. 
(6) Taking any pair of axes at right angles, the resultant components 
must be of equal amplitude, with phases differing by 47.] 


12.20. Huygens’ Wave Surface in Crystals. 


The phenomena of double refraction indicate that the velocity of 
propagation of a beam of light in a crystal depends on the relation 
between the direction of propagation and the crystal axes. Also for 
a given direction of propagation the velocity depends on the relation 
between the plane of polarization and the crystal axes. When double 
refraction was discovered by Bartolinus, Huygens saw that in order 
to apply his method of constructing rays (§ 3.8) to crystals, it was 
necessary to invent a special form of wave surface for crystals. Since 
there are two rays, it is necessary that the wave surface shall consist 
of two sheets. The observation that one ray always obeys both laws 
of refraction was taken to indicate that one sheet is a sphere. Huygens 
assumed, as the simplest available hypothesis, that the other sheet is 
an ellipsoid of revolution. He assumed that the spheroid touches the 
sphere either internally, as shown in fig. 12.14a, or externally, as 
shown in fig. 12.140. In either case, the whole wave surface is formed 
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by revolving the curves about the line which joins the points of con- 
tact. In the direction of this line there is only one speed of propaga- 
tion, and this direction is called the optic awis. Huygens thought that 


Fig. 12.14¢.—Section of wave surface of positive uniaxial crystal 


all crystals were uniaxial, and that this type of wave surface was 
universally applicable. Later, more extensive observations showed that 
the general form of the wave surface is more elaborate (fig. 16.6). It 
is still a surface of two sheets, but neither sheet is spherical, and the 


Fig. 12.14b.—Section of wave surface of negative uniaxial crystal 


two sheets interpenetrate in a more complicated way. The most 
general type of crystal has two optic axes (i.e. two directions for which 
there is only one speed of propagation). The uniaxial crystal may be 
regarded as a special case in which the two axes coincide. 
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12.21. Verification of Huygens’ Wave-surface for Uniaxial Crystals. 


The form of the wave surface has been examined experimentally 
by Stokes, Glazebrook, and others, using modern instruments to 
measure the angles of refraction for different directions of incidence. 
The results show that for uniaxial crystals the part of the wave sur- 
face corresponding to the extraordinary ray is accurately an ellipsoid 
of revolution. 


Earlier experiments mainly due to Malus are interesting. The following is a 
brief summary of these experiments. ne 

(i) To show that one sheet of the surface is spherical, a composite prism is built 
up consisting of slices cut in different directions from a piece of calcite (fig. 12.15). 
There is one ordinary spectrum, the same for all slices, and a series of extraor- 
dinary spectra, most of which are deviated out of the plane of incidence. Measure- 
ments on the ordinary spectrum determine the value of the refractive index 
(u,) for any chosen wavelength. 


Fig. 12.15.—Refraction by composite calcite prism 


(ii) To show that one section of the other sheet is circular, a crystal of calcite is 
cut so as to give a prism with its refracting edge parallel to the optic axis. Two 
spectra are obtained. They are both in the plane of incidence. One is polarized 
in the principal plane of the crystal, and the other in a perpendicular plane. 
For a given wavelength the index for the ordinary ray is found to be u, (as before), 
and a different index (u,) is found for the extraordinary ray. In this experiment 
the extraordinary ray obeys both the laws of refraction, and differs from the 
ordinary ray only in having a different index. This requires that the whole wave 
surface must be a surface of revolution. Fig. 12.16a shows Huygens’ construction 
of the two refracted wavefronts. 

Since both rays obey the sine law, measurements of the two critical angles 
for total reflection give y, and yu, directly. These measurements may be made 
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using a refractometer of the Abbe or Pulfrich type, with a polarizer attached. 
In this way, using monochromatic light, the indices may be conveniently measured 
with an accuracy of about 1 in 10° (i.e. to the fourth decimal place) 


(a) 


(<) 


: 


Fig. 12.16.—Huygens’ construction 


(a) Optic axis parallel to surface and perpendicular to plane of incidence. 
(6) Optic axis parallel to surface and to plane of incidence. 
(c) Optic axis normal to surface. 


(The ellipticity of the second sheet of the wave surface has been exaggerated in order to 
show the construction more clearly. In calcite, the ratio of the axes of the ellipse is approxi- 
mately 1-1: 1.) 


(iii) To investigate the refraction when the optic axis is parallel to the face of the 
crystal and to the plane of incidence. The apparatus is shown in fig. 12.17. Two 
scales AB and AC are engraved on a piece of polished steel which forms a table on 
which the crystal is placed. The scales are observed through the telescope T, 
whose inclination to the vertical may be read on the scale P. The table is adjusted 
so that the faces of the crystal are horizontal. The crystal is turned so that the 
principal plane is perpendicular to AC. The line AC is then displaced in a direction 
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perpendicular to itself. Suppose that the ordinary image of a point D on AC 
coincides with the extraordinary image of a point E on AB. Then, if e is the 
thickness of the crystal, 

DE = e(tanr, — tan7,), 


where r, is the angle of refraction for the extraordinary ray, and r, is the angle of 
refraction for the ordinary ray. 7, may be derived by measuring the angle of 
incidence on the scale P, and using the relation sini = u, sinr,. DE may be 
measured and used to give r,, when 7, and e are known. It is found that, for dif- 


Eyirscrtnany Aetners 


image image 


ay f8) 


Fig. 12.17.—Apparatus for the investigation of the shape of the wave surface 


ferent values of the angle 7, the ratio tanr,/tanr, is constant and is equal to 
,/4,. Huygens’ construction for this case is shown in fig. 12.16b. From the co- 
ordinate geometry of the figure it may be shown that the above relation between 
r, and r, is consistent with the assumption that the section of the two sheets of 
the wave surface is made up of a circle and an ellipse, which touch at two points 
in the way shown [see answer to Example 12(viii), p. 373]. 


12.22. Transmission of Polarized Light in a Thin Anisotropic Plate. 


Suppose that a parallel beam of plane-polarized light is incident 
normally upon a thin anisotropic plate, and the relation between the 
plane of polarization and the crystal axis is varied by rotating the 
crystal about a line normal to its surface. It is found, in general, that 
there are two orientations in which the emergent light is plane- 
polarized. If the crystal does not possess the property of optical rota- 
tion (which will be considered in § 12.35), the plane of polarization of 
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the emergent beam is the same as that of the incident beam. Two 
lines may be drawn on the plate (or on its mount) showing the direc- 
tions in which the plane of polarization cuts the plate when the orien- 
tation is such that the emergent light is plane-polarized. The directions 
of these lines are called the two privileged directions for the given 
anisotropic plate. It is found that they are always perpendicular to 
one another. 


We have seen in § 12.20 that relations of this type hold for uniaxial crystals 
like calcite. Further experiments show that similar results are obtained, in general, 
for a slice cut from any crystal in any orientation. The reason why there are two, 
and only two, privileged directions is that the wave surface is a surface of two 
sheets. In simple uniaxial crystals there is one direction (the optic axis) in which 
a plane-polarized beam is transmitted as a plane-polarized beam, no matter how 
the plane of polarization is orientated. In this direction there is only one velocity 
of wave propagation. A slice cut normal to the optic axis has no specially privileged 
directions. More complicated effects are obtained with “ optically active” 
crystals (§ 12.37). 


12.23.—The optical thickness of an anisotropic plate may be 
measured with an interferometer, using light plane-polarized in dif- 
ferent planes. A simple result is obtained only when the plane of 
polarization is parallel to one of the privileged directions. It is found 
that the optical thickness for light polarized parallel to one privileged 
direction is greater than the optical thickness for light polarized parallel 
to the other privileged direction. This implies a difference in wave 
velocity, as we should expect from the form of Huygens’ wave surface. 
The privileged direction corresponding to the larger velocity (and the 
lower refractive index) is called the fast direction. The other is called 
the slow direction. Let us now consider a beam of plane-polarized light, 
the direction of whose plane of polarization does not coincide with 
either of the privileged directions. We have seen above (§ 12.6) that 
when this is so there are two emergent beams which are parallel to one 
another, but displaced in a direction perpendicular to the direction 
of propagation. We now suppose that the anisotropic plate is so thin 
that the displacement sideways may be ignored. We should then 
expect that elliptically or circularly polarized light would be produced 
by the superposition of the two emergent beams which have travelled 
through the plate at different speeds, and have thus acquired a phase 
difference. We shall show, in the next paragraph, that this is so. 


12.24.—Let us choose the fast and slow directions respectively as 
the OX and OY directions of a system of co-ordinate axes. Then OZ 
is the direction of propagation. The surface on which the light is 
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incident may be taken as the XOY plane. The incident beam may 


then be represented by 
& = @ cos wt. ee ee 


If the plane of polarization makes an angle js with OX, the components 
é, and &, (polarized parallel to OY and OX respectively) may be 
represented by * 

Ego = @ sin Cos wt 3S Pnp Oke Eee ED) 


and Ey) = @ Cos COS wi. oe ge LA ED) 


After the light has passed through a thickness z of the plate, the com- 
ponents are 

€, =a sin ¢ cos w(t — z/b,) meee LS) 
and €, =acos% cos w(t—z/b,), . . . 12(15) 


where 6, and b, are the fast and slow velocities of propagation. 

In writing equations 12(14) and 12(15) we assume that propa- 
gation is normal to the plate. This is not strictly correct. In general, 
neither beam travels normally to the slice, and the two directions are 
not identical. We should insert 6, cos a, for b,, and 6b, cos % for bg, 
where a, and a, are the deviations of the two beams from the normal. 
Thus 6, and 6, are not two velocities in the same direction. In practice 
the values of «, and «, are fairly small and, for our present purpose, it 
is a sufficient approximation to assume that 6, and 6, are the velocities 
in the direction normal to the slice. ; 

If the thickness of the crystal is e, the two components will emerge 
with a phase difference (e,) given by 


p= we(E— 7) = — py) 
2p by b, Pe My 


27re 
= = (Ha — py). . . 12(16) 
In this expression A is the wavelength in air. The emergent beams are 
represented by 


£, = A cos (wt — nz — 8) beat Mhg Ba boulan 
and &, = Boos (wt — nz—68—e,), . . . 12(18) 
where A=asing, B=a cosy, eel BOLD) 
and ee ee DT 


1 


* Remember that the plane of the vector represented b i 1 
plane of polarization, pet ce ce eee oe 
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We may alter the origin of time so as to eliminate 5, and 12(17) and 
12(18) are then replaced by 


£, = A cos (wt — xz), or ha nue AEE) 
&, = B cos (wt — nz — €,). ee ee (22) 


The form of these equations is the same as that of equations 12(2a) 
and 12(26). It indicates that, in general, the emergent light is ellipti- 
cally polarized. Under special conditions the ellipse may reduce to a 
circle or a straight line. 


12.25. Quarter-wave Plate. 


An anisotropic plate for which the difference of optical thickness 
is a quarter of a wavelength is called a quarter-wave plate. A plate 
of this thickness introduces a phase difference of 47. A plate which 
gives a phase difference of a between the two components is called a 
half-wave plate, and a similar notation is applied to plates of other 
thicknesses. When plane-polarized light is incident upon an anisotropic 
plate the state of polarization in the emergent light depends upon 
(a) the difference of optical thickness, and (6) the relation between the 
plane of polarization of the light and the privileged directions of the 
plate. The calculations for any given condition may be made using 
equations 12(16), 12(19), 12(21) and 12(22). The following cases are 
of special importance: 

(i) When plane-polarized light is incident upon a whole-wave plate, 
the emergent light is plane-polarized in the same plane as the incident 
light. 

(ii) When plane-polarized light is incident upon a half-wave plate, 
the emergent light is plane-polarized. If the plane of polarization of 
the incident light makes an angle % with one of the privileged direc- 
tions, then the plane of polarization of the emergent beam makes an 
angle —s with the same direction, i.e. the plane has effectively been 
rotated through an angle 2y (fig. 12.18, p. 372). 

(ii) When plane-polarized light is incident upon a quarter-wave 
plate, the emergent light is in general elliptically polarized. The axes 
of the ellipse are parallel to the privileged directions in the plate, and 
the ratio of the axes is given by 12(19). When the plane of polarization 
of the incident beam bisects the angle between the privileged direc- 
tions, the light emerging from a quarter-wave plate is circularly 


polarized. 
rae (q 577) 
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All the above properties depend on the difference of the optical 
thicknesses of the plate. It is of interest to consider the state of the 
vibration inside the crystal. From equations 12(14) and 12(15) we see 
that if we choose a definite value of z (i.e. if we consider a particular 
place in the crystal), the disturbance at that point is similar to the 
disturbance produced by a definite type of polarized light in an iso- 
tropic medium, i.e. the disturbance is the resultant of two vectors with 


Fig. 12.18.—‘‘ Rotation ”’ of the plane of polarization by a half-wave plate 


a constant phase difference. Thus at one point the disturbance may 
be that of elliptically polarized light, and at another it may correspond 
to plane-polarized light. The progression of a disturbance in an aniso- 
tropic medium is not similar to that of any kind of light in an iso- 
tropic medium. In the anisotropic medium the phase difference be- 
tween the components, and hence the state of the polarization, changes 
as the wave advances. 


12.26. Two or more Plates in Series. 


From the above discussion we should expect that the effects of 
transmission through two similarly oriented plates would be additive. 
This is found to be so. For example, if two quarter-wave plates are 
superimposed so that the “fast” directions coincide, the effect is 
exactly the same as that of a half-wave plate. If the two quarter-wave 
plates are superimposed so that the fast direction of one coincides with 
the slow direction of the other, then the total optical path is the same 
for both components. The plates have no effect on the state of polariza- 
tion of the incident light. Generally the effects of thin plates which are 
superimposed so that the privileged directions coincide are algebraically 
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additive. When the privileged directions do not coincide, the effect 
of each plate must be calculated successively. The resultant state of 
polarization produced by the first plate is calculated in the way de- 
scribed above. It is then regarded as a beam incident on the second 
plate and is resolved in two new directions (ie. the privileged direc- 
tions of the second plate). 


EXAMPLES [12(vii)-12(xiv)] 


12(vii). A narrow beam of light enters a crystal of monammonium phosphate 
at grazing incidence in a direction at right angles to the optic axis, which is parallel 
to the surface of the crystal. The separation of the ordinary and extraordinary 
beams at the opposite, parallel face of the crystal is 25 mm. If u, = 1-525 and 
u., = 1-479, calculate the thickness of the crystal. [5-1 cm.] 


12(viii). Show that when an ellipse and circle touch as shown in fig. 12.140, 
a line joining the points of contact of the tangent to the ellipse and the circle 
from a point on the common axis is perpendicular to this axis. Hence show that 
tan r,/tan ry = U/L. 


12(ix). A uniaxial crystal is cut so that the optic axis is perpendicular to the 
refracting surface (fig. 12.16c). Show that the refracted rays and the optic axis 
are in the same plane, and that 


How would you test this relation experimentally? 


12(x). Show that circularly polarized light may be produced with a three- 
quarter-wave plate, and also with certain plates of greater thickness. 


12(xi). How may a quarter-wave plate be made to produce (a) right-handed 
and (6) left-handed circularly polarized light? 

[Suppose the slow direction of the quarter-wave plate to be in the direction 

OX, and the fast direction along OY, the direction of propagation of 

the light being the positive direction of OZ. Then, if plane-polarized 

light, whose vibration direction is at -+-7/4 to the OX direction, is 

incident on the plate, the transmitted light is right-handed circularly 
polarized. | 


12(xii). Design an arrangement to “produce a vertical beam of elliptically 
polarized green light. The axes of the ellipse are to be in the ratio 3 : 1, and the 
direction of the larger axis to be north-south. 

[A mercury lamp with green filter directs a beam vertically through a 
polarizing prism set to transmit light polarized in a plane making an 
angle cot-1 3 with the N-S direction. The light is then passed throu gh 
a quarter-wave plate whose fast and slow directions are N-S and E-W 


respectively. | 
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12(xiii). How may an anisotropic plate be made to change a right-handed 
elliptically polarized beam of light into a left-handed beam? 
[Use a half-wave plate suitably oriented. In the special case of circularly 
polarized light the orientation does not matter. ] 


12(xiv). Two plates of thicknesses e, and e, are put together so that the fast 
direction of one coincides with the slow direction of the other. They are of different 
materials, The refractive indices are y, and p,’ for the fast and slow directions 
respectively in plate 1, and yw, and p,’ for plate 2. Given that the first plate is a 
whole-wave plate, that the combination acts as a quarter-wave plate, and that: 
e, = 2e,, derive a relation between the refractive indices. 


[5(uy — py’) or 3(uy — ty’) = 22 — to )-] 
12.27. Analysis of Polarized Light. 


The additive property may be used in the detection and analysis 
of circularly and elliptically polarized light. Consider, for example, 
a method for distinguishing between ordinary light and circularly 
polarized light. If a Nicol prism is placed in the beam and rotated, 
both these kinds of light behave in the same way. The amount of 
light transmitted is the same for all orientations of the analyser. If 
the beam is first passed through a quarter-wave plate and then through 
an analyser, the situation is quite different. The quarter-wave plate 
will change the circularly polarized light into plane-polarized light, 
which is extinguished at a suitable setting of the analyser. If, how- 
ever, ordinary light is transmitted through a quarter-wave plate and 
an analyser, the amount of light transmitted is the same for all orien- 
tations. Similar methods may be used to distinguish between ellipti- 
cally and plane-polarized light. 


12.28.—The following procedure is suitable for making a syste- 
matic qualitative investigation of the properties of a beam of polarized 
light.* 


estas 


Insert Nicol prism in the beam and rotate it. 


Result (a).—Light extinguished for one orientation of the Nicol. Indicates 
that light is plane-polarized. 


Result (b).—Amount of light transmitted is the same for all settings of the 
Nicol. Indicates that light is either 
(i) unpolarized, or 
(ii) circularly polarized, or 
(iii) a mixture of circularly polarized and unpolarized light. 
Apply Test 2. 


* A more sensitive method of detecting a small proportion of polarized li i 
mixture is described in § 12.44, 3 eae. seg Bets 
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, Result (c).—Amount of light transmitted varies as the Nicol is rotated, but 
is never zero. Indicates that the light is either 
(i) elliptically polarized, or 
(ii) a mixture of elliptically polarized and unpolarized light, or 
(iii) a mixture of plane-polarized light and unpolarized light. 


Apply Test 3. 


Test 2. 


Insert a quarter-wave plate followed by a Nicol prism. Rotate the Nicol 
prism. 

Result (a).—Light extinguished for one orientation of the Nicol prism. Indi- 
cates original beam is circularly polarized. 

Result (6).—Light unchanged by rotation of Nicol. Indicates that original 
beam is unpolarized. 

Result (c).—Amount of light changed by rotation of Nicol, but minimum not 
zero. Indicates that original beam is a mixture of circularly polarized and un- 
polarized light. 


Test 3. 


Insert a quarter-wave plate followed by a Nicol prism. Rotate the two com- 
ponents independently. 

Result (a).—Light is extinguished for one setting. Indicates that original beam 
is elliptically polarized, and that the axes of the ellipse are parallel to the privileged 
directions when the light is extinguished. 

Result (b).—Amount of light transmitted varies when components are rotated, 
but minimum is not zero. Indicates that the original light is a mixture of 
elliptically polarized light and unpolarized light. The setting which gives the 
minimum transmission is one in which the privileged directions are parallel to the 
axes of the ellipse, and the setting of the Nicol gives the ratio of the axes. If 
the Nicol is parallel to one of the privileged directions, then the original beam 
is. a mixture of plane-polarized light and unpolarized light. 


12.29. Representation of Unpolarized Light. 


In the above procedure of analysis we have distinguished between 
the following seven possibilities: 


) unpolarized light, 
) plane-polarized light, 
(iii) circularly polarized light, 
(iv) elliptically polarized light, 
) unpolarized light plus plane-polarized light, 
(vi) unpolarized light plus circularly polarized light, 
\(vii) unpolarized light plus elliptically polarized light. 


A theorem due to Stokes * shows that these are the only possi- 
bilities, e.g. a mixture of plane, plus elliptically, plus unpolarized light 


* Reference 12.4. 
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is equivalent to a mixture of elliptically. polarized and unpolarized 
light. The following brief discussion is intended only to explain the 
general problem involved in the mathematical representation of mix- 
tures of light. 


12.30.—In Chapter IV it was shown that a beam of light which has one definite 
wavelength must be represented by an infinite wave-train. An extension of the 
discussion shows that a beam which has one definite wavelength must be completely 
polarized. If the disturbance is not represented by a vector in one plane, it must 
be represented as the resultant of two vectors in two perpendicular planes. The 
variation of each of these vectors must be represented by an expression of simple 
harmonic form. The two expressions must be valid from —o to +o. There 
must therefore be a permanent phase-relation between them, and the resultant 
is plane-polarized if the phase difference is a multiple of x. Otherwise the resultant 
is elliptically or circularly polarized. 

Let us imagine that we have a source of light with very small damping 
which emits wave trains of different polarizations, so that one train lasts for a 
period of order 100 seconds (i.e. much longer than the trains given by laboratory 
sources). Suppose that the resultant of a number of these wave trains is analysed 
by an apparatus which displays the polarization ellipse on the screen of a cathode- 
ray tube. A “snapshot” of the screen will, in general, show an ellipse. An ob- 
server who watches the screen will see the parameters of the ellipse slowly change 
as some wave trains die out, and new ones begin. These variations will be com- 
pletely irregular in the sense that no observation of the process will lead to any 
rational prediction of the detailed course of future alterations. 

Now suppose that the wave trains become shorter and shorter. The observer 
will notice the irregular variations becoming more rapid and, when the average 
length of a wave train is of the order 10~® second, or shorter,* he can observe 
only a general illumination covering a circular area whose boundary is the envelope 
of all the ellipses previously observed. The observer will see a steady pattern on 
the screen if, and only if, the wave trains emitted by the atoms are all polarized 
in the same way. When this condition is satisfied we have coherence between the 
components polarized in perpendicular planes, even though the wave trains are 
not infinitely long. 


12.31.—In representing unpolarized light we have to take into account three 
experimental results: 

(i) The illumination produced by resolution in any plane (e.g. with a Nicol) 
is independent of the orientation of the plane of resolution. 

(ii) This property is unaffected by previous relative retardation of any rect- 
angular components into which the light may have been resolved (i.e. if the beam 
is passed first through a thin crystalline plate and then through a Nicol, the 
amount of light transmitted is independent of the orientation either of the plate 
or of the Nicol). 


(iii) Interference fringes can be produced with unpolarized light. 


: : The wave trains which represent light are much shorter (of order 10-7 second or 
ess). 


f A detailed discussion of this problem has recently been given by Hurwitz (Re- 
ference 12.5). 
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Let a and b be the instantaneous values of the amplitudes with respect to any 
pair of perpendicular axes, and ¢ the phase difference of the components. Let 
us define A, B, C, D by the relations 


A=a, Bic DS eee oer 228) 
C=abcose, Dz=absine, . . .. . 12(24) 


(the bars indicate mean values). Any mixture of light may be specified by giving 
the values of A, B, C, D. It may be shown (Reference 12.4) that necessary and 
sufficient conditions for satisfying (i) and (ii) above are 

A — B, 
and Ore IDS0 5-4 so so 5 6 IOS 


Thus, when these conditions are satisfied, the light is unpolarized. 

When AB = C? + D* the light is elliptically polarized. If in addition A = B 
and OC = 0, the light is circularly polarized or, if D = 0, the light is plane-polar- 
ized. Generally it is shown that for any possible values of A, B, C, D, the beam 
of light may be resolved into two parts, one of which satisfies the conditions for 
unpolarized light, and the other of which satisfies one of the above conditions for 
polarized light. Hither of these parts may be of zero intensity, and thus the seven 
types of mixtures described in § 12.29 constitute all the possibilities. 


12.32.—The fact that beams of unpolarized light can produce inter- 
ference fringes is in agreement with the above analysis. If unpolarized 
light is resolved into two components, each will form its set of inter- 
ference fringes separately. When the path lies entirely in isotropic 
media, the two sets of fringes will coincide. The average illumination 
at any point is equally divided between the components. If the path 
lies partly in a doubly refracting medium, then the two frmge systems 
may no longer be superimposed and may confuse one another. 


EXAMPLES [12(xv) and 12(xvi)] 


12(xv). How may a Nicol. prism and a quarter-wave plate be used to dis- 
tinguish between right- and left-handed circularly polarized light? 
[See answer to Ex. 12(xi), p. 373.] 
12(xvi). How may the procedure of § 12.28 be used to derive the proportion 
of unpolarized light in a mixture of right-handed circularly polarized light and 


unpolarized light. 
[Insert a quarter-wave plate, and compare the maximum and minimum 


amounts of light transmitted by a rotating analyser. ] 


12.33. The Babinet Compensator. 


The method described in § 12.28 is suitable for a general analysis 
of polarized light. More sensitive tests, some based upon colour eflects 
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which will be described later, have been devised for the detection of a 
small proportion of polarized light in a mixture. Special pieces of 
apparatus have also been invented for more accurate and convenient 
measurements on elliptically polarized light. The most generally 
useful of these is the Babinet compensator.* This consists of two quartz 
wedges cut in different directions and 
oriented as shown in fig. 12.19a. The 
arrangement is similar to the Rochon 
prism but in the compensator the angles 
Ditection of Motion of the wedges are so fine that there is 
of Lower Wedge no effective separation of the ae The 
‘ lower wedge can be moved relative to 
ee TS ets te the frame Yin which the upper is held) 
by means of a micrometer screw, so as 
to alter the total thickness. The difference of optical path in the 
compensator varies linearly from one side to the other. The central 
difference of path can be altered by a known amount by turning the 
screw. The compensator is used in conjunction with a Nicol prism or a 
piece of Polaroid film as an analyser. It is viewed through a low- 
power microscope. 


12.34.—The compensator is first calibrated using plane-polarized 
light produced by a polarizing prism. The analyser and polarizer are 
crossed, and the compensator is placed between them, oriented so that 
the plane of the analyser bisects the angle between the privileged 
directions for the wedges (see fig. 12.19b). A series of dark bands 
is seen in the field of the microscope. These correspond to points at 
which the phase difference introduced by the two wedges is equal 
to a multiple of 27. For these points the emergent light is plane- 
polarized in the plane of the incident light, and is extinguished by the 
analyser. For points half-way between these points, the light is plane- 
polarized in a plane perpendicular to that of the incident light. For 
points intermediate between the positions where the emergent light 
is plane-polarized, it is elliptically polarized. If the analyser is ro- 
tated, the fringes at first become less clear, and then they become clear 
again, but the bright and dark bands are found to have changed places. 
The movement of the screw needed to bring successive fringes under 
the crosswire of the microscope (and hence to alter the phase dif- 
ference at the centre by 27) is measured. Let this distance be d. Now 


* For a general description of other types of compensator, often of greater sensi- 
tivity but of more limited application, see Reference 12.6. 
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suppose that, still using plane-polarized light, the instrument is first 
adjusted so that a dark band is seen in the centre, and then the micro- 
meter screw is turned through a distance 4d. The phase difference 
produced at the centre is then equal to (2n7 -- 47). For our pur- 
poses this is equivalent to a phase difference of 47. The polarizer 1 is 
removed and the unknown beam of elliptically polarized light is ad- 
mitted. The compensator and analyser are rotated independently 
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Fig. 12.19b.—The formation of dark bands with the Babinet compensator 
between crossed Nicols 


until the centre of a dark band again appears under the central cross- 
wire. The emergent light at the centre of the analyser must now be 
plane-polarized. Since the compensator introduces a phase difference 
of 47 at this point, the axes of the ellipse must be parallel to the 
privileged directions of the compensator. This determines the direc- 
tions of the axes of the ellipse. 

To determine the ratio of the axes, the analyser is rotated until 
the bands are as clear as possible, with the centre band dark. The 
analyser is now oriented perpendicular to the direction of the resultant 
of the two components of the elliptic vibration whose phase difference 
has been compensated. The tangent of the angle which the analyser 
now makes with the principal directions of the compensator is there- 
fore equal to the ratio of the axes of the ellipse. 
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12.35. Rotatory Polarization. 


When a beam of plane-polarized light passes through certain sub- 
stances, the light remains plane-polarized but the plane of polarization 
is gradually rotated. This property is possessed by quartz and some 
other crystalline substances, and also by some liquids and vapours. 
The liquids include certain oils, such as turpentine, and solutions of 
certain substances, especially the sugars. These substances are said 
to be optically active. For solutions, the rotation is proportional to the 
concentration, as well as to the length of path. It is thus proportional 
to the number of molecules in the line of sight. This property is called 
natural rotation and must be distinguished from magnetic rotation 
(§ 16.50). 

Natural rotation may be in either sense. A right-handed rotation 
(also called a positive rotation) is clockwise to an observer looking in 
the direction in which the light is travelling. Substances which give 
a right-handed rotation are called deztro-rotatory, those which give a 
left-handed rotation are laevo-rotatory. The specific rotation of a solution 
is equal to the rotation produced by a column 10 centimetres long, 
divided by the concentration of the active substance. The concen- 
tration is expressed in grammes of active substance per cubic centi- 
metre of the solution. 

The molecular rotation is the specific rotation multiplied by the 
molecular weight. 


The following figures show the order of magnitude of the 
effects: 


Rotation of a 10-cm. column of a solution of 


cane sugar (0-1 gm. per cc. of solution) = 6-67°. 
Rotation of a 10-cm. column of essence of 
turpentine = —29-6°. 


Rotation of a piece of quartz 1 mm. thick = +21-7°. 


12.36.—In the vector representation, a beam of plane-polarized 
light may be regarded as the resultant of two equal beams of circu- 
larly polarized light, one right-handed and the other left-handed. Let 
the right-handed beam have components 


Ser = —@ Cos w(t — 2/b) = —acosd . . 12(26) 
and Ey, = asin w(t — 2/6) =asing. rere L220) 
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Let the left-handed beam have components 


fo. = @ COS w(t —2/b) =acosP . . . 12(28) 
and Ey =a sin w(t — z/b)=asingd. . . . 12(29) 


Then the resultant is plane-polarized. The plane of polarization is 
the xz plane, the representative vector 


€ = 2a sin w(t — z/b) = 2asind . . . 12(30) 
being in the yz plane. 

The phenomenon of optical rotation may be included in the vector 
representation by assuming that, in optically active media, circularly 
polarized light is transmitted unchanged, but the velocity of left- 
handed circularly polarized light is not the same as that of right- 
handed circularly polarized light. After the light has travelled through 


a distance e of the optically active medium, the two components have 
a phase difference (e,) given by 


1 1 


E, = we (F — r) ge ({ipt—-[ig), ee ee LAO) 


where 6, and b, are the speeds for the left-handed and right-handed 
components respectively; p, and p, are the corresponding indices 
and A is the wavelength in air. The light after emerging, at z= 0, 
from the optically active material is represented by 

Sees = —4@ COs ’, 


C7 asin oO, 


Ex =a cos ($’ + &), ACE 
eo =a sin (p’ + €), 
where §=o(--2-2) er ee 283) 


and the resultant has plane-polarized components in the zz and yz 
planes given by 


é, = —a cos ¢’ + a cos (d’ + «,) = 2a sin $e, sin (¢’ + $e), 
é, =asind’ + asin (f’ + €,) = 2a cos $e, sin (f’ + e). 


These two components are in phase, and the resultant is a vibration 
in a plane making an angle #% with the yz plane, where 


| 1369 


tan f = a= tan $e,. eer 200) 
v 
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Thus the plane of polarization has been rotated through an angle 


b= bee = (He — HH) ee ee LIVES 


This angle is proportional to e, and to the difference of the refractive 
indices for the two circularly polarized components. 


Fresnel demonstrated the above difference of refraction directly. He used 
right-handed and left-handed quartz prisms as shown in fig. 12.20. Owing to the 
difference of refractive index the light is split into two beams, one right-handed 
circularly polarized, and the other left-handed. This phenomenon is called allo- 
gyric birefringence. If the incident light is unpolarized, the two beams have no 
permanent phase-relation, and can never be brought to interference. If the 
incident light is plane-polarized, the two emergent beams are coherent. If, by 
the use of suitable quarter-wave plates, they are both transformed into plane- 
polarized light (with the same plane of polarization) they may be made to interfere. 


era 
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Fig. 12.20.—Fresnel’s demonstration of allogyric birefringence 


12.37. Solutions of sugars and similar liquids are optically active, but iso- 
tropic. There is only allogyric birefringence and no birefringence of the ordinary 
kind obtained with calcite. In substances like quartz, optical activity is associated 
with ordinary birefringence. We have seen that a plate of inactive crystal trans- 
mits unchanged light travelling normal to the slice and polarized in one of two 
planes. Plane-polarized light with any orientation of the polarization is trans- 
mitted along the axis. In an active (but isotropic) substance like a sugar solution, 
circularly polarized light is transmitted unchanged. In quartz, circularly polar- 
ized light is transmitted unchanged when the wave normal is in the direction of 
the optic axis. For a direction inclined to the optic axis, only elliptically polarized 
light is transmitted unchanged, and for a given direction only two particular 
kinds of elliptically polarized light. The two ellipses are similar to one another in 
the orientation of the axes, and in the ratio of the minor to the major axis, but 
have opposite senses of rotation. The ellipses become circles for one particular 
direction of the wave normal (i.e. the optic axis), and shrink into lines for one 
other direction. In this direction (56° 10’ to the optic axis) plane-polarized light 
is transmitted unchanged. In quartz, the whole phenomenon is symmetrical 


about the single optic axis. Much more complicated effects are obtained when a 
biaxial crystal is also optically active.* 


* Reference 12.2. 
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12.38. Dispersion of Birefringence and Optical Rotation. 


All methods of producing and analysing polarized light are to some 
extent affected by dispersion, though in some experiments the effect 
is much more important than in others. The polarization of light by 
reflection is affected since the Brewsterian angle is a function of the 
index of the reflecting medium. It is not, however, a rapidly varying 
function of the index, and the light incident at angles near the Brew- 
sterian angle has a very high degree of polarization (§ 14.9). Conse- 
quently, if a parallel beam of white light is incident upon a sheet of 
glass at the correct Brewsterian angle for a wavelength near the middle 
of the spectrum, the whole reflected beam is very nearly completely 
polarized. If it is examined with an analyser, only slight colour effects 
can be observed. The effects of dispersion are shown much more 
strongly in connection with the transmission of polarized light through 
thin anisotropic plates. 


12.39.—Suppose that a parallel beam of white light passes through 
a polarizer, a plate of quartz cut perpendicular to the optic axis, and 
an analyser (fig. 12.21). Owing to the effects of dispersion, the rotation 
decreases as the wavelength increases. For certain wavelengths the 
rotation will be such that the light emerging from the crystal is not 
transmitted by the analyser. For intermediate wavelengths, some 
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Fig. 12.21.—Apparatus for the investigation of the dispersion of optical rotation 


light will be transmitted. If the light from the analyser is examined 
in a spectroscope, a channelled spectrum is seen. The total rotation 
will vary rapidly with wavelength when the plate is thick, giving a 
large number of close bands. When the plate is thin, there will be a 
small number of broad bands. The light transmitted by a fairly thin 
plate has a colour which depends upon its thickness, and upon the 
relative orientation of the analyser and polarizer. Suppose, for ex- 
ample, that the analyser and polarizer are crossed, and the thickness 
of the plate is such that a rotation of 57/2 is obtained for wavelength 
5500 A,, and rotations of 27 and 3a for wavelengths 6900 A. and 
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4600 A. Then the transmitted light is green in hue.* If the analyser 
is rotated to the parallel position, a purple hue is obtained. When the 
plate is extremely thin, the total rotation is small, and its variation 
with wavelength is negligible. The transmitted light is then nearly 
white. Neither are colours obtained when the plate is very thick, 
because the spectrum then contains a large number of equally spaced 
bands, and the same fraction of each region of the spectrum 1s trans- 
mitted. 


12.40.—The rotation (ys) would be independent of wavelength if «, 
were independent of wavelength. From 12(36), we see that this would 
require the difference of refractive indices (4, — j1;) to be proportional 
to the wavelength. This condition is not usually fulfilled. 

Let « be the angle through which it would be necessary to rotate 
the polarizer in the direction of the rotation of the optically active sub- 
stance, in order to make it parallel to the analyser. Then the amount of 
light transmitted is a maximum at a wavelength for which 


W(A) = nz + a, 2 ie? tat mela) 
and a minimum when 


Al sa (Oneta Dm Eloi cath eee) 


EXAMPLES [12(xvii)-12(xxi)] 


12(xvii). A Babinet compensator is adjusted and used according to the method 
suggested in § 12.34. What would you expect to observe if the “ unknown ” 
beam happened to be circularly polarized? 

{In the initial setting the cross wire would be at the centre either of a 
bright fringe or of a dark fringe. (For the reason why there are two possi- 
bilities, see examples 12(xv) and 12(xi)). Rotation of analyser and com- 
pensator, as one unit, does not affect the fringes. Rotation of analyser alone 
causes the fringes to change in visibility. For four orientations they disap- 
pear and, when they reappear, the dark fringe has been replaced by a bright 
fringe. The clearest fringes are obtained when the analyser is at 7/4 to the 
privileged directions of the compensator. ] 


12(xviii), Using a plate of quartz 4-374 cm. thick, placed between crossed 
Nicols, dark bands were observed at wavelengths 5990, 5510, 5130, 4820, 4560, 
4340 A. Assuming that the rotation for the sodium D line (A = 5893 A.) is 21-34 


* Every beam of light can be regarded as the sum or difference of a certain amount 
of white light, plus light of a given wavelength. This wavelength defines the hue. 
White light, plus light of a certain hue, is complementary to white light, minus light 
of the same hue. For a detailed account of colour nomenclature see Reference 12.7, 
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degrees per millimetre, and using the above results, plot a curve showing the 
variation of rotation with wavelength. Show that the rotation per millimetre (p) 
is given by 


8-14 
ote: eran we) se as 


where o is in degrees and 2 is in microns. 


12(xix). Using the formula of Example 12(xviii), find the thickness of the 
thinnest quartz plate which would give a maximum of transmission at 5460 A. 
(i) when the polarizer and analyser are crossed, and (ii) when they are at 45°. 

{(i) 3-57 mm. (ii) 1-78 mm.] 


12(xx). Design an arrangement to have zero transmission for 6870 A., and 
maximum transmission for 6563 A. Calculate the thickness of a suitable plate of 
quartz. [5:45 cm.] 


12(xxi). If a plane of polarization can be located with an accuracy of --10 
minutes of arc, what are the corresponding limits of error in the difference between 
u, and wu, when this difference is measured with a plate 1 cm. thick, and using 
light of wavelength 5000 A? [44:6 x 10-8.] 


12.41.—When a plate of anisotropic Y P 
material is placed in a parallel beam of 
light between a polarizer and an analyser 
(using the apparatus shown in fig. 12.21), 
colour effects are obtained if the plate is A 
thin. If white light, which has passed y 
through a thick plate, is passed into a 
spectroscope, the spectrum is channelled. 
The amount of light of a given wavelength 
which is transmitted may be calculated UXP\ 
in the following way. O x 
Let OX and OY be the two privileged Fig. 12.22 
directions for the anisotropic plate, and 
let OP and OA represent the settings of the polarizer and the analyser 
(fig. 12.22). The light incident upon the plate has components 


acosacos¢ along OX, 12(39) 
and asinacosd along OY. 
The light emerging from the plate is represented by 
acosacos¢’ along OX, \ .. 19(40) 


and a sina cos(’ + €,) along OY, | 
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where ¢ and ¢’ are epoch angles, and e, is given by 12(16). The light 
transmitted by the analyser is represented by 


a cos a cos B cos ¢’, » th ie BLA 
Ae a sin « sin B cos ($’ + €,). 


We may regard the light which has passed the analyser as two beams 
polarized in the same plane and originally derived from the same 
beam of plane-polarized light. They are thus in a condition to inter- 
fere. The resultant illumination is equal to the sum of the squares of 
the coefficients of cos ¢’ and sin ¢’ (see § 3.4), Le. 


E = (acos« cos 8 + a sin « sin B cos €,)” 
+(asinasinBsine,)?. 12(42) 


It is convenient to write 12(42) in a form in which a part involving 
e, is separated from a part not involving «,. This leads to 


E = a’ cos? (« — B) — a? sin 2a sin 28 sin? 4e,. — 12(43) 


The first term depends only on the relative orientation of the analyser 
and polarizer. It is a maximum when they are parallel, and zero when 
they are crossed. It is known as the “ white” term, since it is inde- 
pendent of wavelength. The second (or “colour”’ term) depends on 
€, (and hence on 4d), and also on « and f. It is zero whenever either 
the polarizer or the analyser is parallel to one of the privileged direc- 
tions. Rotation of either analyser or polarizer through a right angle 
(keeping the rest of the system fixed) alters the sign of this term. 


12.42.—The first term on the right-hand side of equation 12(43) represents 
the light which would be transmitted by the analyser and polarizer if the crystal 
plate were removed. This light would be white and the effect of the crystal plate 
is to add (or, in certain relative orientations of analyser and polarizer, to sub- 
tract) a certain amount of coloured light. Addition gives one hue and subtraction 
gives the complementary hue.* For a plate of given material and thickness there 
are thus two characteristic hues. These characteristic hues are obtained only 
when the parallel beam is incident normally. A small tilt of the plate alters the 
hue of the transmitted light. A strong saturated colour is obtained when « = 
++n/4 and B = —x/4. This makes the first term on the right-hand side of equa- 
tion 12(43) equal to zero and gives the second term its maximum value. If the 
analyser and polarizer are rotated from this setting (as one unit), the colour remains 
saturated but the amount of light transmitted is reduced. If the polarizer is fixed 
(«x = 7/4) and the analyser is rotated, the colour becomes more and more de- 
saturated until the colour term becomes zero at 8 = —x/2 or 8 =0. Further 


* See footnote to § 12.39. 
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rotation of the analyser gives the complementary hue. The colour effects are 
conveniently observed with a thin plate of mica or with some kinds of trans- 
parent plastics (obtainable from general laboratory suppliers). The “ chameleon ” 
shown in Plate IV (p. 518) is made of mica of two different thicknesses. Each 
part gives one hue in Plate IVe and, by rotation of the analyser, the complemen- 
tary hue in IVf. The channelled spectrum obtained with a thicker plate may 
conveniently be observed with a piece of selenite one millimetre thick. 


12.43.—Owing to dispersion, a given quarter-wave plate of aniso- 
tropic material can produce a phase difference of a quarter-period for 
only one wavelength. In the absence of any special requirement, it is 
usual to make the plate exactly right for a wavelength in the yellow 
region of the spectrum. If a parallel beam of white light, plane- 
polarized in a plane which bisects the privileged directions, is incident 
upon such a plate, the yellow part of the emergent light is circularly 
polarized, and the other wavelengths are elliptically polarized. In a 
similar way, if plane-polarized light is incident upon a plate which is 
a half-wave plate for yellow light, the emergent light is not com- 
pletely plane-polarized. A Nicol prism set to extinguish the yellow 
light will allow small amounts of neighbouring wavelengths, and 
larger amounts of more distant wavelengths, to pass. The emergent 
light contains a preponderance of blue and red, and has an easily 

“recognized hue called the tint of passage. 


12.44. The Biquartz. 


Similar effects may occur owing to the dispersion of optical rota- 
tion. This property has been used to provide a sensitive method of 
locating the plane of polarization of a beam of light. ‘Two pieces of 
quartz, each producing a rotation of }7 (but 
in opposite senses) for yellow light, are put 
together (fig. 12.23). This arrangement is 
called a biquartz. If plane-polarized white 
light is passed through a biquartz, the yellow 
part is rotated through a right angle in each 
half of the field, and is extinguished by a 
Nicol set parallel to the original plane of 
polarization. Light of other wavelengths is 
transmitted in similar proportions in the two 
halves of the field. They both show the Figs 12.28 
same hue, i.e. the tint of passage. If, how- 
ever, the Nicol is rotated through a small angle, one half of the field 
becomes more blue and the other more red. The eye is very sensitive 
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to small differences of hue between two large uniform regions placed 
side by side, and the Nicol can be set with high precision. An alter- 
native way of making the setting is to pass the light into a spectro- 
‘scope, so that it produces two spectra, one above the other. There is 
a dark band in each spectrum. When the Nicol is in the correct 
setting, the bands coincide. When it is rotated slightly, one band moves 
to longer and the other to shorter wavelengths. The changes of hue 
produced by rotating the Nicol may be used to detect the presence of 
a small fraction of polarized light in a beam of white light. 


12.45. Saccharimetry. 


Accurate estimation of the strengths of sugar solutions can be 
made by measuring the specific rotation (§ 12.35). Many instruments, 
called saccharimeters, have been devised for this purpose. The simplest 
type of saccharimeter consists of a polarizer, a cell for containing the 
optically active solution, and an analyser, together with the lenses 
necessary to allow a parallel beam of light to pass through the solution 
and enter the observer’s eye. 

The cell is first filled with water and the analyser is turned until no 
light passes. The cell is then filled with the solution under test, and 
the analyser is rotated until the field is again dark. The angle («) 
through which the analyser has been turned is read on a circular scale. 
Since, under practical conditions, the angle of rotation () is never 
greater than 7, it follows that either 4 =a or J=a—a. To dis- 
tinguish between these possibilities, the solution is diluted to half- 
strength, and the new value of « is measured. 


12.46.—The above arrangement is inaccurate for two reasons. In 
the first place, the eye is being asked to make a difficult judgment 
under rather unfavourable conditions. In the second place, the illumin- 
ation is very nearly zero for a considerable range of setting.* Much 
more accurate settings can be made with the aid of a device such as 
the biquartz. Jellett (1817-88) devised an arrangement in which the 
observer views a field which is divided into two parts of equal illumin- 
ation when the analyser is in the correct orientation. His arrangement 
was improved by Cornu, and the modern form is called the Cornu-Jellett 
prism. It consists of a Nicol (or Glan-Thompson) prism from which a 
wedge-shaped piece has been removed. The two halves are united so 
that the principal planes make a small angle 8 (called the half-shadow 


_* The illumination # is proportional to sin?(« —@), and d#/d@ is very small when 
% is near to @, 
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angle) with each other (fig. 12.24). If a beam of plane-polarized light 
is viewed through the Cornu-Jellett prism, oriented so that the plane 
of polarization bisects the half-shadow angle internally or externally, 
the two halves of the field are equally bright. The human eye is very 
sensitive in regard to the judgment of equality of brightness in two 
fairly large fields placed side by side, provided that the illumination 
is not too low. If the setting is made 
on the exterior angle of bisection, a 
rotation of 6 from the position of 
equality makes one half of the field 
completely dark. Thus a very great 
change in relative brightness is caused 
by a small variation of angle, and the 
setting can be made very accurately. 


12.47.—When the half-shadow method is 
used, there is an optimum value of the angle 
8. If 8 is made very small, the relative 
brightness varies very rapidly, but the abso- 
lute brightness of the field is very low near 
the point of balance [see Example 12(xxv), 
p. 391]. The optimum value of 5 varies 
with the intensity of the light source, the 
transparency of the solution, and the wave- 
length of the light. In a research instru- 
ment, it is sometimes an advantage for the 
observer to be able to alter 5 at will. In saccharimeters for routine industrial 
analysis by relatively unskilled observers, § is fixed. The observations are 
commonly made with sodium light, using a sodium discharge lamp. This is a 
powerful, steady source, and is much more convenient than the older “ sodium 
flame”. A solution containing 26 grammes of the sample per 100 millilitres is 
used. The length of the tube is fixed at exactly 20-00 centimetres. The scale of 
the instrument is divided into a hundred “sugar degrees”. The maximum 
reading corresponds to pure sucrose. Mixtures containing cane sugar together 
with other optically active substances may be analysed by measuring the rotation 
before and after heating the solution with hydrochloric acid. After heating, the 
cane sugar (which is dextro-rotatory) is changed into invert sugar, which is a 
mixture of two left-handed components. The specific rotation of invert sugar is 
—19-7°. For accurate saccharimetry it is necessary to work at a standard tem- 
perature, or else to apply a correction for temperature. There is also a small 
correction because the rotation is not accurately proportional to concentration. 


Fig. 12.24.—The Cornu-Jellett prism 


12.48. Light Beats. 


It is well known that two sources of sound of slightly different frequency 
interact, so that a fixed observer hears a sound whose amplitude fluctuates with 
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a frequency equal to the difference of the frequencies of the sources. It is difficult 
to produce the corresponding effect with light, because independent light sources 
are non-coherent. It is therefore necessary to have some means of making a small 
alteration in the frequency of one of two beams of light derived from a single 
source. One way of doing this is to reflect one beam from a moving mirror, so 
that the frequency is changed by the Doppler effect, and to allow the reflected 
beam to interfere with light received directly from the source, or by reflection 
at stationary mirrors. An experiment of this type may be performed with the 
Michelson interferometer. 

Suppose an observer views a system of approximately linear fringes produced 
when the mirror M, (fig. 4.1) is at a small angle to the reference plane, and that 
the mirror M, is moved towards the observer with speed v. Then the path changes 
by 2v centimetres per second, and 2v/d fringes will pass the observer in each 
second. The source of light seen in the reflected mirror moves with a speed 2v, 
and the Doppler change of frequency is vo(2v/c) = 2v/A. Thus the fluctuations 
of illumination at a given point in the field have a frequency equal to the change 
of frequency introduced by the moving mirror. It will be noticed that the motion 
of the fringes might equally well be described in terms of a varying path difference. 
The position of the fringes at any instant is determined by the path difference at 
that instant. These alternative explanations, in terms of Doppler effect and beats, 
or in terms of varying path-difference, apply to many systems of moving inter- 
ference fringes. 


12.49.—A somewhat different method of producing two sources of slightly 
different frequency is due to Righi. Suppose that a beam of light is passed first 
through a rotating Nicol prism, and then through a quarter-wave plate and a 
second Nicol. Both the latter are fixed, and the plane of the second Nicol bisects 
the angle between the privileged directions of the quarter-wave plate. Let us 
suppose that at time ¢ the Nicol makes an angle « = pt with the slow direction 
of the quarter-wave plate. The Nicol is assumed to be rotating with constant 
angular velocity so that p is constant. Then the components of the emergent 
beam, parallel to the slow and fast directions, may be represented by 


E, = @ cos « cos (wt — xz), Lo ae een LD (44) 


and Ey = —asinasin(wt— xz) . . . . . 12(45) 


Each of these components makes an angle $m with the second Nicol, which trans- 
mits a beam represented by 


= < {00s % cos (wt — xz) — sin & sin (wt — xz) 
a 
Sw cos 4(@ + p)t — xz}. may soe a) els RRS 


Thus the emergent beam has a frequency (w+ p). If the quarter-wave plate is 
turned through an angle of 4m (so that the fast and slow directions are inter- 
changed) the sign of 12(46) is altered, and the frequency of the resultant beam is 
(@ — p). 


12.50.—In Righi’s experiment, the light is passed first through a rotating 
Nicol, and is then separated into two beams by a pair of Fresnel mirrors, Before 
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being brought to interference, each beam passes through a quarter-wave plate 
and a fixed Nicol prism. The quarter-wave plates are placed so that the fast 
direction of one is parallel to the slow direction of the other. The fixed Nicol 
prism is placed so that its principal plane bisects the privileged directions of the 
plates. The fringes move so that at a fixed point the illumination fluctuates with 
the frequency 2p/2x. This would be expected since the frequencies of the two 
virtual sources are (w + p)/2m and (w — p)/2n. It will be noted that in this 
experiment, as in the moving-mirror experiment, a “static” explanation is 
possible. The illumination at a given point at any instant is determined by the 
instantaneous angular position of the rotating Nicol. 


EXAMPLES [12(xxii)-12(xxx)] 


12(xxii). Show that when analyser and polarizer are crossed, the second term 
in 12(43) is always positive. Hence only one hue can be obtained. 


12(xxiii). With a specimen of selenite 0-913 mm. thick, and with analyser and 
polarizer crossed, dark bands were obtained at 6543, 6167, 5830, 5540, 5266, 
5030, 4810, 4590, 4405 A. Assuming that the difference of refractive indices for 
the fast and slow directions is independent of wavelength over the range covered, 
calculate this difference of indices. 

[If successive bands occur at wavelengths 9, Ay, ... Az, we may write 
(n + k)A;, = e(a — y), where e is the thickness, and « and y the refrac- 
tive indices of the crystal. From the slope of the straight line obtained 
on plotting 1/A;, against k, the value of (« — y) may be found. (0-012.)] 


12(xxiv). The specific rotation of cane sugar is 66-5°. A solution is found to 
give a rotation of t,°. It is then mixed with one-tenth of its own volume of hydro- 
chloric acid, and heated. After heating the rotation is t,°. Find the number of 
grammes of cane sugar in a litre of the original solution. (See § 12.47.) 

[1000(¢, — 1-1t,)/86-2 gm. litre.] 

12(xxv). A Cornu-Jellett prism has a half-shadow angle 8. Find an expression 
for the illumination in each half of the field when the analyser receives a beam of 
light plane-polarized in a plane which makes an angle @ with the internal bisector 
of the half-shadow angle. Hence show that the contrast is varying rapidly with 0 
when 0 = 4n, and much less rapidly when 0 = 0. 

(Contrast = difference of illumination ~ mean illumination.) 
[a2 cos?(0 — 48) and a? cos?(0 + 48).] 

12(xxvi). Show that if in Righi’s experiment the second Nicol is turned 
through a right angle, the direction of movement of the fringes is reversed. 


12(xxvii). Show that a beam of light which has passed through a rotating 
Nicol may be represented as the resultant of two circularly polarized beams of 
different frequency. Show that Righi’s observations may then be described by 
assuming that the quarter-wave plates change these beams into plane-polarized 
light. 

12(xxviii). Design an arrangement similar to Righi’s, but using fixed Nicol 
prisms and a rotating quarter-wave plate. 
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12(xxix). Discuss the production of interference fringes with circularly polar- 
ized light. Derive conditions corresponding to those for plane-polarized light 
(§ 12.15). 

{(i) Two beams of circularly polarized light of opposite sense do not produce 
interference fringes under any condition. 

(ii) Two beams polarized in the same sense produce interference fringes 
under the same conditions as two beams of unpolarized light, provided 
that they are originally derived from the same beam of polarized light. 
The beam from which they are derived may be either plane or circularly 
polarized. 

(iii) Two beams of light, circularly polarized in the same sense, derived 
from perpendicular plane-polarized components of unpolarized light, do 
not interfere. Two beams derived from right-handed and left-handed cir- 
cularly polarized components of unpolarized light also do not interfere. | 

12(xxx). What are the corresponding conditions for elliptically polarized light? 

[Some interference is obtained if the conditions for circularly polarized 
light are fulfilled. Fringes with completely dark minima are obtained 
only when, in addition, the ellipses are similar and similarly oriented. ] 
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CHAPTER XIII 


The Electromagnetic Theory 


13.1. Development of the Theory. 


The early experiments on electricity and magnetism were con- 
cerned with fields which were constant, or which varied only slowly 
with respect both to space and to time. These experiments led to the 
formulation of generalizations such as Coulomb’s law, Ampére’s law, 
and Faraday’s law of induction. An experimental result connecting 
light with magnetism * was obtained by Faraday; he suggested that 
light might be electromagnetic in origin, but was not able to derive 
any quantitative theory. This was done later by James Clerk Maxwell. 
He began by summarizing the then existing laws of electromagnetism 
in the simple and elegant set of relations which are now known as 
Maxwell’s equations. He extended the theory and showed that it 
implied the possibility of electromagnetic waves whose velocity in 
vacuo was equal to a constant ¢ which could be derived from electrical 
measurements. Since this constant was equal to the observed value 
of the velocity of light, he suggested that light could be represented 
by electromagnetic waves of high frequency. He showed that this 
theory gave an adequate account of the reflection and refraction of 
light by substances such as glass, and that it could be applied to the 
reflection of light by metals. He began to apply it to the theory of 
dispersion, but his early death left others to complete the develop- 
ment. An important step in the verification of the theory—the gener- 
ation of electromagnetic waves from an oscillating dipole—was due 
to Hertz. 


13.2.—The advantages of the electromagnetic theory over other 
wave theories of light depend on a number of points of detail. The 
mathematical development is not very difficult, but is rather lengthy. 
In order that the reader may not lose sight of the objective while con- 
sidering these details, the argument will now be summarized before 
commencing a systematic discussion and proof. We shall first define 
the more important electromagnetic quantities and write down Max- 
well’s equations. We shall assume that the equations are valid, i.e. 
that they form a self-consistent set whose predictions in regard to 


* See § 16.50, 
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static or slowly varying fields are in agreement with experimental 
data.* From this point we proceed to show that these equations lead 
naturally to the hypothesis of electromagnetic waves propagated with 
a definite velocity, whose value is obtained from electrical measure- 
ments and is equal to the observed value of the velocity of light. We 
next examine the properties of these waves and find that they are 
transverse waves capable of representing all the states of polarization 
described in Chapter XII. The reflection of the waves at the boundary 
of two isotropic non-conducting media is examined in Chapter XIV. 
It is found that the theory not only gives the relations between the 
angles of incidence, reflection, and refraction, but also gives unam- 
biguous predictions in relation to the amounts of light reflected and 
refracted, and the states of polarization. These predictions are in 
good agreement with experimental results. It is also found that the 
theory gives generally satisfactory results when applied to the pro- 
pagation of light in metals and in dispersive media. The predictions 
here are not so precise, because they depend on hypotheses concerning 
molecular structure as well as upon the Maxwell equations. In Chapter 
XVI the theory is applied to anisotropic media and is found to give 
a very elegant account of the results of observations on the trans- 
mission of light in crystals. In Chapter XVII we begin the description 
of certain experiments on the interaction of light with atoms and 
molecules. We find that the electromagnetic theory in itself is not 
capable of representing these results, so that the quantum hypothesis 
must be introduced. In Chapter XVIII we show how the electromagnetic 
theory may formally be joined to quantum theory through the quan- 
tization of the energy and the momentum of the electromagnetic field. 


13.3. Mathematical Methods. 


Maxwell’s equations and the succeeding theory are most con- 
veniently described by the vector notation. The alternative Cartesian 
description is equally valid but is rather cumbersome. We shall 
generally use the vector method, but at the beginning the Cartesian 
form will also be stated, and from time to time Cartesian equations 
will be used where the vector method offers no appreciable mathe- 
matical advantage. 

* A systematic development of the equations is given in Chapters XII and XIII 


of Reference 13.1. More detailed and fundamental treatments are given in References 
13.2, 13.3, and 13.4. 


{ All the vector theory required is given in Reference 13.1 (see especially Chapter 
I). A more complete account, suitable for a student specializing in mathematical 
physics, is given in Reference 13.5. 
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The following notations and conventions are used in this book: 

(i) When Cartesian co-ordinates are used they are always a 
handed, 1.e. a rotation from the positive direction of x to the positive 
direction of y is clockwise to an observer looking in the positive direc- 
tion of z (fig. 13.1). 


Zz bid 
Yin 


(a) x (0) x 


Z out 


Fig. 13.1.—Right-handed axes. If X and Z are in the plane of the paper as shown in 
(a), the positive direction of Y is into the paper. If X and Y are in the plane of the paper 
as shown in (8), then the positive direction of Z is outwards from the plane of the paper. 


(ii) Vectors are written in heavy type. A symbol such as E stands 
for the vector and # for the magnitude. e is a vector of unit magnitude 
in the direction of E. The magnitude of the amplitude of a vector 
which varies sinusoidally is denoted by a symbol with a suffix, e.g. we 


have 
E=eH 
and E = E, exp (wt — xz). 2 ical A 


(iii) The products of two vectors such as E and H are written: 
E.H for the scalar product, whose value is HH cos 0, and E x H for 
the vector product, which is a vector whose magnitude is HH sin 0 
and whose direction is normal to the plane containing E and H. A 
rotation from E to H appears clockwise to an observer looking along 
the direction of the vector product. 

(iv) The symbols i, j, k are used for unit vectors in the positive 
directions of the axes OX, OY, and OZ respectively. The standard 
vector operator, called “nabla”’, is written 


Oz ay Oz 2) 
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(v) The gradient of a scalar function (such as V) is written 


ULE Speen oV 
grad, Vi areata at Bera + Se Tle) 
V is a scalar quantity whose value may vary from point to point; 
grad V is a vector whose magnitude and direction may vary from point 
to point. 
(vi) The magnitudes of the components of a vector E along the 
axes are written H,, E,, E,, so that 


E = il, + jz, + k#,. Sto toray 
(vii) The divergence of a vector function E is defined by 
div a) Wee ee es ee Ce 
ox oy oz 


A vector function whose divergence is zero everywhere is said to be 


solenordal. 
(viii) The curl of a vector function is defined by 
(e es a 
Ox oy 
13(6) 


OH, oF OH, OH 
curl B= Vx B=i( -— —# 5 (Fs —%) k 
: oy oz ) at Oz Ou . 

Note the cyclic order of permutation of letters below the line. The 
curl is a vector function whose x, y and z components are respectively 

(F ) (es =) oH, O#, 
-— : -- Deane (= =5 = : 

oy dz Oz Ox Ox oy 
(ix) The symbol V? when applied to a scalar (V) means 


202 Vie OV nee 
Oa? a Oy? a3 022” cay 


V?V = V.VV = div (grad V) 
The result is a scalar. 
(x) The sybol V? when applied to a vector (E) means 
VE=iV?.#,+iV?.#,+kV?. #, 


_ _(@E, eB, PE, 
=1(5 ar Oy? a =| 


(CE, eek ok, 
+i( e Oy? il =) 


Ou? 
CE, 8H, OE, 
+k Ce ae oy? a a8 ) eG. ARGS, 
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The above operations may be repeated or applied successively. The 
following propositions are given for reference when required:* 


(i) The divergence of the curl of any vector function is zero every- 
where. 

(ii) The curl of the gradient of any scalar function is zero every- 
where. 

(ui) The curl of a curl of a vector function (E) is given by 


V x (V X E) = curl (curl E) = grad (div E) — V°E. 13(9) 
(iv) div(E x H)=V.(E xX H)=HceurlE—EcurlH. 13(10) 


13.4. Definitions of E and H. 


Historically the concept of electric force was derived from obser- 
vations of the mechanical forces exerted upon one another by charged 
bodies. In a corresponding way, the idea of magnetic force was derived 
from observations on small magnets. Since the concept of “‘ magnetic 
pole” is somewhat artificial and unsatisfactory, it is convenient for 
us to regard E and H as defined by a set of ideal experiments on elec- 
trons. We observe that electrons 1m vacuo experience two kinds of 
force. One, which depends only on the positions of the electrons, we 
call the electrostatic force. The other, which depends also on their 
relative velocities, we call the magnetic force. The whole situation is 
summarized in the vector equation 


Veen ey CH ee ee 13(11) 
Cc 


where F is the mechanical force on a particular electron which has a 
velocity v. The magnitude of the charge e is determined by reference 
to Coulomb’s experiment on the force between two point charges. By 
well-established convention the charge of the electron is negative, and 
this requires a negative sign on the left-hand side of 13(11). E and H 
are two vector fields which vary from point to pot. The important 
constant c enters because we have, for historical reasons, certain units 
for E and H. These units are such that the constants of proportionality 
entering into the two terms on the right-hand side of 13(11) are dif- 
ferent. The units could be altered so that ¢ is eliminated from this 
equation, but it would then appear in a different way in equations 
13(18), ete., below and our final result would be the same. We could 


* See p. 39 ff. of Reference 13.1. 
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eliminate it completely only by altering our unit of length or our 
unit of time. This would lead to inconvenient units for length, or for 
time, or for both. The constant ¢ has the dimensions of a velocity. 


13.5. Definition of Charge Density and Current. 


Before the molecular theory of matter, fluids were regarded as truly 
continuous. The density of a fluid at a given point was taken to be 


Limit 3} 


4t—>0 \Ar 


where Am is the mass of a small volume Ar surrounding the point of 
interest. When we regard the fluid as an assembly of molecules we 
have to admit that the density so defined does not vary continuously 
from point to point. Nevertheless, in hydrostatics and hydrodynamics 
we treat fluids as though they were continuous, and we obtain formule 
which agree with the experimental results provided that the experi- 
ments refer to volumes large enough to contain many molecules. In 
a similar way, we now conceive a volume distribution of charge as 
made up of electrons and ions, but it is still possible to use the concept 
of a charge density (p) which varies continuously from point to point. 
This concept is convenient and is sufficient for many purposes, though 
for certain applications we have to consider the detailed distribution 
of charge. Following the analogy of a fluid, a transport of electricity 
may arise from the movements of an electrical charge distribution. 
We may then define a vector j, called the current density,* whose 
magnitude is equal to the net amount of positive charge crossing unit 
area of a surface (normal to the direction of flow) per second. If the 
velocity is v, we then have 


oe ee ID) 


It is found that electric charges can be transported: (a) through the 
movement of ions in vacuo, (b) through the movement of a charged 
conductor, and (c) through a conduction current in a material body. 
This last type of movement takes place under the action of an electric 
field established in the body of a conductor. According to the electron 
theory this transport is pictured as a steady drift superimposed upon 
the random motions of electrons in the conductor. The current density 


*1t appears, at first sight, unfortunate that j should stand for current vector and 
also for unit vector in the direction OY. In fact, the equations are such that no con- 
fusion arises. 
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is found to be proportional to the electric field. The conductivity 
of the material is defined by the relation 


(= chee 1513) 


In isotropic materials o is a scalar quantity which may vary from point 
to point in the material. Direct experimental evidence shows that the 
three forms of current mentioned above are equivalent in their mag- 
netic effects. These can be calculated when the value of j is known. 


13.6. Polarization of a Material Medium. 


When a non-conductor is placed in an electric field, the distribution 
of the electric charges which constitute the atoms and molecules of 
the medium is altered so as to produce an internal field which opposes 
the original field. This is called polarization and arises from two main 
causes. Some substances consist of polar molecules which in the absence 
of a field are equivalent to a number of dipoles with random orientation. 
The field tends to align the dipoles parallel to its own direction. This 
tendency is opposed by the elastic forces in a solid, or by the random- 
izing action of thermal collisions in a gas or liquid, and an equilibrium 
condition is set up. Polarization due to rotation is ineffective at high 
frequencies because the movement of the dipoles is too slow to follow 
the variations of the field. The second cause of polarization is due to 
an alteration of the distribution of electric charges within the molecule 
which produces an induced dipole moment. This effect occurs both 
with polar and nonpolar molecules. Generally it is less at high fre- 
quencies than when the field is static or slowly varying, except when 
the high-frequency variations are in resonance with natural frequencies 
of the molecules. We shall consider this resonance in detail later 
(§ 15.18 ff.). In a dielectric, the field which would exist in the absence 
of a polarization is called the electric induction (D), the polarization 
field * is denoted by 47P and the resultant field is denoted by E 
(fig. 13.2). We have 
E = D — 4nP. es eye LOLs) 
When the medium is isotropic, the three vectors are in the same direc- 
tion and for small fields # is proportional to D, so that we have 


DA 3 4 6b > AIS 


and c=lt4re, le ho JEUERD 


* It may be shown by the use of Gauss’s theorem that an electric moment per unit 
volume represented by P implies a field of force represented by 47P (p. 266 of 
Reference 13.1). 
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where « is a scalar quantity called the dielectric constant. Similar 
considerations apply with regard to the magnetic properties of 
materials. Static fields produce a polarization of the medium which is 
usually interpreted as due to a diamagnetic effect (induction of fresh 
moments opposing the field) and a paramagnetic effect (orientation of 


E 4irP 
1D; 4mP 
D D 


(a) (b) 


Fig. 13.2.—Relation between E, D and P (a) for an anisotropic medium, 
(6) for an isotropic medium 


existing moments). The diamagnetic effect is small, and the paramag- 
netic effect is inoperative at optical frequencies. Thus the magnetic 
properties of all material media at optical frequencies are nearly the 
same as the properties of a vacuum, and we need not, at present, take 
any account of magnetic polarization. 


13.7. Maxwell’s Equations. 


The experimental measurements on static and quasi-static fields 
in media which are non-magnetic and isotropic are summarized in the 
following equations: 


divD=edivE=4rp. ... . 18(16) 
div: Wize 0.9 ete <2 eee eee eee ot 
1 OH 
os a= ee Pees be on oe 

cur Aas 13(18) 
4a 10D 

curl B= ee 
: j+ Sey 13(19a) 
4 0 

a oe SB isii98) 

c c ot 


In these equations electrical quantities are measured in the usual 
electrostatic units, and magnetic quantities in electromagnetic units. 
HKquation 13(19a), without the second term on the right-hand side, is 
essentially Ampére’s law. The second term was added by Maxwell. 
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He called it the dielectric displacement-current term. Subsequent work 
has shown that at low frequencies the magnetic effects of a variation 
of the displacement are in every way equivalent to the magnetic effects 
of a conduction current. The magnitude of the displacement current is 


1 oD 
pS 3 13(20 
a 4a Ot eu) 


13.8. Waves in an Insulating Medium. 
We shall now consider the propagation of waves in a medium 
which is 
(a) uniform, so that « has the same value at all points; 
(6) isotropic, so that ¢ is independent of the direction of propagation; 
(c) non-conducting, so that o = 0 and therefore j = 0; 
(d) free from charge, so that p = 0. 


With these assumptions equations 13(16)-13(19) reduce to * 


div E = 0. eee eee LOL) 
div H = 0. Siok a we RS 
ES ah hy pron or LOLS) 
c Ot 
SCE ie eo te me 13(22) 
c Ot 


OP th = = 0. 5 6 o 6 0 9 Leyes) 
oh = oy 0 ( 
OL ime ye mca sar gin ite tn Cee t3(17a) 
Oa a] 0z 

«Diets (i x By 
c ot oy oz J 
_1LoHy _ ee oA. 13(18a) 
c ob oz 0x 
aelich © =) 
c ot Ox dy J 
chan ee 7 gu) 
c at oy ae 
€ OBy _ (Fe 2), 13(22a) 
c oat 0z Ox 
€ 0H, ( A, ee =) 
Oa Yy 4 
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We now proceed to eliminate E and H in turn from the two equations 
13(18) and 13(22), using the vector theorem (iii) quoted at the end of 
§ 13.3, namely, 

10 


curl (curl E) = grad (div E) — V?E = oe (curl H) 
_ PE 
ce ot?” 
Hence, using 13(21), we have 
e @E 
VE=— ok 13(23) 
eH 
imi PH oo Lees Ee 
and similarly V aE (24) 


These equations are of the same form as the standard wave equation 
2(38). They indicate that variations of E or H should be propagated 
with a velocity c/+/e. 


13.9. The Velocity of Light. 


For a vacuum ¢ is equal to unity, and the wave velocity should be 
equal to the constant c. This constant may conveniently be determined 
by measuring the capacity of a condenser in electromagnetic and in 
electrostatic units. The value thus obtained is found to agree with 
the measured velocity of light to an accuracy of about 1 in 30,000, 
ie. to within experimental error (Chapter X). If the polarization of 
the medium were independent of the frequency of the waves, we 
should expect the ratio of the velocity im vacuo (c) to the velocity (b) 
in an insulating medium such as water to be given by 


n= = Ve, es 5 TRON) 


where n is the refractive index. 

Values of +/e and of n for a number of substances are shown in 
Table 13.1. It may be seen that, for a number of substances, n is 
approximately equal to 1/e. For others \/e is much greater than n. 
These latter substances derive their high dielectric constant from the 
orientation of polar molecules. This contribution to the polarization 
which is ineffective at optical frequencies is sometimes still operative 
at radio frequencies. For example, water gives 9-0 for 1/e, 8-9 for the 
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refractive index at radio frequency, but only 1-33 for the index at 
optical frequencies. 


TaBLE 13.1 

Ve n 
Air 1-000295 1-000292 
Helium 1-000037 1000035 
Paraffin 1-405 1-422 
Toluol 1-549 1-499 
Benzol 1-511 1-501 
Water 9-0 1:33 
Methy] alcohol 5-7 1:34 
Ethyl alcohol 5-1 1:36 


13.10. Properties of Electromagnetic Waves. 


Let us now consider a plane wave propagated in the positive direc- 
tion of z. Any of the components may be represented by an expression 
of the type 

EB, = Egy exp t(wt — xz). . . . . 13(26) 


Since the wave fronts are parallel to the zy plane, all these expressions 
are independent of x and y. We now derive the following properties :* 
(i) The waves are transverse. 
Since E depends only on z, we have 


yond C= 08 13(27) 
Ox oy Ox oy 
Taking the first two of these equations with 13(21a), we have 
oe ae er 213008) 
0z 


This relation, together with the latter part of 13(27), shows that H, does 
not depend on @, y, or 2. 

We are not interested in an electric field which is the same at all 
points. We therefore put H, equal to zero with the understanding that 
E,, E,, E,, etc., stand for parts of the fields which are propagated. 
Thus the wavefield has no component in the direction of propagation, 
and E is perpendicular to the direction of propagation. It may simi- 
larly be shown that H is perpendicular to the direction of propagation, 
i.e. the waves are transverse. 


* These properties require reconsideration when we come to deal with anisotropic 


media and with absorbing media. 
14* (G 577) 
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(ii) The electric and magnetic vectors are mutually perpendicular. 
Let us now choose the direction of the electric vector as the x axis. 
Then HZ, = 0 everywhere. Writing out part of equation 13(18a) we have 


— 1s = (Bs = 0. _.. 18(29) 
Got oy Oz 


The first term in the bracket vanishes because H, is independent of y 
[equation 13(27)], and the second because #, = 0 everywhere. Since 
we understand that H, stands for the fluctuating part of the magnetic 
field, 13(29) implies that H, = 0. Thus H is perpendicular to E. 

(iii) The magnetic and electric vectors are in phase. 

Let us assume that H, is given by 13(26) and H, by 


H, = Hy, exp t(wt — Kz). <del ou) 


We now find the ratio of Hy, to Zy,. If this ratio is real and positive, 
then the vectors are in phase; if it is real and negative, there is a phase 
difference of 7. Any phase difference which is not a multiple of 7 will 
be represented by a complex ratio between the amplitudes of the 
vectors (§ 2.26 and compare § 15.9). Applying equation 13(18) we 


mae S(licH, woksmeor, 


a ie ha ee ee 

and since E, is zero, this implies that 
~ Hoy = Boe «Bena ae See te ee (2) 
i.e. Hoy = 5 Bos = Ey, =*/eEy  . —-13(38) 


since w/k = b =c//e. The ratio is real and positive. 


Direction of fat 
Propagation 


Fin 


Direction of 


E ; 
Propagation 


Fig. 13.3.—Relation between signs of E, H and direction of propagation 
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The two vectors E and H are in phase. When E has its maximum 
value (directed along the positive direction of x), H has also a maximum 
value (directed along the positive direction of y). Z'o an observer looking 
im the darection of propagation, a rotation from the direction of E to the 
direction of H is clockwise (fig. 13.3). 


EXAMPLES [13(i)-13(vii)] 
13(i) Show that the scalar products n. H, n.E, and E.H (where n is the 
wave normal) are all zero. 


13(ii). Show that if axes x’, y’, 2’ are chosen so that 2’ is the direction of pro- 
pagation, but E and H are not in the directions of OX’ and OY’, we have 


lbh sb Wipplalip=H=O, 6 » 5 5 » « ISG 
13(ii1). Show that the following are solutions of Maxwell’s equations: 
(a) EL, = Ae’; H, = 0; 18}, =, 
te 13(35) 
E10); H, = V < Ae; jel, (0 
b E,=0; EH, = Ae’; Ez, =0. 
(0) enema Ts aaa 
H, = —VcAe'?; = 03 jal, = (0), 


o = wot — «xz and A is a constant. 


[13(35) is the solution we have obtained above, in simplified notation. 
13(36) is the same solution with the X and Y axes rotated through a 
right angle.] 

13(iv). Show that the following is a solution of the equations corresponding 

to a wave travelling in the negative direction of z: 
EH, = A exp (wt + xz); HE, = 0; 15, == (0) 
al = 


a 13(37) 
H,=0; H, = —VecA exp i(at + xz); 


Write down the solution analogous to 13(36). 
[H,=0; Hy, = Aexpi(wt+ x); H, =0. 
H, = VeA exp i(wt + xz); H, =0; H, =0.] 
13(v). Using the Cartesian forms 13(21a), etc., derive the wave equation 13(23). 


13(vi). Show that the system defined by 13(38) on p. 407 is a solution of 
the wave equation. 


13.11. Superposition of Electromagnetic Waves. 


It is an experimental observation that under static or quasi-static 
conditions the resultant electromagnetic field due to two systems of 
charges is obtained by adding the fields due to each system taken by 
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itself, except when the fields are very strong or when ferromagnetic 
media are involved. Thus under all relevant conditions electromagnetic 
waves should obey the principle of superposition, and the velocity 
should be independent of the amplitude. If this were not so, the elec- 
tromagnetic theory would be unable to give a simple explanation of 
interference, diffraction, and polarization. Given this condition, the 
electromagnetic theory can take over the main structure of the general 
wave theory as developed by Fresnel, Rayleigh, Kirchhoff, etc. The 
details of the theory of diffraction of electromagnetic waves require 
consideration. This problem has been examined by several writers.* 
It may appear at first sight that the electromagnetic theory has made 
the wave theory of light more difficult by introducing two vectors 
instead of one. This extra complication seems to be unnecessary from 
the point of view of optical theory, though it is required to satisfy the 
electromagnetic equations. As against this view, it should be under- 
stood that the components of the electromagnetic wave are not inde- 
pendent. The relation between E and H is such that, when we are 
given either of them (together with the constants of the medium and 
the direction of propagation), we can derive the other. The relation 
between them is, however, dependent on the medium and this re- 
lation yields the boundary conditions which are just sufficient to give 
a complete theory of reflection and refraction. Also the relation be- 
tween E and H is different in anisotropic media and this contributes 
to a satisfactory theory of the propagation of light in these media. 
Thus the electromagnetic wave has a sufficient, but not an excessive, 
“ flexibility ’’ for the representation of light. 


13.12. Representation of Polarized Light. 


The wave described by equations 13(26) and 13(33), or more simply 
by equation 13(35), represents plane-polarized light. The electric vector 
is normal to the direction of propagation and remains in the same plane 
as the wave advances. The magnetic vector behaves in a similar way. 
It remains in the YZ plane, whereas the electric vector is in the XZ 
plane. For reasons which will appear later (§ 14.12), we find that the 
plane of the magnetic vector is the plane of polarization defined in 
§ 12.3. If we accept the principle of superposition, we may form the 
concept of circularly and elliptically polarized light by combining beams 
which are plane-polarized in two mutually perpendicular planes, and 


* Reference 13.6. 
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which have a constant phase difference. Elliptically polarized light 
may be represented by the following system: 

E, = A cos (wt — xz), H, = —Ve B sin (wt — S| 

E, = B sin (wt — xz), H, = Ve A cos (wt — x2), 13 

2 0. H = 0. 

If A = B, 13(38) represents circularly polarized light. If either A 
or B= 0, it represents plane-polarized light. The representation of 
unpolarized light is obtained (as in § 12.17) by imagining the super- 
position of beams which have no permanent phase relation. 


(38) 


13.13. Energy of the Electromagnetic Field. 
The electromagnetic field has an energy W, given by * 
oWe DD. EH 
et eA ae, 13(39 
br 87r 87 ed) 
where SW is the energy in an element of volume 57. This expression 
includes the effect of electrical polarization, but we have omitted the 
effect of magnetic polarization since it is negligible at high frequencies. 
In vacuum, D = E and the first term on the right-hand side of 
13(39a) becomes equal to H?/87. For the wave represented by 13(26) 
the mean value of EH? is 4#,? and the mean value of H? is 3H,?. But 
in vacuum H, = E£, [see 13(33)] and therefore 


i een 5(390) 


13.14. Poynting’s Theorem. 

It was shown in 1884 by J. H. Poynting (1852-1914) that when 
there are both an electric and a magnetic field at the same point, there 
is in general a flow of the field energy. This flow is completely de- 
scribed by a vector (now known as the Poynting vector) whose direction 
gives the direction of flow, and whose magnitude is the amount of 
energy crossing unit area (normal to the direction of flow) per second. 
We shall now show that this vector (G) is equal to c/47 times the 
vector product of E and H, 1e 


Gea. CHa ee 13(40) 
Aor 


It thus vanishes when E and H are in the same direction. 


* Reference 13.1. 
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For a non-dispersive medium we have 


cite ee 
OW ao) 2 epe ee) . Wasi 
ot 8a Ot Cas ta an 
1 0E oH 
ee cE BY ir sae 
a f(ee+2%) 3 ca 


where we assume that ¢ is not dependent on w, which is true for a 
non-dispersive medium. Hence using Maxwell’s equations 13(18) and 
13(19), we have 


ee | Bx a — | _{H.v x B}|dr, 13(43) 


and using 13(10) 
Wat fv.e x H) dr — fB.idr, . 13(44) 
ot An 


The second term represents the resistive dissipation of energy (Joule’s 
law). It is zero for a non-conducting medium. We then have 


M+ [div adr =o, < 2 on oe, boda) 


where G is given by 13(40). 
One of the fundamental equations of hydrodynamics * is 


PPE + div pV =0, ss e 18458) 


where p, is the density of the fluid and V is the local velocity of flow. 
This equation applies when there are no sources or sinks, and it is 
effectively a statement that the total quantity of the liquid is constant. 
In a similar way, if p, = 0W/¢r is the density of the electromagnetic 
field energy and U is a velocity defined by p,U = G, equation 13(45a) 
becomes equivalent to 13(45b). In this form it may be regarded as a 
statement of the conservation of field energy and U may be called the 
velocity. The mean rate at which the energy is propagated is there- 
fore the mean value of G/p,, i.e. we have 


13(46) 


*See p. 185 of Reference 13.1. 
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the mean being taken over a time which is long compared with the 
period of the wave. 


If E and H are given by 13(35), we have 


— teed? 
ip a ES 
re ME b. Pee Red LY A) 


Thus am a non-dispersive medium the rate of flow of energy is equal to 
the phase velocity 6. From the definition of the Poynting vector, we 
see that the direction of flow is the direction of propagation. 


13.15. Momentum of the Electromagnetic Waves. 


It is easy to show, in a qualitative way, that electromagnetic waves 
must possess momentum in the direction of propagation. Suppose 
that a beam falls upon a conductor which partially absorbs it. The 
electric vector starts an electric current which is at right angles to the 
magnetic vector. There is, therefore, an electromagnetic force on the 
conductor. Since the electric field and the magnetic field change sign 
together, this force is always in the same direction—the direction of 
propagation. The detailed calculation of the magnitude of the force, 
allowing for the fact that the current in the conductor is not exactly 
in phase with the wave, is fairly complicated. The most satisfactory 
general method is to appeal to relativity. According to relativistic 
principles, the electromagnetic energy W implies the presence of a 
mass W/c? [equation 11(48)], and a momentum W /c must also be present 
[equation 11(52)]. We shall refer to this matter later in connection 
with experiments on light pressure. It will also be shown later that a 
beam of circularly polarized electromagnetic waves possesses angular 
momentum about the direction of propagation (§ 17.23). 


EXAMPLES [13(viii)-13(x)] 


13(viii). Does 13(38) represent a right-handed or a left-handed polarized wave? 
[ Left-handed. ] 


13(ix). Find the energy density and the rate of flux of energy in an elliptically 
polarized wave represented by 13(38). 
An ow 
——— A? B ° G —= b >= 
ot 8x erage Ot 
13(x). Give a general non-mathematical discussion of the propagation of 
energy in spherical electromagnetic waves (i.e. revise the arguments of Chapter 
II in terms of the electromagnetic theory). 
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APPENDIX XIITA 


REPRESENTATION OF THE ELECTROMAGNETIC FIELD BY POTENTIALS 


1. In Chapter XIII, the electromagnetic field is represented by two vectors 
E and H which satisfy equations 13(16) to 13(19). For some purposes it is con- 
venient to express EK and H in terms of a scalar potential (>) and a vector potential 
(A). Since the div (curl) of any function is zero and since div H = 0, we may put 


H = curl A. Sg Gee ee ae 


Since curl (grad) of any function is zero, we may write, in place of 13(18), 


B+. A= —grad 4, © side we IAS) 


ag may be verified by applying the operation “ curl” to 13(49). 
Suppose that a vector function A, and a scalar function ¢, satisfy the above 
equations, and that © is another scalar function, then the functions 


A=A,—grd® ..... . . 13(50) 


nal b= +26 a a iy, 


also satisfy 13(48) and 13(49), since curl (grad ®) = 0. Thus 13(48) and 13(49) 
do not completely determine A and 6. We may introduce any function ®, which 
can be differentiated, just as we may add one or more constants of integration 
to the solution of a differential equation. We choose © in the following way in 
order to simplify subsequent equations. Let 


| . . 
Veo — 2b = div Ay +2 Gy, ae Re 353) 


VECTOR POTENTIAL FUNCTION 41] 


Taking- the divergence of each side of 13(50) and adding (1/c) 0/ét times the cor- 
responding side of 13(51), we obtain 


div A + ~4 ma div Ay div (grad ©) ob = bo & : ®, . 13(53) 
and, using 13(52) and 13(7), div A + ~4 =a()s ee eee L3(54) 
When « = 1, equations 13(19) and 13(12) give 

curl H = "E+ “py Be 
and 13(16) gives div E = 4no. See ee ee Cen lo 06) 


Substituting for H and E from 13(48) and 13(49), and using 13(9) and 13(54), we 
obtain 


VaR Ae py 13067) 
(6) Cc 
and a Se 1) 
Cc 


In free space (when p = 0) the potentials each satisfy the wave equation, and 
variations of the potentials are propagated with velocity c. Even when 13(52) is 
satisfied there is still some choice of ®, and for free space we may choose ® so 
that ¢ = 0. We then have (for the parts of E and H which are propagated) 


ae cotta | > o o o  eKGey 
| in free space. 


and B= —7A| peer 1360) 
c 


2. Analysis of the Electromagnetic Field. 


We saw in § 3.20 that, when a beam of light is incident upon a partially reflect- 
ing surface, both progressive waves and standing waves are present. Now con- 
sider the radiation in a cube with partially reflecting walls. The values of the 
fields are the same (but not necessarily zero) on any pair of opposite sides of the 
cube. The side Z is assumed to be large in comparison with any wavelength in 
which we are interested. Suppose that qg, is a function of ¢ (but not of x, y, z) 
which satisfies the relation 


Geo gr 0 ee 13161) 

and that A, is a vector function of x, y, z, but not of t, which satisfies the relations 
Vea, + °F a, =0 eg re o(62) 
and diy Aaa 0 een 5(63) 


Then if A= 7 ASetees ee  e«18(64) 
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the wave equation will be satisfied by A. A possible solution of 13(62) is 
A, = Ag S10 (Hag TH Keyl TH Kegt) 2 13(65) 


where Keg? + Ksy? + Kee? = a 13(66) 


and, in order to satisfy the boundary condition, 


ee pn OR at ee T3167) 


where n,, N,, 2, are integers. 

Thus the field may be analysed into a number of waves propagated in different 
directions, and the time-varying part has been separated from the space-varying 
part of each wave. For any direction of propagation, there are two possible 
directions of polarization. In 13(61) to 13(64) these are included by giving two 
values of s to each direction. In 13(65) it must be understood that the vectors 
A; appear in pairs which have the same magnitude but mutually perpendicular 
directions. It is, of course, possible to use cosines or complex exponentials in 
place of 13(65), but the form given above is the most simple for our purposes. 


3. Number of Standing Waves between w and (w + dw). 


Suppose that three co-ordinate axes «,, kK, «, are set up and that each point 
which corresponds to a solution of 13(65) is marked with a dot. The number of 
dots per unit volume (for a volume of regular shape which is large enough to 
contain many dots) is Z3/8x°. The number between spheres of radii x and (« + dx) 
is (4mx7dx)L3/(8x°). Since cx = w, the number between w and (w + dw) is 


wo? dw 


sae ee ee + 18(68) 


We have shown that A represents the electromagnetic field and it follows that 
there are two types of polarized wave, so that the total number of vibrations 
between w and (@ + da) is w? dw/(7%c*) per unit volume of the cube, or, between 
v and (v + dy), 

8rv? dy 


ce 


13(69) 


It may be shown that, when all the linear dimensions are large compared with 
the wavelengths, the number is independent of the shape of the volume. 
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APPENDIX XIIIB 


RaDIATION FROM A DrIPoLE 


1.—In electrostatics, a dipole consists of two equal and opposite charges 
placed at a small distance from one another. The moment is equal to the magni- 
tude of one of the charges multiplied by their separation. It is positive when the 
positive charge is on the positive side of the common centre taken as origin. We 
now consider an oscillating dipole whose moment is represented by 


M(é) = Myel,  . . ww. 2. . 18070) 


The physical moment is the real part of M. The amplitude of oscillation of 
electrons which emit light is not infinitesimal but, for the present, we consider an 
idealized dipole for which the separation of the charges is always infinitesimal 


Zz 
P 


Y(in) 


Fig. 13.4 


though the moment is finite. It is convenient to use Cartesian co-ordinates in 
one part of the calculation and: spherical polar co-ordinates (r, 0, y) in another 
(see fig. 13.4). We take the axis of the dipole as the z axis. The field must be 
symmetrical about this axis and therefore all components are independent of x. 


Consider the vector 
T(t) = M_/r, Se re, een a7 1) 


where M_ is the value of M at time (¢ — r/c). The vector I (known as the 
Hertzian vector) is a solution of the wave equation. 
2.—We require to find two vectors E and H which represent the field of the 


dipole. We know that the solution must satisfy the following tests: 
(i) When r is small, the field E must reduce to the field calculated for a 
doublet in electrostatics. Similarly H must reduce to the field for a 


current element M = iwM). 
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(ii) The field at P at time ¢ should depend on the state of the dipole at time 
t—r/c. 

(iii) At large distances from the dipole, the fluctuating part of the field should 
represent spherical electromagnetic waves with E and H perpendicular 
to each other and to r. The amplitudes should be inversely proportional 
to r. 


Let us take as a trial solution 


Pes toe ee ree sae 
c 
and = —div I. te ee eee a RTWB) 
3.—We have II, = II, = 0, so that A, = A, = 0, 
ie: ta 
and Alpe Sl Se ; PR re ibs Aes a2 3 sri: 
eater, = line M_ 13(74) 
p= ally. 
C2 Or Oz 
4 ra) ‘e~twr/c 
= —Y, cos 8 tot a . . . . 
» cos Oe =( - 13(75) 


Since A, = A, = 0 everywhere, their derivatives are also zero, and 13(48) 
implies H, = 0. Therefore H at P lies in the plane through P normal to Oz. 


7 


Fig. 13.5 


Suppose, for the moment, that the y co-ordinate of P is zero as shown in fig. 13.5. 


Since A, is the same at all points on the circle through P, it follows that 04 /éy 
at P = 0, (H,)p = 0 and : 


. . 13(76a) 
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We have shown that, at P, H is tangential to the circle and has the magnitude 
given by 13(76). Symmetry requires that H is always tangential to the circle 
and has the above magnitude, i.e. the above expression gives H = H, even when 
the y co-ordinate of P is not necessarily zero. 

When r is large compared with c/« (i.e. with the wavelength), we have 


2 
Ee FN 5.0 6 6 of HBG) 


B, === cos 0 (22 +4) 

r TC 
2 2 

Hg= — == Sein (1+ — 2 3).f Me) 
2 tor wr? 

LE, = 0. 


When r is large compared with c/w, the component H, becomes negligible com- 
pared with the component H», which reduces to 


2 
Ey === 2 sin 0: eee een 30770) 


4.—When r is large, H, [see 13(766)] is the only component of H and similarly 
Eg is the only component of E. The fields given by 13(76b) and 13(77b) represent 
transverse spherical electromagnetic waves, so that conditions (ii) and (iii) stated 
above are satisfied. The fields obtained from 13(76a) and 13(77a), by including 
only the highest power of 1/r, which is the dominant term when r is small, satisfy 
condition (i). We shall therefore accept 13(76) and 13(77) as the appropriate 
solutions of the equations.* 


5.—The rate of propagation of energy is obtained by calculating the Poynting 
vector (see § 13.14). The value is 


4 
GS = Same, «6 «¢ « 2 a o Maz) 


The time average of /_? is 4,2, so that the average rate at which energy crosses 
unit area normal to the direction 0 is 


2 4 
eee 01 Oe Gin? 6: ee ee (79) 


Since the mean value of sin? 0 over a sphere is 3, the total energy emitted per unit 

time is 
eW M204 _ 16n*M,2v4 
at ae 3c 


13(80) 


* For a further discussion on the singularity at the origin, etc., the reader should 
consult References 18.4 and 6.2. 
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6.—Let us now consider the radiation from an-electron which is moving along 
the x axis so as to satisfy the equation 


Bink vot Gta: 0.) oak) ee pee 


with a damping constant y which is very small compared with w. The solution is 


a= me vilzeiot, 2 . . . . . . 18(82) 
The energy at time ¢ is W = We”, oP ae oh) tet Loe) 
where W, = $02mzx,?. et aa ty te) eee Lo (84) 


The rate of loss of energy is yW, which is approximately yW, when ¢ is small. 
The vibrating electron is equivalent to an oscillating dipole (plus a static charge 
which does not contribute to the radiation field). The equivalent value of J/, is 
ex). Substituting in 13(84), we obtain for the rate of loss of energy 


a? 
—F = 1Wo=ty GM... - 1385) 


This agrees with 13(80) if 
7 = —. 0. See. eo ee eee ee (SG) 


The time t, for the energy to fall to 1/e of the original value is given by 


13(87) 


7.—In the above discussion there is an inconsistency. We assumed in equation 
13(70) that the amplitude of the dipole was constant, and we are now considering 
an electron which continually loses energy so that the equivalent dipole amplitude 
is decreasing. The emission of radiation reacts on the motion of the electron and 
is equivalent to a damping force. To take account of this, we should compare 
13(85), not with 13(80), but with an expression obtained by substituting M = 
M,e~?'/e'! for 13(70) and then calculating the fields. The procedure we adopted is 
satisfactory only because the damping is small. In cases of practical importance 
y is of the order 10~*w or less. It is therefore permissible to ignore the reaction of 
the radiation on the oscillator when calculating the rate of radiation. 


8.—If we have a distribution of charges which is electrically neutral as a whole, 
the equivalent moment is 


M, = det. Pa eae ee et  o( SS) 
If the displacements are varying sinusoidally, we have 
M = der,e!. sla Ox at fn ae eee OL SO) 
The mean square of the magnitude of the moment is 
M? = 4 Der? 


4% 13(90) 
= 3 a e(2," oF Yor 5 Zon)s 
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When the system is spherically symmetrical this becomes 
Nia Sy ers ee care a ne ar LOL) 


It is important to note the difference between the formule obtained when Xo 
is a co-ordinate chosen to be parallel to the axis of a dipole, and when Xp is a 
co-ordinate fixed in relation to the apparatus with the dipole oriented at random. 
In Chapter XV we consider dipoles created by the action of the field. In an iso- 
tropic medium these dipoles are necessarily parallel to the electric vector of the 
field by which they are induced. 


9.—Since the electric vector of the emitted radiation is proportional to the 
equivalent moment, it follows that the light emitted by an electron oscillator is 
represented by 


E = Eye-vu2 eiwt, > @ g ¢ 0 » Teter) 


This is the typical damped harmonic wave. We have discussed the equivalent 
energy distribution in Appendix IV B (equation 4(92), p. 111]. 


10. Scattering by Free Electrons. 
Suppose that an electromagnetic wave represented by the expression 


EL = Eye'+t 


falls upon a free electron (charge e). Then, neglecting the forces due to the mag- 
netic field and to the radiation damping, the equation of motion is 


mé = eLye', ei a pag ee logs) 


If the origins of x and t have been chosen so that x = 0 when ¢ = 0, a solution is 


ERC. cist Oe ee ae 13(94) 


may? 


Since e is negative, this equation implies that the electron undergoes simple 
harmonic motion with the frequency and phase of the incident wave. This elec- 
tron is equivalent to an oscillating dipole for which 


3 2 
M, = — —, Ey. Mees e395) 
me) 


Applying 13(79) and 13(80) we see that the energy scattered in a direction 0 is 
proportional to sin?@ and that the total energy scattered per unit time is 
eth? 
3m*cs 


13(96) 
Equation 13(390) gives the energy density. The energy crossing unit area in unit 
time is therefore cH,2/87 and the fraction scattered in unit length of path is 


gh ee aed tive acl anal ? 913(97) 
3 m2ct 
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and, using 11(50), 
bach a ea 


Note that this quantity is a universal constant independent of the frequency of 
the incident light. It has the dimensions of an area because we have taken the 
ratio of the total light scattered by one electron to the energy incident per unit 
area. 


11. Scattering by Bound Electrons. 


When an electromagnetic wave is incident upon a bound electron whose free 
vibration is represented by 13(81), the equation of motion may be written 


+ y¢+o2e=2Bemt, . . . . . 13(99) 
m 


the suffixes having been inserted to distinguish the constants of the free motion. 
The complete solution of 13(99) consists of two parts: (a) a vibration of frequency 
w, which is quickly damped out, and (b) a steady vibration of frequency o. We 
are interested only in the latter and, to investigate it, we put « = z,e’! in 13(99) 
and obtain 

e Ey 

m @?, — o? + iy, 


13(100) 


X= 


This gives an equivalent dipole whose moment is complex and it is easily shown 
that we must substitute the square of the modulus for M,? in 13(80). We then 
follow the procedure of § 10 of this Appendix and obtain 


pte w! 
= 13 
3 m2c4 (w,? a w?)? -- oy? (101) 
In dispersion theory we are often interested in a situation where there are N 
scattering centres per unit volume, each with an oscillator strength equal to f, 
times the oscillator strength given by electromagnetic theory for one electron. 
We then have (neglecting damping) 


8x Net w? 
k’ — 2 R 
fs (w,? — w?)? 


13(102) 


Since M, appears to the second power in 13(80), f, appears to the second power 
in 13(102). 


12. Multipole Radiation. 


It sometimes occurs that the moment M given by 13(89) is nearly zero, and 
the rate of radiation is then extremely small. It then becomes necessary to take 
account of other small effects. A vibrating electron is not exactly equivalent toa 
mathematical dipole because there is always some finite amplitude. The retarded 
time (¢ — r/c) is to be measured from the actual position of the electron at any 
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time and not, as we have assumed, from the mean position. This is equivalent to 
saying that we must allow for the fact that light takes a finite time to travel a 
distance equal to the amplitude of motion. This higher-order effect leads to 
expressions for an additional radiation which may be expressed in higher powers 
of the displacement, i.e. the rate of radiation is proportional to ax? + bx*+... 
etc. Since 2, is always very small, the second.term becomes important only when 
the coefficient of the first vanishes, and so on. This higher-order radiation may be 
regarded as due to a pair of dipoles placed very close to one another and out of 
phase by x. The first term then disappears by interference. An arrangement of 
this type is known as a “‘ quadripole’”’. Some weak lines are due to quadripole 
radiation. Part of the x4 term may be attributed to a magnetic dipole (see 
Reference 18.4, p. 619). 


CHAPTER XIV 


The Electromagnetic Theory of 
Reflection and Refraction 


14.1. Boundary Conditions. 


The field equations of electromagnetism apply to the whole of one 
medium and, with different constants, to a second medium. A com- 
plete theory must give an account of what happens at the boundary 
of two media. Mathematically, we require a set of boundary con- 
ditions which specify the way in which two solutions of the equation, 
each valid on one side of the boundary, are to fit together at the boun- 
dary. Since, at optical frequencies, all media are effectively non- 
magnetic, we shall expect magnetic lines of force to cross the boundary 
without any discontinuity. We also know, from experiments on elec- 
trostatics, that the tangential component of electric force and the 
normal component of electric displacement are continuous at a boun- 
dary.* Ifthe boundary between medium 1 and medium 2 is parallel 
to the XY plane, we have 


Eye = Eye Ey = Boy 
te = H. ey = is ipo ° . ° 14(1) 
Dy, = Dy, H,, = H», 
where H,,, etc., refer to a point near the boundary but in medium 1, 
and E,,, etc., refer to a corresponding point in medium 2. These con- 


ditions are not independent, for, if the first two are satisfied, the re- 
lation between H,, and H,, follows from the fact that the field equation 


oH, 0H, 10H, 
Ox oy Sti e’:«Ct 


14(2) 


must be true in each medium. Similarly the relation between D,, and 
D,, 18 implied by the second pair of equations. Thus there are only 


* A quantity is said to be continuous when the values at two neighbouring points, 
one on each side of the boundary, are equal. 
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four independent relations, and we shall generally use the first four 
of equations 14(1) as boundary conditions. 


14.2. Laws of Reflection and Refraction. 


All real materials are dispersive, and any treatment of reflection 
and refraction which ignores this fact must be slightly artificial. Never- 
theless, it is reasonable to assume that, for a given frequency, the 
dielectric constant has a definite value in each medium. We assume 
that the effective value for each medium is equal to n? [equation 13(25)]. 
Using this value we apply the boundary conditions. Let us choose a 


Fig. 14,1 


system of co-ordinate axes so that the XY plane is the surface of 
separation, and XZ is the plane of incidence (fig. 14.1). Let @, be the 
angle of incidence. We assume that the incident beam is plane-polarized, 
but do not at present specify in which plane it is polarized. Let the 
y components of the electric vectors in the incident, reflected and 


refracted beams be given as follows: 

Incident beam Ey, = Ayy exp t{ayt — (ha + my + nz)} 14(3) 
Reflected beam Ey,’ = Ay,’ exp t{any't — Ky/(ly'e + my'y +m/'2)} 14(4) 
Refracted beam By, = Agy exp t{ wot — Kale + may + nyz)}. 14(5) 


In these equations A,, is assumed to be real and positive. If the re- 
flected or refracted beam has a phase difference of a from the incident 
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beam, we shall expect 4,,’ or Ay, respectively to be real and negative. 
A change of phase other than 7 will be indicated by a complex value 
of the corresponding amplitude (§ 2.27). Owing to our choice of axes 


l, =sin 0,; m, =0; and n, = —cos 4. . 14(6) 
14.3.—The second of equations 14(1) implies that 
Buy t+ Eyy = Boy Pe ee, 


when z = 0 for all values of z, y, and ¢. This implies that the same 
coefficients of x, y and ¢ must appear in each of the exponentials of 
equations 14(3), 14(4) and 14(5). We have these results: 

(a) Equating coefficients of ¢, 


Oy == Oy = Wa, Ee eat} 
so that the reflected and refracted beams have the same frequency as 
the incident beam. Henceforth we omit the suffix and write w for the 


circular frequency. 
(b) Since the reflected and incident beams are in the same medium, 


et pee eee Gee ae SICAL) 


(c) For the refracted wave, 


SS | ee 


(d) Equating coefficients of y, using 14(6), 
0=m, = Ms, Sse) 2 ee eee) 


so that the three beams are in the plane containing the normal to the 
surface and the incident beam. 
(e) Equating coefficients of x, and writing 


l,’ =sin 6,’ and l,=sin®,, . . . 14(12) 

we have sin 6, = sin 0,’, oui ae ee A( LS) 
K, sin 0, = x, sin 44, - . . . 14(14) 

or sin 0, = mp. sin 8). ae eee L415) 


The electromagnetic waves thus obey all the experimental laws of 
reflection and refraction at a surface separating two isotropic media. 


14.4.—It is satisfactory that they do so, but this fact does not give any sup- 
port to the electromagnetic theory as opposed to other wave theories of light. 
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In Chapter III we showed that these relations could be derived from any self- 
consistent wave-theory. They are not dependent upon any special form of the 
boundary conditions, but only upon the facts that there are boundary conditions, 
and that there are different velocities of propagation on the two sides of the 
boundary. It will be noted that we have, so far, used only one of the four boundary 
conditions. The derivation of reflection coefficients for different angles of incidence 
and states of polarization involves the full boundary conditions, and thus forms 
an important test of the electromagnetic theory. 


14.5.—We now wish to calculate the fraction of the incident energy 
which is reflected for different angles of incidence, and for different 
planes of polarization. We are chiefly interested in the components 
of the vectors parallel and perpendicular to the plane of incidence, 
rather than in components resolved along the co-ordinate axes. We 
must use the latter, however, in applying the boundary conditions. 


W, 
Fig. 14.2 


The axis OY perpendicular to the plane of incidence serves for all three 
beams, and we introduce new axes w,, w,’, and w,. Hach of these is 
in the plane of incidence, and they are perpendicular to the directions 
of propagation for the incident, reflected and refracted beams re- 
spectively. The positive directions of wy, wy’, and W, are shown in 
fig. 14.2. They are such that an observer looking in the direction of 
propagation would make a clockwise rotation from the positive diree- 
tion of w to the positive direction of y, ie. w, y, and the direction of 
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propagation, taken in that order, form a right-handed set of axes 
The incident beam may be specified by giving 

Eyy = Ay exp {at — «,(w sin 6,— 2 cos 0,)} . 14(16) 

Ey, = Ay, exp t{wt — (x sin 6, — cos 6,)}. — 14(17) 
The reflected and refracted beams are specified in a similar way. Since 
the direction of propagation of the reflected wave has a component in 
the positive direction of z, mn,’ = + cos , [see 14(4) and 14(6)]. The 


problem is to deduce the amplitudes A,,,’, Ay,’, 42. and A,,, when 
A,, and A,, are given. We have, from 13(33)*, 


Hyg= Vet kG, ee ae 
Hig = Ve, Ege. — 2 eee ee) 


and similar expressions for the other beams. The signs are the same in 
the corresponding expressions for H,,,’, H,,, etc., because our three 
sets of local axes have all been made right-handed. We have also 


En =— £,, 608. 0;, Sale har era) 
Ege Dy COS OS ee ete es Seema ey 
Eo, = — Hey, C08 Oo, fe kg gy «a ee Pe 
H,, = — H,,, cos 0, = + Vedas cos 6), . 14(23) 
Hye = + Hyy' cos 0, = — Ve,Fyy' cos 0,, . 14(24) 
Hew = — Hy, cos 6, = + */ eH, cos 6, . 14(25) 
EEN Cpe Be IVER) 
Di = NV a he ee nT) 
Hag = AM le te eee ee (7 


Hach of equations 14(20) to 14(28) contains an exponential factor on 
either side [see e.g. 14(16) and 14(17)]. Since all these factors are equal 
when z= 0, we may write the boundary conditions as relations be- 
tween the amplitudes, instead of relations between the vectors. 


14,.6.—Applying the boundary condition for Z,, we have 
Ay Aig oy, (29) 


“See also Examples 13(iii) and 13(iv) on p. 405. 
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Applying the condition for H,, and using 14(23), 14(24) and 14(25), 
Vie hey = Ay) 608.0; = e,4,, c08 0, . 14(30a) 


(Aj, — Ajy’) cos 6, = 0,245, ¢08 6,.  . 14(300) 
Similarly the condition for E, gives 

(Are — Ai) 008 0; == As, cos 6,: . . 14(31) 
and the condition for H,, using 14(26), 14(27) and 14(28), gives 

NA t Aca) tai ccAsen ee 4(32) 
Hence (Aw + Ay’) Sayan © A eee LENGE) 


Multiplying 14(33) by cos 4, and 14(31) by m., and subtracting, we 
have 


Aine Aie yg COs 0, — cos Oy 14(34a) 
Ny COS O, + cos Oy 
Using the sine law of refraction [equation 14(15)], 
in 26, — sin 20 
Js Oo me ip pate db pete) 14(34b 
: ™ sin 20, + sin 26, fe) 
tan (0, — 93) 
Ay = Ay ——*. 14(34¢ 
- = ™ tan (0, + 42) Sis 
In a similar way, we obtain from 14(29) and 14(306), 
6, — cos 6. 
hee os Sel hy EEE 1, 14(35a 
a ™ ny COS Oy + cos A, 08) 
Using Snell’s law, 
sin (0, — 6.) 
Ale — — 14(35b 
ly ly sin (6, ane 65) ( ) 
Substituting from 14(34a) in 14(33), and simplifying, 
2 sin 6, cos 0 
A aay 2 : : 14(36 
Ave ™ sin (0, + 0.) cos (0, — 95) ee) 
Using 14(35a) and 14(29), 
ree 2 sin 0, cos 4, -. . 1487) 


sin (8, + 82) 
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14.7,—Equations 14(34) to 14(37) are indeterminate for normal 
incidence, but equations 14(29), etc., may easily be solved directly to 
give 


poe 
AC fe a ae ee tc 
i 1 ee 1 ( ) 
=| 
Aid ee ad ee Se eee ee ars 
ly cay ari 2 Si ( ) 
2 
RT ing in ae ar seg VELEN 
2 1 Mo +1 ) 
A ee 14(41) 
2y a AOR Eye 


Equations 14(34) to 14(37) are known as Fresnel’s relations. They were ori- 
ginally obtained by Fresnel using the elastic-solid theory of light. It should be 
understood that the elastic-solid theory was never able to give a completely con- 
sistent and satisfactory account of reflection and refraction, even when the 
assumptions concerning the boundary conditions were skilfully adjusted to pro- 
duce the desired results. The electromagnetic theory does not introduce any 
special assumptions for this purpose. It uses the standard boundary conditions 
which are derived from the results of experiments on electricity and magnetism. 


14.8. Reflection Coefficients. 


The energy densities for the incident and reflected beams are pro- 
portional to the squares of the amplitudes. The reflection coefficients 


COEFFICIENT 
2 
Oo 


i) 
ne 


2° 
i) 


REFLECTION 
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Fig. 14.3.—Variation with angle of incidence of reflection coefficient for 


components of E: (i) in the plane of incidenc li i 
the nned et nade Oa e (p,,), and (ii) perpendicular to 


§ 14.9 DEGREE OF POLARIZATION 427 


may thus be obtained directly from 14(34), 14(35), 14(38), and 14(89). 
For example, we have for the component of the electric vector in the 
plane of incidence, 


= > (0, — 4) 
ro ( See ee 


The reflection coefficients for each component, and for different angles 
of incidence, are shown in fig. 14.3 for m2 = 1-5. From the figure, or 
directly from equation 14(42), we see that when 0, + 0, —4n, the 
component of the electric vector in the plane of incidence is always 
zero, no matter what the condition of the incident light may be. Thus 
the phenomenon of polarization by reflection at the Brewsterian angle 
is included in the electromagnetic description of light waves if we 
assume that the magnetic vector is in the plane of polarization. This 
assumption enables us to give a consistent account of other experi- 
mental results (§ 14.13). 


14.9. Degree of Polarization. 


In a mixture of plane-polarized and unpolarized light,* the degree 
of polarization may be defined as 


Pie 2 
baie, Ain 


ahowe! aie Bho 


where A,,,, is the maximum amplitude of the electric vector for dif- 
ferent orientations with respect to the direction of propagation, and 
Ain 18 the minimum amplitude. The plane of polarization includes 
the direction of A,,,- When unpolarized light is reflected at the 
boundary of two insulating media, the reflected light is partially or 
wholly polarized in the plane of incidence. The refracted light is always 
partially polarized in a plane perpendicular to the plane of incidence 
except in the limiting case of normal incidence. The degree of polar- 
ization for the reflected light may be calculated by substituting 4,’ 
and A,’ for A,,,, and Ain respectively in 14(43). Similarly for calcu- 
lations on the refracted light A,,, must be substituted for 4,,,, and 
Acyt0t Ao. 

Calculations on this basis show that complete polarization is obtained only 


by reflection at the polarizing angle. At this angle, reflection of the component 
of the electric vector in the plane of incidence is zero, but reflection of the com- 


Q= 14(43) 


* Note that this definition does not apply when elliptically or circularly polarized 


light is present. 
15 (c 577) 
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ponent perpendicular to the plane of incidence is not complete. Thus the trans- 
mitted light always contains some of each component, and we never get complete 
polarization by transmission. Repeated refractions, either from a dense to a light 
medium or vice versa, produce a continually increasing degree of polarization 
in a plane perpendicular to the plane of incidence. Similarly, repeated reflections 
at an angle other than the polarizing angle produce a continually increasing degree 
of polarization in the plane of incidence. 


14.10. Rotation of the Plane of Polarization. 


When the incident light is plane-polarized, reflections and refractions cannot 
increase the degree of polarization. They do, however, rotate the plane of polari- 
zation. The rotation is towards the plane of incidence for reflection and away from 
the plane of incidence for refraction. 


14.11. Change of Phase on Reflection. 


From equation 14(35b) we see that when reflection takes place in 
the less dense medium (6, > 6,), the component of the electric vector 
perpendicular to the plane of incidence changes sign. Aj,, has the 
same sign as A,,, when the angle of incidence is less than the polarizing 
angle [equation 14(34c)]. The directions of A,,,/ and A,, are not the 
same, and the fact that the signs are the same implies that A,,’ is 
opposite in sign to A,,, and that A,,’ has the same sign as A,, (fig. 
14.2). Thus any component of the electric vector parallel to the re- 
flecting surface changes sign when the angle of incidence is less than 
the polarizing angle. The component normal to the reflecting surface 
does not change sign. From 14(18) we see that the sign of H,,, is 
linked to that of H,,, and must change with it. This implies that H, 
changes sign, but H, does not. Similarly 14(19) shows that the sign of 
H,, must follow that of E,,, i.e. it does not change. A little consider- 
ation will show that these sign changes of the components of H are 
those required to make E, H and the direction of propagation for the 
reflected beam form a right-handed set of axes as required by the 
fundamental equations (§ 13.10). 

When the reflection takes place at an angle greater than the 
polarizing angle, tan (0, + 0) is negative and A,’ has a sign opposite 
to that of 4,. If the angle of incidence is increased, the component of 
the electric vector in the plane of incidence decreases to zero, and then 


reappears with the opposite sign. In this sense there is a change of 
phase at the polarizing angle. 
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EXAMPLES [14(i)-14(iv)] 


14(i). Writing x, y,’, and x, for the angles between the planes of polarization 


a the incident, reflected and refracted light, and the plane of incidence, show 
that 


tan y,’ | = tan cos (0; + 6) 
[oo | * 300 (0, — 0,) 


and | tan y, | = tan y.sec(0,—6,). . . . . 14(45) 


5 eco eetiey 


Hence verify the statement in §14.10. 
14(ii). Show that when unpolarized light is incident upon a single plate, the 
degree of polarization of the transmitted light is greatest near grazing incidence. 


14(iii). Taking the case of light polarized in the plane of incidence, show that. 
energy is conserved, i.e. all the energy in an incident beam is found in the reflected 
and refracted beams. [In estimating the energy in the refracted beam, remember 
that (a) the energy density is proportional to <H?, (b) the cross-section of the 
beam is altered by refraction, and (c) the velocity is altered.] 


14(iv). Discuss the phase relations between components of the vectors which 
exist when a beam of light incident at a small angle to the normal is reflected in 
the denser medium. 


14.12. Stationary Waves. 


Electromagnetic waves reflected at a plane surface may interfere 
with the incident waves. Since the latter are usually appreciably 
stronger than the former, the resultant disturbance consists of a 
stationary wave, plus a system of progressive waves (§ 3.21). In the fol- 
lowing discussion we ignore the progressive part, and consider the disturb- 
ance which would be produced if the two beams were of equal amplitude. 
We first consider the case where the incidence is nearly normal and 
M2 > 1. The two components of the electric vector in the plane oi 
the surface then constitute nearly the whole of the vector, and both 
change sign. This implies that the electric vectors are in opposite 
directions at the surface of reflection. This must therefore be a node 
for the electric vector. Other nodes will be situated 4/2, A, 3/2, ete., 
from the surface. As shown in the preceding paragraph, the two com- 
ponents of the magnetic vector parallel to the surface do not change 
sign. The two magnetic vectors are therefore in the same direction at 
the surface. The antinodes of the magnetic vector thus coincide with 
the nodes of the electric vector in the standing wave. Wiener’s experi- 
ment with fluorescent material indicates that, when there is strong 
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reflection, a node is formed at the surface. Thus the maximum 
fluorescent effect coincides with the maximum of the electric vector.* 


14.13.—Let us now consider a beam of light for which 6, = 45°. 
The w’ and w directions are mutually perpendicular, and components 
of the light in the plane of incidence cannot interfere. Using the 
criterion for plane of polarization given in § 12.3, it is found that 
stationary waves are formed when light incident at 45° is polarized in 
the plane of incidence, but not when it is polarized perpendicular to 
the plane of incidence. If we assume (as required in § 14.8) that the 
magnetic vector is in the plane of polarization, this implies that the 
photochemical action is directly related to the electric vector, rather 
than to the magnetic vector. 


On elementary considerations, we should expect that the atoms and molecules 
would be directly affected by the electric vector which is able to polarize them 
directly. In view of the above observations, it is sometimes said that the electric 
vector is the “light vector”. This statement should not be interpreted to imply 
that the magnetic vector is of minor importance in optics. The electric and 
magnetic vectors are two aspects of our description of the electromagnetic field, 
and are linked in such a way that either implies the other. 


14.14.—The above qualitative discussion may be supplemented by the follow- 
ing treatment. 

Consider an incident ray polarized in the plane of incidence. We have, for 
the incident beam, 


Fig = Eig = Lig = OF ee 4(46) 
Ey, = Ay, expt {wt — (x sin 0, — z cos @,)}. . . 14(47) 
For the reflected beam, 
Ee a Onn 4 (45) 
Ey’ = Ay,’ expt {wt — x(x sin 0, + 2 cos 6,)}. . . 14(49) 


Put x = wt — x,xsin 0,; y = Kz cos 0, and f= —A,,’/A,,. Then the resultant 
electric vector is 


Eiyy + Hy,’ = e'x(Ay,e + A,,’e-*). . . . 14(50) 
Equation 14(35b) shows that f is positive when n,, > 1. Then 
Ey, + Ey’ = eX A,, (1 — f)e + fen — ein}. . 14(51) 


The second term in 14(51) represents the stationary part of the wave (see § 3.20). 
Writing H, for this term we have 


Ey = 2ifAy, sin («2 cos 6,) exp t(et — «4x sin 0,). . 14(52) 


* Tn this discussion, we have assumed that ph hi i 
5 phase changes on reflection at a metal 
surface follow the same rule as that found for an insulator. It will later be eet 
this is justified under the conditions in which we are interested [equation 15(18)] 
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The corresponding parts Z,,, E,, BE, are all zero. For the magnetic vector 
H, = 0 and = 
Se VEL eee mee tere aL At88} 


UF et eet Vie a een gs ee 14 (54 
The component of H in the x direction is 
—Hy,, 008 0, + Hyp’ cos 0, = Ve cos 0,(E,, — Ey’). . 14(55) 
The procedure which led to 14(52) gives, for the stationary part: 
H, = 2f V cos 0, Ay, 008 (x42 cos 04) exp i(wt — x,xsin 0,),  14(56) 
and similarly 
H, = 2if Vc sin 0, Ay, sin («,z 008 0,) exp i(eot — «4x sin 6,). 14(57) 
When the incidence is nearly normal, the nodes of E and H are formed as 


stated in § 14.13. Also, when 0 = 45°, H, and H, are out of phase, so that no 
ordinary standing waves are formed by the magnetic vector. 


EXAMPLES [14(v) and 14(vi)] 
14(v). Show that the relation between E and H in the standing waves formed 
at normal incidence is in accord with the fundamental equations 13(18) and 13(22). 


14(vi). Discuss the interference of the incident and reflected light when the 
incident light is polarized perpendicular to the plane of incidence. Obtain formule 
similar to those given in § 14.14. [It is simplest to start with the magnetic dis- 
turbance. } 


14.15. Total Reflection. 

When a beam of light is incident on a boundary from the denser 
side * at an angle of incidence whose sine is greater than m9, the sine 
of the angle of refraction [given by 14(15)] is greater than unity. If 
we apply the usual relations the cosine is imaginary, for we have 


sin (ee in Oe rs pes ee 1 4(53) 
ie 
and cos 6, =-+/(1 — sin? 6), 
i.e. cos 0, = —- 4/(sin? 6, — m2). . . . 14659) 
Me 


An interesting result, which is verified by experiment, is obtained 
by inserting the value from 14(59) in equations 14(34) to 14(37). We 
have, from 14(34a), 


ees 


—(4 V (sin? 6, — 1452 
A N19 cos 0, (@/9) ( =, 1 2), 14(60) 
Mz COS A, + (2/My2) V (sin? A, — M2) 
*The denser medium | is assumed to be on the “negative Z”’ side of the OXY 
plane (fig. 14.5), 
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The complex quantity (p — iq)/(p+ 7%) is equal to e*”, where 
tan 6 =q/p. Hence we may write 

AremAne Oe Be els, < eo ap 
and Ey! = Aqy exp t{at — x,(x sin, +2 c080,)—25,},  14(62) 
where 


+/(sin® 6, — M2") ee’. Te Sos eee eee 1 Oe) 


tan oO. == : F 


Similarly, it may be shown that 
Ey,’ = Ay, expi{wt — «(x sin, +z cos6,;) —28,},  14(64) 
where 


tan Oo, = Vv (SIRAY easter) == Nyak (EEL Oigs . « « J4(65) 
cos 0, 

Thus the reflected wave has the same energy as the incident wave. 
The component of the electric vector in the plane of incidence is re- 
tarded by 26, and the perpendicular component is retarded by 26, 
with respect to the incident wave. If the incident wave is plane- 
polarized, the reflected wave is elliptically polarized. The phase dif- 
ference (8) between the components of the electric vector in and per- 
pendicular to the plane of incidence is given by 


__ tan 6, — tan 6, 
1 + tan 6,, tan 6, 
__ tan 6,,(1 — m,,") 
1+ n,,? tan? 6, 
__ 008 Ayv/(sin? 6, — 145°) 


aS 
sin? 0, 


tan 46 = tan (6,, — 5,) 


we are (eg) 


Total reflection provides a very useful method of producing ellip- 
tically polarized light of any desired type. By using one or more in- 
ternal reflections, any desired phase difference from 0 to 3a can be 
produced. Circularly polarized light is conveniently produced by two 
internal reflections at an angle * of about 53° in a glass whose re- 
fractive index is 1-5, i.e. my. = 0-667. The incident hght must be 


plane-polarized in a plane which makes an angle of 47 with the plane 


* There are two possible angles—see Examples 14(vii) and 14(viii), 
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of incidence. A glass block of the shape shown in fig. 14.4 allows the 
two internal reflections at the correct angle *. It is known as Fresnel’s 


rhomb. 


kx 


i 


NY 


Fig. 14.4.—Fresnel’s rhomb 


EXAMPLES [14(vii)-14(x)] 


14(vii). Show that, when the index is large enough, there are two angles of 
incidence which may be used to give a phase difference of }m between the com- 
ponents polarized in and perpendicular to the plane of incidence. Find the angles 
when p = 1-6. [58-5° and 42-5°.] 

14(viii). Using the data of the previous example, show that the rate of varia- 
tion of § with the angle of incidence is greater when the angle is smaller. (Hence 
it is desirable to use the larger angle in constructing a rhomb for producing cir- 
cularly polarized light.) 

14(ix). Show that when the rotation from the plane of polarization in the 
incident beam to the plane of incidence is clockwise (viewed by an observer look- 
ing in the direction of propagation), the light emerging from a Fresnel rhomb is 
right-handed circularly polarized light. 

14(x). Write down equations corresponding to 14(63) and 14(65) for the mag- 
netic vector. Show that its changes of phase are such that it is always perpen- 
dicular to the electric vector. 


* Small strains in the surface of the glass (due to polishing) have an important 
effect on the ellipticity of the reflected light. It is necessary to reduce these strains 
by annealing, and then to adjust the angles of a rhomb by trial and error in order ta 


ybtain circularly polarized light (see § 14.18), 
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14.16. Disturbance in the Second Medium. 


Since the incident and reflected waves do not have a phase dif- 
ference of 7, there must be a disturbance in the second medium in 
order to satisfy the boundary conditions. The equations describing 
this disturbance are obtained by inserting the values for sin 6, and 
cos 0, from 14(59) and 14(60) in the expression for the refracted wave. 
Considering the component of the electric vector perpendicular to the 
plane of incidence, we have 


Ey, = Agy exp {wt — (Kav sin 0, — Kgz cos O)}.  14(67) 


Medium 1. Medium 2. 


Amplitude 
of £ 


yi 


7s 


__ Fig. 14.5.—Variation of amplitude of stationary wave with z for in- 
cidence at an angle greater than the critical angle. Note that there is 
no discontinuity of the amplitude at the boundary. 


Ay, is found to be complex and, more important, the factor multiply- 
ing z is found to be real. We have, from 14(29) and 14(64), 


Aoy = Ay, {1 + e >} 


=: 24,,65°" C08 0,, . ~ ©.) cman S4(68) 
and hence 


Ei = 2A yy 6088, exp {—K,2/ (sin? 0, — m5”) + i(wt — K,e8in O, — 5,)}. 
14(69) 
The disturbance in the second medium is thus of a rather peculiar type, 


since it is periodic in x, but not in z. It is best considered in conjunction 
with the total disturbance in the first medium. Using 14(47) and 


14(65), we have 
By + By’ = 24,,0c08(x,2c08 0, + 5,) expi(wt — x,xsin 0, —8,). 14(7 0) 


Thus, in medium 1, there is a stationary wave of the type considered 
in § 14.14 (with f =1). This wave is continued into the second medium 
for a short distance. By putting z= 0 in 14(69) and 14(70), we see 
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that the amplitude of the stationary wave does not change discon- 
tinuously at the boundary. If it did change at the boundary, the 
continuity of H, would fail. The amplitude of the stationary wave is 
periodic with z in medium 1, but decays exponentially with z in medium 
2 (fig. 14.5). 


The above discussion applies to a beam of indefinite extent in space and in 
time. A complete treatment of a finite beam must take into account conditions 
at the time when the beam is first incident on the surface. It is also necessary to 
consider in detail the conditions at the edges of a beam of finite spatial extension. 
In the steady state, the Poynting vector is parallel to the boundary, and there is 
no net flow of energy across the boundary, except at the edges of the beam. There 
is a flow of energy parallel to the boundary in each medium. For a more detailed 
treatment of the theory, Reference 14.1 may be consulted. 


14.17. Experimental Test of the Theory of Reflection and Refraction. 


The results derived above have been tested in the following ways: 

(1) measurement of the reflection coefficient for each component 
for different angles of incidence; 

(2) measurement of the state of polarization of the beam reflected 
in a less dense medium; 

(3) measurement of the phase differences between the two com- 
ponents when total reflection occurs; 

(4) verification of the disturbance in the second medium when 
total reflection occurs. 

Measurements of the first type were made by Rayleigh,* and by 
Murphy.} The results are in good general agreement with the values 
given by equations 14(34) and 14(35). As a test of the theory, measure- 
ments of reflection coefficient are less sensitive than measurements of 
polarization. The results obtained by the latter method appeared at 
first to disagree with the theory. With most surfaces, the light re- 
flected at the Brewsterian angle is elliptically polarized. The ellipse 
is usually a slender one, but the light is certainly not plane-polarized 
as required by the theory. Further study has shown that when freshly 
formed liquid surfaces are used, the measurements are much nearer 
to the theoretical prediction. A slight residual ellipticity may be 
assigned to the effect of surface tension on the arrangement of mole- 
cules near the surface. The study of the polarization of light reflected 
at the Brewsterian angle has been made an interesting method of 
investigating the properties of surface films.t 

* Reference 14.2. } Reference 14.3. 

+ For a general summary of the experiments, see p. 1582 of Reference 14.1. Recent 


work is described in Reference 14.4. 
15* (G 677) 
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14.18.—The phase difference between the components of a totally 
reflected beam has been studied by Kynast,* using the Babinet com- ~ 
pensator (§ 12.33). He used an accurately parallel beam of mono- 
chromatic light (A = 5461 A.). He found that for glass of high refrac- 
tive index, and for quartz, the phase differences are greater than those 
predicted by the theory. The discrepancy increases as the angle of 
incidence increases. These results have been confirmed by Volke.t 
It has been suggested that polishing may cause the production of a 
doubly refracting film on the surface, and that this film may cause an 
increase in the phase difference. There is no independent evidence 
in favour of the presence of such a film, and there is evidence from 
electron diffraction that films formed by polishing are generally amor- 
phous. Recent experimental work with liquid surfaces gives the phase 
difference predicted by 14(66). 


ee 


Fig. 14.6.—Arrangement for viewing light scattered from fine particles 
on the upper side of a surface when light is incident at an angle greater 
than the critical angle on the lower side. 


14.19.—Various attempts have been made to study the distur- 
bance in the second medium. In one method, fine particles of carbon 
are deposited on the surface of a glass prism at which a beam of light 
is totally reflected (fig. 14.6). The particles, observed in a microscope, 
are seen to be illuminated. It is claimed that the light entering the 


* Reference 14,5, t Reference 14.6. 
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microscope is scattered from the “ radiation ” specified by equation 
14(69). The experiment has been criticized on the ground that the 
particles disturb the boundary conditions in their own neighbourhood, 
so that the reflection is not total reflection. Another type of experi- 
ment on the penetration of light into the second medium is more 
interesting, since quantitative measurements are possible. Newton 
observed that reflection is not quite complete when light is incident 
(at an angle greater than the critical angle) upon a thin film of the less 


Fig. 14.7,—Penetration of light incident at an angle greater than 
the critical angle through a thin film 


dense medium. A convenient apparatus is shown in fig. 14.7. If light 
is incident from the left, an observer looking from the right sees a 
bright central disc surrounded by a more faintly illuminated ring. 
The central disc corresponds to the area of contact, and the ring to a 
region where the thickness of the air is very small. The amount of 
light transmitted at a given thickness depends on the wavelength, 
and on the angle of incidence. Some transmitted light can be observed 
when two glass surfaces are separated by an air film 3A thick, or by 
a water film of over 5A thick. The flow of energy through the thin 
film has been studied theoretically by Eichenwald.* 


14.20.—No experiment can reveal the disturbance in the second medium 
without drawing energy. Thus the conditions at the boundary must be modified 
to some extent, and the theory given in § 14.16 does not apply exactly. It has been 
suggested that this implies that the disturbance in the second medium can never 
be observed. Nevertheless it is possible, in principle, to draw different small 
amounts of energy and to extrapolate from a small modification of the boundary 


* See p. 1587 of Reference 14.1, 
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conditions to no modification at all. This is essentially what is done when the 
transmission of light through thin films of different thicknesses is measured. It 
is also suggested that the disturbance in the second medium is not transverse, 
and is therefore not light and cannot be observed as light. This objection is 
based on a misunderstanding. Stationary light waves are not transverse in the 
ordinary sense, as is shown by the equations of § 14.14. The peculiarity of the 
disturbance in the second medium is entirely in the rapidity with which the 
amplitude decreases with z, so that there is no periodicity in the z direction. 
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CHAPTER XV 


The Electromagnetic Theory of Absorption 
and Dispersion 


15.1.—We have shown in Chapters XIII and XIV that the electro- 
magnetic theory can give a satisfactory account of the transmission of 
light in transparent media, and of the reflection and refraction of light 
at the boundaries of such media. No medium, except a vacuum, is 
perfectly transparent for any region of the spectrum and all material 
media show strong absorption in some region of the electromagnetic 
spectrum. For example, quartz, which is nearly transparent for the 
visible region, shows very strong selective absorption for certain wave- 
lengths in the infra-red. Absorption is a general property; the trans- 
parent medium is a limiting case. 


15.2.—Metals form one important class of absorbing media. Their 
absorption is so strong that no measurable amount of visible light is 
transmitted through a film of metal which is more than a few wave- 
lengths thick.* Our chief practical interest is not in the propagation 
of light in metals but in the associated strong reflection of light by 
metals. Metals have strong absorption for a wide range of wavelengths 
including all the visible spectrum, but they also have selective absorp- 
tion, and the colour of metals like gold and copper is due to selective 
absorption. Other metals show selective absorption for wavelengths 
outside the visible region. 


15.3.—Most insulating media have much lower absorption than 
metals in the visible part of the spectrum except for certain narrow 
regions of selective absorption. In these regions, insulating media may 
show absorption and reflection which are comparable with metallic 
absorption and reflection. Insulating media which are nearly trans- 
parent in the visible region begin to absorb at some wavelength in 
the ultra-violet, e.g. ordinary glasses begin to absorb at about 3500 IX. 
quartz begins to absorb strongly at about 1900 A. and fluorite at about 
1300 A. For most materials this general absorption increases to a 


* A film of aluminium one wavelength thick transmits less than 1 per cent of the 


light incident upon it. 
439 
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maximum * at about 1000 A. Below this wavelength the absorption 
shows a general tendency to decrease as the X-ray region is approached. 
Selective absorption of electromagnetic waves by insulating media is 
associated with wide variations in the refractive index and with 
anomalous dispersion. 


15.4.From the above general review of the experimental obser- 
vations, we see that the field is an extensive one. It becomes important 
to deal with the difficulties one by one, rather than all at once. For 
this reason we shall start with the theory of propagation of monochro- 
matic waves in an absorbing medium and shall omit dispersion— 
although later developments will reveal an intimate relation between 
absorption, dispersion and scattering. We begin by distinguishing, 
from the experimental side, between absorption and scattermg. Both 
these processes remove energy from a parallel beam of light. Scattering 
changes the direction of propagation but does not directly affect the 
amount of radiant energy. In true absorption the energy of the radia- 
tion decreases and usually the temperature of the medium is raised. 
This suggests that true absorption is associated with some kind of 
dissipative force. We are familiar with the dissipation of electrical 
energy in metals due to the resistance, and it is natural to relate the 
absorption of light to the resistivity of a metal. In insulators the pres- 
ence of dissipative forces is not so obvious. We assume that insulators 
contain elastically bound electrons. These electrons behave like simple 
harmonic oscillators except when they are subject to forces which are 
nearly in resonance with their natural periods. When this happens 
they behave like weakly damped oscillators, and a transformation of 
radiant energy into other forms occurs through the operation of the 
damping forces. The electromagnetic theory is thus able to describe 
the chief phenomena of dispersion and absorption of insulating media 
in terms of a theory of damped oscillators, but the calculation of the 
natural frequencies and the damping coefficients for the oscillators 
is not within the scope of the electromagnetic theory. 


15.5. Transmission of Light in an Absorbing Medium. 


Consider a parallel beam of monochromatic light propagated in 
the positive direction of z. Let L(z) be the relative energy and let L, 
be the value of L(z) when z = 0. We assume that the beam has entered 


* At this wavelength a film of cellophane one wavelength thick transmits about 
20 per cent of the incident radiation. 


rl It is also possible that the absorbed energy may cause chemical or electrical 
action. 
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the medium through a plane boundary perpendicular to the direction 
of propagation. Experimental observations on the transmission in a 
homogeneous medium which absorbs, but does not scatter, the light 
are summarized in Lambert’s law, which may be written 


WOH ke, ta 


The constant 2« is called the absorption coefficient. If A(z) is the 
amplitude of one of the vectors, then 


AZ) 7A eee Shnebe So pet WL LOZ) 
and ced) 0 ht gL O(3) 
dz 
a GORA) ery di al areewie rete ad 1510) 
dz 


The wave may be represented by the expression 
E, = Ay exp{—az + i(wt — xz)}. . . 15(5) 


It is convenient to introduce an auxiliary symbol x equal to «/x, so 
that 15(5) may be written 


E, = Ay exp i{wt — K(1—ix)jz}, . . . 15(6) 

ee E, = A, exp ico{¢ —"a— in)el, _. 15(7) 

where ore OO a8 15(8) 
(63) 


Equation 15(7) may be written in the form 
Dp Aya ict — - at, oe wee (9) 
where ili — 1) eee ee ee LOI 0) 


Equation 15(9) is formally similar to the expression for payors in a 
transparent medium and, for this reason, m is often called the com- 
plex index”. This name is a little unfortunate because, as is shown 
in Appendix XV A, the real part of m is only indirectly related to 
angles of refraction. We shall call x the extenction coefficient. 
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EXAMPLES [15(i)-15(iv)] 
15(i). Find the change in log A when the wave advances through a distance 
equal to one vacuum wavelength in an absorbing medium. [—2rnx. ] 
15(ii). Show by substitution that 15(9) satisfies the equation 
Gl. , Cky, Chae CL, 
da2 | Oy? | eat ok AR 


15(11) 


15(iii). Show that, in an absorbing medium, E and H are mutually perpen- 
dicular. [Follow the procedure of § 13.10.] 

15(iv). Show that, in an absorbing medium, H lags behind E by a phase angle 
y such that tan y =x. [Refer to § 13.10. If Eis directed along OX and H along 
OY, we have H, = nH, {see 13(33)}; using 15(10) we obtain the phase angle 
between the two vectors by writing H, = n(1 — ™)Z, = n(1 + x2)/2H ety). 


15.6. Reflection of Light by an Absorbing Medium. 


Consider a parallel beam of light incident from vacuum * on to 
the plane boundary of an absorbing medium. The boundary con- 
ditions stated in § 14.1 may be formally satisfied by a treatment similar 
to that used in §§ 14.2 and 14.3, i.e. we write 


Ey = Ayy exp iw {e eae (x sin 0, — z cos a), 15(12a) 
c 


Hi, =A, expr {¢ : (x sin 6, + 2 cos a), 15(126) 


Boy = Agy eXp tw {é — (x sin 6, — 2 cos é,)}. 15(12c) 
In order that equation 14(7) may be satisfied, it is necessary that 


3 Ive 
nM ay yh: Tee LOCI) 


and that A,,’, Ay,, etc., have the values obtained by substituting n 
for n in equations 14(34) to 14(42). The angle @, is complex except for 
normal incidence (@, = 0). It is shown in Appendix XV A that there 
is a real angle of refraction and that the theory gives a reasonable 
description of certain special properties of the refracted wave. For 
the present we assume that the value of sin 0, given by 15(13) may 


* Or from air, since the index of refraction for air at ordinary pressures is very 
near to unity. 
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be used in equation 14(34), etc., to calculate A,,’ and A,,’. We there- 
fore put 


1 
cos 0, = 7 /(n® — sin? 6,), pee B14) 


sin 6; 


and tan 0, = Ant ene) 


15(15) 


15.7. Reflection at Normal Incidence. 


The reflecting power (p) is defined to be the ratio of the reflected 

to the incident energy for normal incidence. Putting n for n in 14(39) 

or 14(40) (and remembering that the energy is the product of the com- 
plex amplitude with its conjugate) we have 

At Ain Ay 41, on mt — 1 


et eee ee Eo) need 
(n — 1)? + n?x? 


From 15(17) we see that, when nx is large compared with (n + 1), the 
reflecting power is nearly unity. Strong reflection at normal incidence 
is associated with strong absorption. This result is in agreement with 
experimental observations. Light which enters a metal is strongly 
absorbed but most of the light which is incident upon a metal surface 
is reflected. Substances like solid iodine, which absorb strongly, also 
show strong reflection and have a “ metallic appearance’”’. Mercury 
vapour strongly absorbs radiation of wavelength 2537 A. (§ 15.31). 
It also reflects this radiation very strongly. 


15(16) 


15(17) 


EXAMPLE 15(v) 


Show that the change of phase on reflection at normal incidence is given by 


—2nx 
n? —j1 + nx? 


tan 3, = 15(18) 


[To obtain the change of phase the complex quantity A,,’/A,, must be put 
in the form e” where y is real. The phase angle is tan~1y (see § 2.27).] 


Note that tan 5,, > 0 when x — 0, and also when x is large compared with 
unity. tan 5, = 0 is in agreement with either 5, = 0 or 5, =x. We have seen 
that when x = 0, 8,, is zero when n < 1, and m when n > 1 (see §§ 5.10 and 14.11). 
Using 14(39) directly and putting m = —inx, ie. neglecting n in comparison 
with nx, we see that when x > © , A,,’/A,, —> —1 and the phase difference is 7. 
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15.8. Reflection at Oblique Incidence. 

The amount and the state of polarization of the reflected light at 
oblique incidence may be calculated by putting m for n in 14(34) and 
14(36). The detailed calculation is very lengthy. The reader should 
consult the references at the end of this chapter * for details of the 
calculation and for certain approximate formule which are useful. 


2 


© 


Reflection Coefficient 


The following equations are valid when n? + n2x? is large compared 


with unity: 
— Ay’ Ayw'* _ (1 + x?) cos? 0, — 2n cos 0, + 1 
wala (vam 5 : , 15(19a) 
ae n*(1 + x?) cos? 0, + 2n cos 6, + 1 
Ay, Ay,'* __ n?(1 + x?) — 2n cos 6, + cos? 6 
P SS a 1 
3 A,,? n>(1 + x?) + 2n cos 6, + cos? 0,” ee 


Fig. 15.1 shows the way in which the ratios p,, and Py depend on the 


* See especially p. 1595 of Reference 15.1; Chapter VI of Reference 15.2; and 


p. 242 ff. of Reference 15.3. 


§ 15.10 PRINCIPAL ANGLE OF INCIDENCE 445 


angle of incidence when n = 1-5 and x = 1-00, i.e. for a typical strongly 
absorbing medium. This figure may be compared with fig. 14.3, which 
shows corresponding functions for a transparent medium. Both for 
transparent and for absorbing media the component of the electric 
vector reaches a minimum for one particular angle of incidence. This 
minimum is zero for transparent media but is not zero for absorbing 
media, i.e. there is no angle of incidence which gives complete polariza- 
tion by reflection. 


15.9.—When the incident light is plane-polarized, the light re- 
flected from an absorbing medium is elliptically polarized. We now 
consider the polarization with special reference to one particular 
condition of incidence which is of practical importance. We start with 
the exact formule and derive equations 15(20) to 15(24). The ap- 
proximation (n? ++ nx) >> sin? 0, is introduced to obtain the final result. 
Let a be the ratio of the amplitude of the component of the electric 
vector in the plane of incidence to the amplitude of the perpendicular 
component, and let 5 be the phase difference. Then from 14(34c) and 
14(35d) 
Aww ce Ai cos (8, ate cP) 


_=— : Be ee oo USO 
Ay Ay, cos (6, — 6) 


Now consider the case when the incident light is plane-polarized at 
45° to the plane of incidence so that A,, = A,,. We have 


og een coe (0, + 6) __ tan 6, tan 6, — 1 15(21) 
cos (0, — 9,) tan @, tan @, + 1 
tt a = tan 6, tan Oy ee ewe 15092) 
and, eliminating 6, with the aid of 15(15), 
l+ae® tan 0, sin 0, -.. 15(93) 


1—ae®  \/(n? — sin? 6,) 


This expression gives the amount and polarization of the reflected 
light when n and the angle of incidence are given. 


15.10. Principal Angle of Incidence. 


At normal incidence and at grazing incidence (ie. 6, = 0 and 
0, = 47) the angle § = 0 or a, and the reflected light is plane-polarized. 
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In general § has an arbitrary value. The reflected light is elliptically 
polarized and the axes of the ellipse have no special relation to the 
plane of incidence (fig. 15.2). There is, however, one angle of incidence 
for which 8 = 47. The reflected light is then elliptically polarized 
with one axis of the ellipse in the plane of incidence (fig. 15.3). This 
angle of incidence, which we shall denote by ©,, is called the principal 
angle of incidence. Since e” = 7% when 5 = 37, we have, from 15(23), 


L+i_ tan@,sn®, 45/24) 
l—ia +/(n® — sin? @,) 


15.11. Principal Azimuth. 


Whatever the angle of incidence, it is possible to change the ellip- 
tically polarized reflected light into plane-polarized light by inserting 
a crystal plate of suitable thickness and orientation. A procedure 
using the Babinet compensator described in § 12.33 is convenient. 
When this has been done, the plane of polarization of the reflected 
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ABSORBING MEDIUM 
Fig. 15.2.—Reflection of light at the boundary of an absorbing medium. The 


diagram on the right shows the ellipse of polarization as viewed by an observer 
who receives the reflected light. 


light may be determined with a Nicol prism. The angle between the 
plane of incidence and the plane of polarization of the reflected light 
(when compensated by introducing a phase difference —S8) is called 
the azimuth.* The principal azimuth (’) corresponds to the principal 
angle of incidence (figs. 15.2 and 15.3). Since, for this angle, § = 41, 
the compensator may be a quarter-wave plate with its slow direction 


* Some writers define the complementary angle (i.e. the angle between the plane of 
the electric vector and the plane of incidence) as the azimuth. 
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in the plane of incidence. We have, for incidence at the principal angle, 


Gi UALS sae ee oe ee eee 2D) 


For most cases of practical importance (n? + n2x2) >> sin? 6,. The 
denominator of 15(24) may then be put equal to m, and we fave 


tan ©, sn ©, =n bere Ny 
1—ztan YP 
, Y+isin? 
tan @, sin@, = n °° = ne’, 5 
: : cos ‘YW — isn ¥ Le) 
| 
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Fig. 15,3.—Reflection of light at the principal angle of incidence 


Since the quantity on the left is real, the imaginary part of the right- 
hand side must vanish, i.e. 


6 SS ee ey i ee bey) 


Inserting this value in 15(26) we obtain 


n cos 2°¥ + nsin 2 tan 2¥ = tan @, sin 0, 
1.€. n = tan @, sin ©, cos 2‘. ene 21 5(28) 


15.12. Comparison of Theory and Experiment. 


A convenient test of the agreement between theory and experi- 
ment is obtained by measuring the angles @, and ‘’, using 15(27) and 
15(28) to calculate m and x, and then using 15(17) to obtain p. The 
value so calculated may be compared with the results of direct measure- 
ments of p. Some experimental results are shown in Table 15.1 (p. 448). 
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TaBLE 15.1 
| p Cae 
Metal n x (calculated from | (direct measure- 
nm and x) ment) 
Copper 0-64 4-08 73-2 89-0 
Gold 0-366 7-70 85-1 88-2 
Nickel 179 1-86 62-0 65-9 
Platinum 2-06 2-06 70-1 66-3 
Silver 0-181 20-2 95:3 93-5 
Steel 2-41 1:38 57°5 58-4 


Lu 


The agreement of the last two columns is as good as can reasonably be 
expected. The observations of n and x are due to Drude,* who did 
not use a very precisely defined wavelength. The measurements of p 
are due to Hagen and Rubens ¢ who used a completely different set of 
specimens. The large discrepancy in the case of copper is due to the 
rapid change of reflection coefficient with wavelength in the region of 
the spectrum in which Drude’s measurements were made. Moreover, 
the optical properties of a metal depend to a considerable extent on 
the method of polishing which affects the arrangement of atoms in 
the surface layer. Exact agreement cannot therefore be expected. 


It is possible to measure x and n by experiments on thin metal films and metal 
prisms of very small angle. The measurements of m are not accurate and the 
properties of these thin films cannot be expected to be the same as those of the 
metal in bulk. It is therefore not possible to test the theory by comparing these 
values with those obtained in reflection measurements. 


EXAMPLE 15(vi) 


Show that when x approaches zero the principal angle approaches the polariz- 
ing (or Brewsterian) angle. 


[Do not use 15(26), which is valid only when (n? + n?x?) >>1. Use 15(24). If 
n is real a = 0 and the reflected light is plane-polarized in the plane of incidence. 
We then have n? — sin? ©, = tan? , sin? Q,, i.e. m = tan O,.] 


15.13. Optical Constants of Metals. 


Eventually we are going to consider a metal as an assembly of 
atoms and of free electrons. As a preliminary stage we now consider 
it as a continuous medium which has a conductivity which is large, 


* Reference 15.4. + Reference 15.5. 
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and a dielectric constant which is not very different from unity. We 
apply Maxwell’s method to this medium and show that the equations 
yield a complex index. We may then compare the calculated values of 
n and x with those obtained experimentally by the methods described 
in the preceding paragraphs. 


15.14.—Let us return to Maxwell’s equations 13(16) to 13(19) and 
write 13(19) in the form 


curl H = (fo+so\e Sr kw ORY 
c c Ot 
Hence V2E = le (722 f ;) E, 
C.0bN 6 c Ot 
OE 470 0E 
i.e. 2p < 15(30 
oh v aon t ot (30) 
Let us try the solution 
E, = A exptw (: ae :) ie See (ST) 
c 


We do not assume that n is necessarily complex but only that it may 
possibly be so. Differentiating 15(31) and substituting in 15(30), we 
obtain 


nt = (1-182), Pe ee 1552) 


The solution of the equations thus requires the complex index given 
by 15(32). Equating real and imaginary parts, we obtain 


n?(1 — x”) =e, eee LOS) 
pete RTA Fe I 15/33) 
(33) Cc 


where T is the period of vibration and A is the wavelength om vacuo, 
Hence Qn? = /(e2 + 407T?) +e, . . . 15(34a) 
| nex? = /(2 + 40°T?)—e. . . . 15(34) 


Multiplying these equations, we obtain 
nx = a©. See eee. -15(39) 
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When « is small compared with o7’, equations 15(34) reduce to 
n=nx=V(oT) . . - . ~ 15(86) 


If oT is large compared with unity, the reflecting power [equation 
15(17)] becomes 


2 Cc 
Pa (pean a ria ey ye — Re by 
ee / (oP) a Va se 


15.15.—The values of n and x calculated from the electrical con- 
stants do not even approximately agree with the results obtained by 
measurements made with visible light. For all the metals listed in 
Table 15.1 x is greater than 1. This would require « to be negative if 
15(33a) were correct. The variation of n?x with wavelength or from one 
metal to another is not at all in agreement with equation 15(330). 
These equations are based upon equations which are adequate at low 
frequencies and even at radio frequencies (10® cycles per second). 
They fail at optical frequencies (10! cycles per second). We shall 
later consider the optical problem in more detail. In the meantime 
it is interesting to see whether equations 15(33) to 15(37) are valid 
in the frequency range 10° cycles per second to 1-5 x 1014 cycles per 
second, i.e. in the infra-red. 


15.16.—Measurements of the reflecting powers of metals in the 
range 1:5 X 10 to about 10% cycles per second (ie. A=2p to 
about 30 4) were made by Hagen and Rubens* and other workers. 
These experiments show that the reflecting power of most metals 
increases rapidly with wavelength and approaches the value given by 
15(37). The reflecting powers of most metals are so high that direct 
measurements are not suitable for revealing the difference between 
one metal and another, nor for investigating the variation of 
reflecting power with temperature. It is more accurate to measure 
the emissivity H which, according to Kirchhoft’s law, is related to the 
reflecting power by the equation 


A 
Be pe eels 


where A is the energy emitted by the metal surface and B is the energy 
emitted by an equal area of a black body at the same temperature, 


* Reference 15.6, 
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The apparatus is shown in fig. 15.4. A narrow range of frequency is 
selected by passing the radiation from the body B through an aper- 
ture and then reflecting it three times from the fluorite surfaces F,, 
,, F;. The reflection of fluorite is small except for a few narrow regions 


Fig. 15.4 


of the spectrum and only one of these (a region near 25-5 y) has appre- 
ciable energy after three reflections. This radiation is focused by the 
metal mirror (M) on to the thermopile (T). Radiation is obtained 
either (a) from a small hole in the side of the furnace, which gives 
black-body radiation, or (6) from a piece of metal placed in the furnace. 
The ratio gives an accurate value * of H. 


15.17.—The results of these measurements are shown in Table 15.2. 
Equation 15(37) predicts that the product (1 — p)\/o should be con- 
stant. The last column of the Table shows that this law is obeyed 
to a good approximation by many metals. Bismuth is a striking 
exception. The mean value of the constant { for the metals listed 
(excluding bismuth) is 6-96 x 10° The value calculated from 15(37) 
for A =.25-5 » is 6-86 x 108. The variation of reflecting power with 
temperature agrees satisfactorily with that calculated from the varia- 
tion of conductivity. The results of measurements at different 


* We have described these experiments because of their great historical importance. 
For a discussion of the technique of modern methods of infra-red measurements, the 
reader should consult Reference 15.6. The theory of the reflection from crystals like 
fluorite will be discussed in § 15.32, 


+ When ¢ is in e,3,u, 
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TaBLE 15.2 


(1—p) for temperature 170° C. and 
wavelength 25-5 pu 
Metal (1—p)o4 


Calculated from 
Observed 15(37) 


Silver 1-13 x 107 1-15 x 10 6:71 x 10° 
Copper 117 1-27 6-19 
Gold 1-56 1-39 7-69 
Aluminium 1-97 1-60 8-46 
Zine 2:27 2-27 6-87 
Cadmium 2-55 2-53 6-92 


Platinum 2-82 2:96 6-53 
Nickel 3-20 3-16 6-96 
Tin 3-27 3-23 6-95 
Steel 3°66 3-99 6-28 
Mercury 7-66 7:55 6-96 
Bismuth 25-6 10-09 17-4 


wavelengths are shown in Table 15.3, which gives the mean observed 
values of the constant and the calculated values, 


TABLE 15.3 


VALUES OF (1 — p)Vc X 10-5 


A 4p 8 yu 12 25-5 p 
Observed mean value 18-4 12-3 10-4 6:96 
Calculated from 15(37) 17:3 12-2 9-96 6°86 


The agreement is very good down to a wavelength of 8. It is less 
good at 4m and rapidly becomes worse as the optical region is 
approached. The general results of these experiments show that the 
Maxwell theory in its simplest form is adequate up to frequencies of 
the order 6 x 10 cycles per second (i.e. down to wavelengths of 
about 5 p). 


15.18. Dispersion Theory. Dielectric Media. 


We shall now derive equations giving the variation of m with 
frequency for dielectric media, We shall find that, in general, n is 
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complex and that both the real and the imaginary parts are functions 
of the frequency. There is, in general, absorption which varies with the 
frequency and reaches very high values, sometimes comparable with 
metallic absorption, at the centres of absorption lines. Apart from 
these narrow ranges of frequency, the absorption of dielectrics is very 
much less than that of metals. Even substances like coal, which we 
call “ opaque’, appear nearly transparent when in slices 10 p to 50 u 
thick,* although, as we have seen above, metallic films 1 pz thick trans- 
mit less than 1 per cent of the incident light. The absorption of 
pure water in the visible region is so small that layers several metres 
thick have to be used to obtain accurate measurements of absorption. 


15.19.—The fundamental problem in calculating n is to obtain the 
relation between the polarization of the dielectric and the electric 
vector of the incident light wave, i.e. we want P/H as a function of w. 
The value of P/E is connected with « and n by the equation 


dn =e 1=m—1. Se ES) 


In accordance with the discussion of § 2.27, we shall interpret the com- 
plex ratio of P/# as indicating a phase difference between the vectors. 
In the molecular theory of dielectrics, the polarization field is regarded 
as the resultant field of a large number of dipoles. The local field is 
assumed to vary rapidly over distances comparable with the inter- 
molecular distance. P gives an average value of the molecular field, 
the average being taken over a volume which is large enough to con- 
tain many molecules, but small in comparison with smallest 
specimens for which we measure « or any similar property. In our 
present calculation, it is important that a volume (0-1)? is in fact 
large enough to contain many molecules. The vector E does not vary 
much over a distance comparable with the intermolecular distance, 
and we are justified in using an average value of P in equation 15(39) 
to calculate « and n. In calculating the force acting on a single 
electron, we are concerned with the local force due to the molecular 
dipoles, which we shall denote by X. 


15.20.—Suppose that there are Vf oscillators per unit volume and 
that each one may be represented by an electron which is controlled 
by an elastic restoring force and a small damping force. The latter is 


* Slices of this thickness are used for microscopic examination of the structure of 


coal. 
+ § 13,6 and equation 13(156), 
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assumed to be proportional to the velocity. The equation of motion 


is 
mr + gt + kr = Xe + Ee. . . . 15(40) 


m is the electronic mass and e is the charge, g and & are constants 
whose values should—eventually—be calculated from molecular 
theory, r is the displacement from a mean position. We may divide 
the field X (due to the dipoles) into two parts: (a) the contribution 
due to the dipoles in a small sphere (whose radius is of the order 0-1A) 
surrounding the electron, and (6) the contribution due to the rest of 
the medium. The electric force E, and hence the strengths of the 
induced dipoles, do not vary appreciably over the sphere. In an iso- 
tropic medium the dipoles in the sphere are arranged so that their 
field at the centre is zero.* The field due to the material outside the 
sphere may be shown f to be (477/3)P. This force may be regarded as 
due to surface charges on the cavity left when the sphere is removed. 
In an isotropic medium E, P, X and the displacement r are all in the 
same direction. We may therefore use the magnitudes of the vectors 
and rewrite equation 15(40) 


mi + gh + br = (B+ Pe, . . 15(41) 


The introduction of the term (47/3)P instead of P is known as the 
Lorentz-Lorenz correction after H. A. Lorentz and L. Lorenz. 

15.21.—Consider first the free motion of the electron oscillator in 
the absence of a field. Putting H (and therefore P) equal to zero, we 
obtain an equation whose solution is 


r = 1 exp (—4y7t + taf), S, See LOtac] 
k 2 
where ae and z= — — As eee 2 
a Wo ae pee 15(43) 


When the damping is small, we may put w,2 = k/m, ie. we assume 
that the free period is equal to that of an undamped oscillator. Using 
these constants, 15(41) may be written 


ft yi tole (B+ P)e _ . 18(44) 


m 


_ *In an amorphous medium the molecules are arranged perfectly irregularly, and 
in a ye areal Bat ae ae symmetrically about the central point. In either 
case the resultant field at the centre is zero provided B does not va: i 

one side to the other. e - ‘ Pg kotie Eas 


t See p. 270 of Reference 15,7, 
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Now the polarization P is equal to the dipole moment per unit volume, 
so that * 

Pa NCP ene A ss 15(45) 
Multiplying each side of 15(44) by We and using 15(45), we obtain 
pes é 


Pel yP 0 2P = (z+* asp 15(46) 


We assume that P has the same aa as EH, but not necessarily 
the same phase, and write 
E= koe, et eer ee LOST) 
De Ree eee et ee et 1S) 
where « is a constant which is in general complex. Substituting from 
15(47) and 15(48) in 15(46), we obtain 
a(—w? + tyw + w,2) = wee +4 eiteae = a), . 15(49) 


and hence, using 15(39), 


2 
ee ee : . 15(50) 
EH m a a 477 Neer 
Wo" — w mes — + tyw 


From 15(50) we obtain 
mn — 1 4na = 4a VW 1 


=. = DI 
mt2 47«+3 3° Mm w2— w+ ww en 


15.22.—Now consider a medium containing in unit volume N mole- 
cules each with f, oscillators whose constants are w, and y,, f, whose 
constants are w. and yj, and so on. Then P in 15(45) is now equal to 


Zi fia, where P, = Nef,r, =a,H,e . . . . 15(52a) 
and oe SIO pees So ee oe a IRD 
On the left of 15(44) r is replaced by r,, but P (not P,) remains on the 


right because the polarization due to all types of oscillators acts on any 
one electron. Equation ran is replaced by 


C, = Nef it is = a Js ts 
m w, — w? + ty,w 
Summing the effects of all oscillators we obtain, instead of 15(51), 
2 2 
EP oh a aah ae 15 (55) 
m+ 2 3 m 5 w2— w+ ww 
* See p. 267 of Reference 15.7. 
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Let us define a new constant given by 


‘C22 ee 


m—l=47r-— > mi Reh a: 


Note that w,’ appears in 15(55) and w, in 15(53). The following ex- 
pression for the dielectric constant (measured with static or slowly 
varying fields) is obtained by putting w = 0 in 15(55): 


15(56) 


On classical theory we should expect the f’s to be integers, but it is 
found that the values which have to be inserted in 15(55) in order to 
agree with experiment are nearly always less than unity, and are some- 
times small compared with unity (see Table 18.1, p. 601). This requires 
a change in the interpretation of the f’s. We now take the electron 
oscillator considered in §§ 15.18-21 as an oscillator of unit strength. 
Each molecuk is then regarded as containing one oscillator of strength 
fi, one of strength f, and so on. The strength of an oscillator is pro- 
portional to its dipole moment (see Appendix XIII B, p. 413). 


This change of interpretation makes no difference to the equations of dis- 
persion [15(58) etc.] because f, and NV enter only as the product Nf,. In the theory 
of scattering (§§ 15.41-46) the actual number of oscillators is important, and it 
is necessary to assume one oscillator of each type per molecule in order to obtain 
formule in agreement with experiment. The concept of an oscillator whose 
strength is expressed as a fraction of the strength of the classical theory oscillator 
plays an important part in the discussion of the relation between the classical and 
quantum theories of dispersion. It affects also a group of related problems, in- 
cluding the emission, absorption, and scattering of light. 


15.23.—Equation 15(55) may be regarded as the fundamental equation of 
classical dispersion theory. Slightly different forms are obtained by inserting 
approximations, or by minor changes in the basic assumptions. Some writers 
assume that the internal field is equal to 4xaP, where a is a constant. They usually 
put a = } at the end of the calculation and we have preferred to use this value 
from the beginning. In classical electromagnetic theory an accelerated electron 
emits radiation and suffers a damping force corresponding to the loss of energy. 
It is thus possible to calculate a value of y for an oscillator whose natural period 
is , (see Appendix XIII B). It is found that 


2x 
Y= > 5 Ot ee nen es ate 
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The values of y derived from this formula do not agree with those derived from 
absorption measurements. The classical radiation damping force is thus inade- 
quate to account for the observations. The calculation of the frequencies and of 
the damping constants by quantum mechanics is discussed in Chapter XIX. 


15.24. Dispersion in Regions of Small Absorption. 


Let us consider the dispersion in regions of the spectrum for which 
the magnitude of w, — w? is large compared with y,w. Then the 
absorption may be neglected and the real index is given by modifying 
15(55). We have 


Pes te ME Seat ee ear 


> 
mM 3 w,2%— w 


and this equation may be written 


Ne fr,” 


2 15(59 
n 1 ap rae x Nae 2 ( ) 
2 
where NY as 
Ws 
2 
If we put a, = ae Nemo ee a1 (G0) 
72m 
; a,r2 
we obtain nt =1 + ~ vat 15(61) 


This is known as Sellmeier’s dispersion formula. It may be written 


9 Cs 
n> => Cy + * eae: . . ’ . 15(62) 
where 6% =1+ b4,, 
Coa. 


15.25. Dispersion of Gases in Regions remote from Absorption Lines. 


For a gas W is small enough to make w,’ nearly equal to , and, when n is 
only a little greater than 1, we may put n? —1= 2(n — 1). Then 15(58) reduces 
to ; 

pcs Sy oe 7 oat, 16(68) 


Py wee 
3 Ws ® 


indicating that, at low pressures, the refractivity for a given gas should be pro- 
portional to N, i.e. to the density. This result is confirmed by experiment. It 
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has also been shown that for the rare gases, the empirical dispersion curve is 
fitted by equation 15(63) if only one term is used. This would appear to indicate 
that only one type of oscillator is concerned, and we should then expect that the 
value of 2, found experimentally would agree with the value obtained from the 
wavelength of some dominant line in the spectrum. It is found, however, that 
the wavelengths of all the lines in the principal series are greater than the value 
indicated by the dispersion formula. This discrepancy finds no immediate ex- 
planation in the classical dispersion theory.* As would be expected, the value of 
n? — 1 obtained by putting w = 0 in the dispersion formula agrees well with the 
experimental value of « — 1. 


15.26. Molecular Refractivity. 
Let us now return to equation 15(53) and insert the value 
NasiN, oe 1a, eee eam od 
on (64) 


where N, is Avogadro’s number (6-02 x 1075), M is the molecular weight 
and p the density. For a region where the absorption may be neglected 
the “ molecular refractivity ”’ [n] is given by 

dpe | Caos the 
n2 +2 p 3. m 3 w3.2%—w 


[n] = 15(65) 


From 15(65) we should expect that the refractivity of a mixture of 
substances which do not interact would be given by the formula 


nm—1A n?—1A, , n?—1A, 
= bed, I TOGE 
m+2p m+ 2 py fone ae ee 


where A grammes is the mass of a mixture which contains A, grammes 
of a substance whose density is p, and whose index is n,, etc. This rule 
is confirmed by many experimental results. When a substance is 
formed by the combination of atoms, molecules, or molecular ions, it 
is reasonable to expect a dispersion formula containing terms derived 
from the constituents and some extra terms which belong to the elec- 
trons which form the lmkage. This second rather more vague rule is 
also confirmed, and it is found that in certain groups of organic com- 
pounds the refractivity can be calculated by assigning a refractivity 
to a given type of bond and adding this to the contributions derived 
from the components.t There are other classes of compounds in which 


* See §19.11 for the quantum theory discussion of this matter. 
+ Reference 15.8. 
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the rearrangement of electrons resulting from the combination has 
modified the structure of the units so much that little trace of the 
original refractivities remains. 


15.27. Region of Absorption. 
To deal with a region near to one of the natural frequencies of the 

oscillators we return to equation 15(55) and write it in the form 

Ne ie 


nm =n? + 40 5, 
we? — wo? + ty 


15(67) 


In writing this equation we assume that the oscillators other than the 
sth oscillator contribute nothing to the absorption and a constant 
amount to the real part of the complex index. This real part is in- 
cluded in m). An expression of this type may be expected to hold for 
a narrow range of frequency near the frequency of the sth oscillator. 
Such a formula is useful in dealing with the typical narrow absorption 
lines of vapours like sodium or mercury at low pressure. For small 
ranges round w,’ we may put 


w,2 — w? = 2w,/(w,’ — w) 
and 15(67) then becomes 
pe es _ . 15(68) 


since w is approximately equal to w,’. 
Equating real and imaginary parts we obtain 


QNe* Isy 
ras ss ,  15(69a 
a mw, 4(w,, — w)? + 2 ee 
n? — nx? — m2 = SN aac eae 15(696) 


Mw. 4(w, oa w)? = ye 


If (n — m)) and nx are both small compared with vo, the left-hand side 
of 15(69b) is approximately equal to 2n)(n — 9) and we have 


TNC ome fe anerh ) ee 21570) 
nymw, 4(w,) — w)? + ys 


(Phy = 


In fig. 15.5 we show the variation of » and of nx with w for the case 
when w,/ = 7-4 X 10% sec.-1; ys = 3:5 X 1041 gec.-! and N,f, = 


9-2 x 1016 cm.->_ We see that m varies between 1-03 and 0:97. This 
(G 577) 
16 
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is typical for a region of absorption in a gas at fairly low pressure.* 
In the figure we show the variation of nx although 15(69a) gives n?x. 
Since n varies very little, the variation of nx is nearly all due to varia- 
tion of x, and there is little difference between nx and n?x. Note that 
in the region of absorption n decreases as w increases. This is the 
so-called “anomalous” dispersion. The absorption coefficient 2« 
(§ 15.5) is equal to 2wnx/c, i.e. we have 


2 
ls ana Says RS Oia 
mena, 4(w,’ — w)? + y," 
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Fig. 15.5.—Variation of m and nx in the region of a weak absorption line 


Under many conditions of practical importance the line is so narrow 
that we may put w = w,’ in the numerator, and so weak that we may 
put = 1] in the denominator; thus we obtain 


(8a), fre Ne 15(72) 
meoy, 
oo 2 
and fade = | 150730) 
mC 


Note that limits 0 to co for w imply effective limits —oo to oo for 
w, — w since w,/y, is large. 
= Ne*f, 
i) oa dy Sls a ee Mayan 
mec 
; 15.28.—The maximum absorption is directly proportional to f, and 
inversely to y,, and the half-width is equal to y,. The integral is 


* In the regions remote from absorption lines, the indices of gases differ from unity 
by only a few parts in a thousand at one atmosphere pressure. 
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independent of y, and proportional to f,. The conditions stated above 
for the validity of 15(70) imply that 15(71) and 15(72) are valid only in 
relation to weak absorption lines. For strong lines more complicated 
formule are derived by solving 15(67) to a higher degree of approxi- 
mation. The absorption maximum does not then coincide exactly 
with w,’. Neither (n—m) nor nx are symmetrical functions of 
(w,’ — w) when the absorption is very strong. 


15.29. Measurement of the f-value. 


The determination of the value of f, associated with a given natural 
frequency is now of considerable theoretical interest (§ 17.40). If the 
absorption coefficient of a gas or vapour at known pressure can be 
measured as a function of the wavelength, it is possible to calculate 
f, from 15(73). In practice, absorption lines are broadened by the 
Doppler effect and by collisions (§ 4.25). When only the Doppler effect 
is operative the absorption is the same as that which would be given 
by a number of stationary atoms having slightly different values of 
w, but the same value of f,. The integrated absorption coefficient for 
each of these atoms is the same, and therefore the value of f, calcu- 
lated by taking the integrated absorption coefficient for the broadened 
line is the same as that given by any one of the narrow lines. Investi- 
gation has shown that broadening of the 2537 A. line of mercury by 
collisions with inactive gases (such as argon) has the same effect as an 
increase of y, when the pressure is fairly low (up to about a quarter of 
an atmosphere). When the pressure is increased to several atmo- 
spheres the value of f, is increased by a few per cent. Measurements 
on the absorption of lines subject to pressure broadening may be used 


to give the value of f, by measuring i 2«dv for different pressures 
and extrapolating to zero pressure. ; 


15.30.—Measurements on the dispersion for wavelengths near to 
the region of strong absorption may also be used to derive f-values. 
The most elegant and accurate method is the “hook” method of 
Roschdestvenski.* A Jamin interferometer is used and the fringes 
are projected to the slit of a spectrograph so that in the absence of 
the compensating plate the spectrum appears as shown in fig. 15.6a. 
With a suitably adjusted plate, the appearance is that of fig. 15.60. 
The f-value can be calculated from a measurement of the difference 
between the wavelengths at the loops of the hook. 


* Reference 15.9. 
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We assume that the hooks occur at points sufficiently far from the centre of 
the absorption line to make 15(59) rather than 15(70) the appropriate approxi- 
mation for the refractive index, but sufficiently near to enable us to use only one 
term in the summation on the right-hand side of 15(59). This latter assumption 
is not justified when absorption lines are fairly close together, e.g. in the D lines 
of sodium. It is then necessary to make a correction to the formula given below 
[equation 15(75)]. Neglecting this correction we derive from 15(59) 


IN Gp TEI 
al 2 4, oe ee lb(74 
2 mce2m 22 — 2,7 a 


2 43 
and hence n—l1= ae , fads ; So eee eee OLD) 
4nc?m 2 — 2,’ 
Let J be the length of the column of gas, and let /’ and n’ be the thickness and 
refractive index of the compensating plate. Each fringe corresponds to a definite 
phase difference between the two beams, i.e. to a definite order of interference. 


\ 


Fig. 15,6.—Appearance of fringes (a) without compensating plate, (b) with 
compensating plate suitably adjusted. The two sodium D lines are shown 


Consider the fringe of order k. The path difference is made up of three parts: 
(i) a part (n — 1)I due to the gas, (ii) a part (n’ — 1)l’ due to the compensator, 
and (iii) a part due to inequalities in the end-plates of the tubes and the blocks in 
which the reflections occur. In the absence of the gas and the compensator, the 
fringes are uniformly spaced along the slit. We may therefore take the distance 
(y) along the slit (at a given place in the spectrum) to be proportional to (iii) 
We may therefore write 


cy —(n—1l+(n’-1V =k... ©. 15(76) 
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Usually the value of y corresponding to zero path difference (in the absence of the 
gas and the compensator) is off the slit, but this does not matter since we are 
concerned only with differences of y. The loops of the hooks are points at which 
y is a maximum or a minimum. From 15(76) we may find dy/dd and hence the 
values of ) corresponding to the loops. Calling these values A, and A_, we have 


_ nme? Kid, — 2»)? 
IMEI 1 
dn’ 


where RG eee ee Oe ee et ee (78) 
dr 


fs y Bo ee Ure 


In deriving 15(77) we assume that dn’/dd is constant over the region between the 


loops. K is found by removing the gas. The positions of the fringes are then given 
b 
z, INE =A Hs oe ED) 


and, if y is kept fixed, & and 4 vary in such a way that 


K AX = —2AL, or K= 2% Se eee 580) 


K is thus obtained by counting the number of fringes (crossing a horizontal line 
placed over the spectrum) in a given wavelength interval. 


15.31. Absorption in Liquids and Solids. 


Molecules in a liquid are continually in collision with their neigh- 
bours. We should therefore expect their absorption and dispersion to 
be similar to that produced by gas molecules at very high pressure, 
ie. we should expect the absorption lines to be very much broadened 
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and the dispersion curve to be affected in a similar way. The absorp- 
tion and dispersion curves given by liquids may be regarded as due to 
a pronounced distortion of a series of absorption “lines” which are 
broadened so that they overlap. Coloured glasses and similar amor- 
phous solids may usually be regarded as supercooled solutions of 
materials which absorb light. The absorption is due to molecules 
which are placed at varying distances from, and are therefore subject 
to varying amounts of distortion by, their neighbours. Similar effects 
are obtained with crystalline solids (fig. 15.7). In these solids the atoms 
are placed at regular distances from one another and there arises the 
possibility of another effect, i.e. sharply defined regions of absorption, 
characteristic of certain groupings. The most interesting absorption 
of this type usually occurs in the infra-red region of the spectrum. 


15.32. The ‘* Reststrahlen ”’. 


We have seen from §15.7 and equation 15(17) that a high absorption 
coefficient should imply a strong reflecting power. This effect has been shown to 
exist in gases by R. W. Wood, who found that mercury vapour strongly reflects 
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light of wavelength 2537 A., corresponding to the centre of an absorption line. It 
has also been found with certain strongly absorbing dyestuffs, e.g. fuchsin. For 
crystals, the phenomenon has been investigated in detail by Rubens and Nichols 
and later by other workers.* A typical reflection curve is shown in fig. 15.8. The 


* Reference 15.2. 
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material has a very high reflection coefficient for certain sharply defined spectral 
regions. By using thin plates and thin films it is possible to show that for some 
of these regions the absorption and dispersion are related to the reflection in the 
way predicted by theory. In other regions the absorption is so high that it is diffi- 
cult to measure the dispersion, though the resonance frequency may be determined 
by the reflection measurements. The relation. between the resonant frequencies 
and the molecular structure will be considered later. The selective reflection 
may be employed to isolate radiation of certain frequencies, using the arrange- 
ment shown in fig. 15.4. The residual rays or reststrahlen produced by three or 
four successive reflections from the same kind of crystal contain a small number 
of well-defined frequencies. One of these may be separated from the others by 
passing the reflected radiation through an appropriate filter. 


15.33. Dispersion Formule for Metals. 


In §§ 15.13 to 15.17 we obtained formule giving the complex index 
for a meta] as a function of the circular frequency. The metal was 
regarded as a continuous medium with a dielectric constant («) and 
a conductivity (c). The formule obtained agree with experimental 
measurements of the reflecting power of metals in the infra-red, but 
are not in good agreement with measurements of n and x in the visible 
region of the spectrum. We shall now discuss attempts to improve the 
theory by introducing the concept of the metal as an assembly of 
atoms which are fixed, and of electrons which move freely between 
the atoms. This idea was developed soon after the discovery of the 
electron by Lorentz, Drude and others. Let us first consider it in its 
application to the conduction of electricity for steady fields. Suppose 
that there are N atoms per unit volume and f, free electrons per 
atom. We shall expect f, to be of the order of magnitude of unity. 
In the aksence of an applied field, the electrons have random motions. 
When a field (Z) is applied, each free electron has an acceleration He/m. 
A drift velocity is superposed on the random motion. The extra 
velocity of a particular electron increases until it makes a collision 
with an atom. A collision destroys the extra component of velocity 
in the direction of the field and restores random motion. If the time 
between collisions is 27, then the velocity component (due to the field) 
is 27He/m immediately before a collision. The time-average velocity is 
tEe/m. The current is Nf,e times this velocity, i.e. it is Nf.e27E /m. 
Thus the theory predicts that the current should be proportional to 
the field and gives for the constant of proportionality 


_ current _ Nf,e*r ee (21) 


field m 
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The constant 7 is called the relaxation time. It is reasonable to expect 
that when the period (7) of an incident electromagnetic wave is large 
compared with 7, the collisions will have the same effect as for a steady 
field, i.e. the effective conductivity will be the same as for a steady 
field. We therefore expect 15(81) to be valid at low frequencies but to 
fail when 7’ is of the same order as 7 or is less than r. 


15.34.—Let us now approach the problem in a rather different 
way. We regard the metal as an assembly of electrons, some elastically 
bound like the electrons in insulators and some which are free. We 
apply the theory of dielectric dispersion to the bound electrons and 
include the free electrons by introducing a term corresponding to 
electrons whose “natural frequency” is zero. We also make one 
important change. We assume * that, owing to the presence of the 
free electrons, the local field in a metal is effectively the same as E 
instead of being equal to [# + (47/3)P]. Equation 15(50) becomes, 
on substituting Nf, for S, 


__ 4nN fe" 1 


n?—] : 
m vw — w 


15(82) 


when we consider only the free electrons. The term (47/3) (We?/m) in 
the denominator has disappeared because we make the local field 
equal to H. The complete equation contains terms due to free elec- 
trons and terms due to bound electrons, i.e. we have 


m1 =e) Se +5-,4 |. 15(83) 


m tyw — w? & — w+ iw 


15.35,—Let us now consider the dispersion at low frequencies and, 
for the present, neglect the effect of bound electrons. When w is small 
compared with y,, equation 15(82) becomes 
__ 4nNfe? 

imy,w 


n— 1 15(84a) 


Also when we put « = 1 (in accordance with our decision to neglect 
the effect of bound electrons) in 15(32), we obtain 


Ne RS 


* This assumption is not accepted by all writers but its discussion i i 
baie oh anon y ussion is outside the 
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We note that these two equations agree if 


Nfe 
ele ’ ee, eee en LD(85) 
mo 


or, using 15(81), if 

i 

lem 15(86) 

To understand this relation, we observe that the dispersion theory 
introduces an undetermined damping constant y, to represent some 
dissipative action whose nature is unknown. In the discussion leading 
to 15(81) we assume that the relation between current and field is 
the same as that for steady fields. We know that under these condi- 
tions the resistance of the metal gives rise to the Joule heating effect. 
Equations 15(84a) and 15(845) imply that if we give y, a certain value, 
then the dissipation of energy at low frequencies will be cH?, i.e. our 
dispersion theory will, in the limit of low frequency, agree with 
ordinary equations—including the Joule heating effect. The correct 
value satisfies 15(85). In the simple electron theory of metallic con- 
duction, the collisions of electrons with atoms is the method by which 
electrical energy is changed into heat. In order that the rate of change 
of electrical energy into heat may agree with the observed rate, 7 
must have the value given in 15(81), and hence the relation between 
7 and y, is that given by 15(86). 


15.36.—In the preceding paragraph we applied the dispersion 
equation 15(82) to very low frequencies in order to discover what 
relation must be satisfied in order that it may agree with observations 
at these frequencies. Let us now consider the other extreme case and 
assume that, for certain high frequencies, y, (= 1/7) may be neglected 
in comparison with w, i.e. we assume that the period of the incident 
wave is so short that the electrons make enormous numbers of vibra- 
tions to and fro between collisions. In the limit, none of the energy 
of the high-frequency field is transformed into heat. We cannot expect 
this very simple picture to give exactly correct results under any con- 
ditions, but it does give one very important prediction which is in 
accord with observations. If we put y, = 0 in 15(82), we obtain 


peste eee een 15 (37) 


mu" 


15.37.—According to this equation, there should be a transition 


wavelength for which m=0. For shorter wavelengths n is real but 
16* (Gc 577) 
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less than unity. The metal is transparent and 7 is less than unity, so 
total reflection occurs for angles of incidence above a certain critical 
angle. On the long wavelength side of the transition wavelength, n 
is a pure imaginary. No periodic wave can be propagated in the metal. 
The disturbance dies away exponentially from the boundary. The 
radiation is totally reflected at all angles of incidence, including normal 


METAL 


(2) 


(b) 


Fig. 15.9.—Reflection of light incident normally upon a metal surface 


(a) shows the displacement at a certain moment (full line) and at half a period later 
(dotted line). (6) shows the variation of energy 


incidence (fig. 15.9, and compare fig. 14.5). The reflection coefficient 
for normal incidence changes suddenly from nearly zero to unity at 
the transition wavelength. This extreme transition is not observed, 
but a very sudden change is obtained with the alkali metals (fig. 15.10). 
Table 15.4 shows the relation between the critical wavelengths ob- 
served and the values calculated from 15(87), assuming that f, = 1. 


TABLE 15.4 


Metal Cs Rb K Na Li 


| 


>» in A. (obs.) | 4400 3600 3150 2100 2050 
%» in A. (cal.) 3600 | 3200 | 2900 | 2100 1500 
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These wavelengths are far removed from those at which 15(37) and 
15(84) are valid. 


1-0 
0-8 
0-6 


0-4 POTASSIUM 


(A = 3300 A) 


0-2 


Reflection Coefficient 


Fig. 15.10 


EXAMPLE 15(vii) 


Calculate the values of f, which correspond to the observed values of transition 
wavelength given in Table 15.4. 
[0-68 for Cs: 0-79 for Rb: 0-85 for K: 1-00 for Na: 0.54 for Li. Note that 
these values are all of order unity.*] 


15.38.—In § 15.35 we derived an approximation to 15(82) which 
is valid at very long wavelengths, and in §§ 15.36 and 15.37 we derived 
another approximation which should apply at very short wavelengths. 
Let us now return to the original equation 15(82) and insert 1/7 for 


ye to obtain 
m—l= (2M) / (: = o} . , Hes) 


Mw Ts 
Or, separating rea] and imaginary parts, 
2 =! 
Pel be) == ee BEN G ae +) -. 15(89a) 
m GES 


MOT Tae 


 U G ay ae .. 15(89B) 


* This calculation takes no account of the effect of polarization of the atomic cores. 
When this is allowed for (see p. 122 of Reference 15.10) the values of fe become: 0:85 
for Cs: 0-94 for Rb: 0-97 for K: 1-1 for Na: 0-55 for Li. 
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EXAMPLES [15(viii) and 15(ix)] 
15(viii). Show that, if %) is the transition wavelength defined in §15.37, then 
nl — x)= 1—(Af  « « > & = 18(00a) 
23 
20 a eee Lb(900) 
2WcT A? 
is an approximation to 15(89). Under what conditions is this approximation 


valid ? 

[It is valid when we neglect y,? in comparison with w*. Note that this is a 
less drastic assumption than that used in § 15.36 where we put y, = 0 at the be- 
ginning, i.e. this approximation should be valid at moderately short wavelengths. ] 


15(ix). If 4, is the wavelength for which w = 2x/t = 2ry,, calculate A, for 
(a) silver at 0°C., (6) platinum at 0°C., (c) platinum at 1000°C. Take VN = 
1-475 x 10% ando = 6:13 x 101? for Ag; N = 1-667 x 10% and co = 0-821 x 101” 
for Pt at 0°C., and N = 1-534 x 1022 and co = 0-191 x 101” for Pt at 1000°C. 
Take f, = 1 for all cases. co is givenine.s.u. [(a) 49u, (b) 5-8y, (c) 15y.] 


15.39.—Equation 15(89) is the exact formula for the contribution 
of free electrons to metallic absorption and dispersion. It represents 
the observed results for mercury in the visible spectrum very well 


3000 4000 5000 6000 7000 
WAVELENGTH — & 


Fig. 15.11.—Absorption data for liquid mercury. Full lines calculated 
from equation 15(89). Points represent experimental results 


(fig. 15.11). For most other metals the absorption calculated from 
15(89) is considerably smaller than the observed values. Also the 
variation with temperature is not in accord with the temperature 
coefficient of o. This suggests that the main absorption in the visible 
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region by metals like silver and copper is due to bound electrons. It 
has been found possible to represent the observations for most metals 
by means of equation 15(83), taking four terms in the summation term 
as well as a term for free electrons. This gives three adjustable con- 
stants (f;, w, and y,) for each bound electron, and two for the free 
electrons, i.e. 14 constants in all to be adjusted for each metal. It 
is not surprising that a fair agreement with observations is obtained. 
A real test of agreement between theory and experiment can be made 
only when the theory can predict the natural frequencies, etc., for the 
bound electrons. 


15.40.—One other defect of the simple free-electron theory should 
be mentioned. Even in the infra-red, where the effect of bound elec- 
trons may be neglected, there are certain difficulties. We should expect 
that in the far infra-red 15(84) would be adequate, and that as we 
approach A, (i.e. cr) it would be necessary to use 15(89); on the short- 
wave side of A, the approximation 15(90) would become adequate. 
Qualitatively this appears to be satisfactory, but the value of A, and 
hence of y, (=1/7) obtained from the measurements in the near infra- 
red are lower than those predicted by the theory [equation 15(85)]. 
It is possible to avoid this discrepancy by saying that the conduc- 
tivity in the metal surface is lower than that of the metal in bulk, or 
that the number of free electrons per atom is not nearly unity. Every 
suggestion of this type removes the local difficulty at the expense of 
creating a fresh difficulty somewhere else. For example, if we assume 
a special conductivity for the surface layer, the agreement between 
theory and experiment discussed in § 15.17 is invalidated. The diffi- 
culty is a fundamental one and is inherent in the classical electron 
theory. Thus, while emphasizing the success of that theory in dealing 
with results in the far infra-red and in describing the observations at 
the transition wavelength, we must recognize that it is not adequate 
to deal with the general problem of dispersion in metals. 


15.41.—We shall consider the general quantum theory of dispersion later, but, 
as we do not intend to return to the dispersion of metals, it is convenient to 
state some of the more important results here. The quantum theory indicates 
that a metal should behave as an assembly of free electrons and of atoms which 
possess bound electrons. It accepts the general form of 15(83) as the dispersion 
equation but recognizes the possibility of certain special types of absorption 
(e.g. photo-electric absorption and internal transitions between the Brillouin 
zones). In the quantum theory the number of electrons which are effectively 
free is not necessarily the same at all frequencies. This gives at least the possi- 
bility of removing the difficulty stated in the preceding paragraph. In principle, 
the quantum theory is able to predict values for the constants eave, ObCses LD 
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practice, the calculation is extremely difficult, but some progress has been made. 
No irreconcilable difficulty has appeared but a detailed quantitative comparison 
between theory and experiment is not possible.* 


15.42. The Relation between Dispersion and Molecular Scattering. 


The interactions of light with material media fall into two classes: 

(a) those which depend on the mean number of atoms per unit 
volume (the mean being taken over a volume large enough to contain 
many atoms but whose linear dimensions are small compared with 4); 
and 

(6) those which depend on local deviations from the mean. 

Reflection, refraction and dispersion belong to class (a). They can 
be described in terms of relations between the vectors P, E, D, etc., 
which, by definition, represent mean values.t The scattering of light 
is the most important phenomenon of class (6). Calculations based 
on the vectors P, E, D are useful to show the continuity between the 
electromagnetic theory of light and the electromagnetic theory of 
static and slowly varying fields. These calculations cannot predict 
the existence of scattering since the local deviations are excluded at 
the beginning. We shall now consider a method of calculation in which 
we start with atoms as scattering centres and obtain equations giving 
the amount of light scattered. Then, at a later stage, we take an 
average resultant so as to obtain some of the fundamental equations 
connected with phenomena of class (a). It is important to note that 
we are now introducing a new mathematical procedure and not a new 
set of physical assumptions. If we take averages at the beginning we 
obtain equations for phenomena of class (a) in the most simple way, 
but we exclude class (b) from consideration. We are now to deal with 
class (b) before introducing the averaging process which gives the 
equations for class (a). 


15.43.—Suppose a parallel beam of light is incident normally from 
vacuum upon the surface of a material medium (fig. 15.12). The 
incident beam is represented by 


H,=Aexpi(wt— xz), . . . . 15(91) 


where w/« =c. The direction of E is parallel to OX. The medium 
is now regarded as a system of electrical charges which form radiating 
dipoles under the action of the light.t We assume that the beam 


* Reference 15.10. + See § 13.5. 


{The properties of these dipoles are discussed in Appendix XIII B and we shall 
quote the appropriate results. 
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represented by 15(91) continues to advance through the medium but 
is modified by the spherical waves emitted by the dipoles. For the 
present the calculation is confined to transparent isotropic media. 
We assume that the dipoles are irregularly distributed in space and 
that their axes are parallel to the electric vector of the field by which 
they are created. We also assume that 

(a) the amplitude at Q is proportional to A and to sin x; 

(5) there is a constant difference of phase (5) between the phase 
of the incident wave at P and the phase of the emitted wave. 


FL, 
YY 
Xx 
Q 
ig 
Zee 
Zz 
Medium 
Vacuum 
E,, Incident 
Light 
Fig. 15.12 


These assumptions are reasonable on any wave theory. They are 
justified, in their application to electromagnetic waves, in Appendix 
XIII B. The wave emitted by one of the dipoles at P may then be 
represented at Q by 


E(r, x) = = sin x exp t(wt — Kz — «r — 9), 15(92) 
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where f is a real constant, 2 is the co-ordinate of the particular dipole, 
r is the distance PQ and x is the angle between OX (the direction of 
the axis of the dipole) and PQ. 

15.44._Now consider the light scattered in some direction for 
which x is not zero or 7. Since the dipoles are irregularly distributed, 
the term «(z +7) in the exponential introduces an irregularity of 
phase, and the waves from diflerent dipoles are non-coherent. If 
there are N dipoles per unit volume, the energy (L») scattered in the 
direction y per unit cross-section of the incident beam per unit solid 
angle and per unit path is 


2 42 
Ly = PN sin? y, bs) 
r 


provided that NV is small enough for us to neglect secondary scattering 
processes (i.e. the scattering by one atom of the radiation emitted by 
another). The energy scattered in all directions is * 


pa ae es 


per unit energy density in the incident beam. ik is called the coeffi- 
cient of scattering. 


15.45. Relation between / and p. 


Now let us consider the effect of the waves scattered from a layer 
between z and z + Az inside the material medium, but fairly near to 
its surface, at some point Q’ in the path of the incident beam (fig. 15.13). 
Let us assume that Az is small compared with but that there is a 
fairly large number of dipoles in a volume (Az). Then we may apply 
to the waves from the dipoles a calculation similar to that used in 
§§ 7.1-7.6 to “reconstruct the wavefront” from the Huygens wave- 
lets. We may divide the wavefront into zones, and we find that the 
resultant amplitude due to all wavelets is equal to half that due 
to the first zone whose area is 7(z’—z)A and which contains 
m(z’ — Z)AN Az dipoles. In accordance with the discussion of § 7.3, 
we must multiply by 1/7 and insert a phase difference 47. We also put 
2’ — % = 1 since we are considering the forward direction. The re- 
sultant obtained from 15(92) using these assumptions is 

EY = BANA Az exp i(wt — wz’ —8—4a). 15(95) 


2 


* Appendix XIII B. 
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If 5 is small, the phase of this wave is 42 behind that of the incident 
wave [represented by 15(91)] at Q. If the scattered wave is weak 
compared with the main wave, the phase of the resultant lags be- 
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15: Incident 
Light 


Fig. 15.13 


hind that of the main wave by the angle BAN Az. But we know that 
the retardation due to a layer Az of index n must be «(n — 1) Az, 
and hence we have 


Onin 1)=—eN, | . . . . 15(96) 
3203 
or, using 15(94), [pis 3\iN (n — 1). oo eg Wit 
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EXAMPLES [15(x) and 15(xi)] 


15(x). Calculate the value of k (for 4 = 5000 A.), 

(a) for air at 8.T.P., 

(b) for He at 100 atmospheres, given that (mn — 1) for air is 293 x 1074, 
and for He is 3-6 x 10-° at S.T.P., and the number of molecules per c.c. at 
S.T.P. is 27 x 1019. What are the dimensions of k? 

[(a) 1:7 x 10-7, (b) 25 x 10-%. [k] = L-.] 


15(xi). Show that, for a given density, the amount of light scattered per unit 
volume of a gas is proportional to the volume. 


15.46.—The relation 15(97) was derived by the elder Rayleigh 
who showed that it was valid both for the electromagnetic theory 
and for certain forms of elastic-solid theory. He also showed that 
the brightness of the blue sky was of the order of magnitude to 
be expected if the light is due to molecular scattering in the atmo- 
sphere. It is not necessary to take account of scattering by dust par- 
ticles. The factor A~ in the expression for & accounts for the blue colour. 
The expression has also been verified by laboratory experiments on 
gases. The apparatus used is shown in fig. 15.14. A parallel beam of 
light is allowed to pass into the tube T. A series of diaphragms (each 
slightly larger than the preceding one) is used to prevent light scattered 
from the edges of the apparatus from emerging from the window W. 
For the same reason the horns H, and H, are used. If the surface of 
one of these horns is smooth, any light entering is reflected backwards 
and forwards along the horn, and there is only a very small return 
beam. This design provides a “ dead-black” background against 
which the scattered light is observed. It is necessary to take these 
precautions and also to filter the gas very carefully to remove dust 
particles, because light scattered from pure gases is a very small frac- 
tion of the incident light [Example 15(x)]. Note that since N and 
(n — 1) in 15(97) are both proportional to the density of the gas, it 
follows that k should be directly proportional to the density. It is 
possible to measure the polarization of the scattered light by allowing 
it to pass through a double image prism P and then estimating 
the relative energies of the two images. Observations of this 
type have been made by the younger Rayleigh, by Cabannes, by 
Raman and other workers.* It is found that the scattered light from 
the rare gases is at least 99-5 per cent polarized but that other gases 
show a much less complete polarization (e.g. 96 per cent for N, and 90 


* See p. 384 of Reference 15.2 for a table of results and references to original papers. 
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per cent for CO,).. This result would be expected if the molecule pos- 
sesses an intrinsic dipole moment. The defect of polarization may be 
correlated with other effects which depend on the polarity of the 
molecule.* 


ee) 


Fig. 15,14 


15.47.—The results of Appendix XIII B enable us to calculate the 
constant k& of 15(97). Substituting the value from 13(102) we obtain 
2 

pale pap ptt tae Sala 

Mm w,2 — w 
which agrees with 15(63). The method of calculation which we intro- 
duced in § 15.42 is thus capable of giving the fundamental equations 

of dispersion theory. 


It must be admitted that we have had to walk delicately in order to obtain 
this result. On the one hand the number of scattering centres in a volume 1° 
must be fairly large so that we can take the average in § 15.44. On the other hand, 
to avoid very lengthy mathematics, we have treated only the case when (n — 1) 
is small. We have also not specified closely what we mean by the statement that 
the atoms are distributed at random. There is a range of gas pressures from about 
10-3 to 103 atmospheres for which our approximations are justified. The relation 


* Reference 15.2, p. 383. 
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15(97) between refractive index and scattering does not apply when the distance 
between the molecules becomes of the same order as the molecular diameter. 
The molecules are not then “ distributed at random ” even in an amorphous solid, 
because their separations cluster round a mean distance. The amount of scattered 
light then becomes very much less than the amount calculated from 15(97). It 
may be shown experimentally that the scattered light from good crystals is very 
small indeed, and the scattering decreases with temperature because the lattice 
becomes more nearly perfect when the thermal motions are reduced. It is fairly 
easy to see that once the effective velocity of propagation is given by a relation 
such as 15(96), other properties such as the laws of reflection and refraction and 
the amount of scattered light can be deduced. The type of calculation we have 
just discussed can be extended to absorbing media by assuming that the scattered 
wave has an appreciable component in opposition to the main wave, i.e. that 
5 in 15(92) is not negligible. It may also be extended to anisotropic media by suit- 
able assumptions concerning the distribution of the scattering centres and the 
form of the scattered wave.* 


EXAMPLE 15(xii) 


If the atoms are sufficiently closely packed the scattered waves should be 
coherent in a direction opposite to that of the incident wave. Use 15(95) to cal- 
culate the amount of light in the reflected beam from a parallel-sided slab of thick- 
ness ¢ and show that your result is consistent with the Fresnel relations (§ 14.7). 

[The return scattered wave is the same as the forward wave for a thickness 
Az. Integrating from z = 0 to ¢ we find that the return wave is of zero 
amplitude if 2 = nd (as would be expected in view of the phase change 
at one surface) and has a maximum amplitude of (n —1)A which 
agrees with equation 14(39) if we remember that (n — 1) is small so 
that (x + 1) is approximately equal to 2, and also that there are equal 
reflections from two surfaces. | 


15.48. Other Types of Scattering. 


Two types of scattering, due to atoms and molecules, are not included in the 
above discussion. They are (a) resonance radiation from a gas, and (b) the Raman 
effect. The resonance radiation, which is described in detail in § 17.14 is, under 
practical conditions, non-coherent with the primary beam (§ 19.13). The Raman 
radiation has not the same wavelength as the incident beam and cannot therefore 
be coherent with it, though it is possible that the Raman radiation from one 
atom may be coherent with that from another. In addition to scattering from 
atoms and molecules we have scattering from larger particles. The name “ Tyn- 
dall effect” is given to this type of scattering. J. J. Thomson demonstrated 
(originally in connection with X-ray scattering) that when the size of the particle 
is large compared with 4, the scattering is independent of 2. More detailed theory 
is needed to deal with scattering by particles whose diameter is of the same order 
as 4. It is generally found that for a given kind of particle the variation of scat- 
tering with follows a curve of the general form shown in fig. 15.15, i.e. there is 
a flat portion where A<r, a maximum for a wavelength near r, and a fall 


* References 15.2 and 15.11. 
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(proportional to 4) when 4 >> r. The theory of scattering by particles of the same 
order as, and larger than, the wavelength is of importance in connection with the 
transmission of light through haze and through colloidal solutions. Media which 
show large scattering of this type are called “turbid” media. The turbidity of 
photographic emulsion is an important factor limiting the quality of photo- 
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Fig. 15.15.—Typical relation between energy scattered and wavelength for 
particles of radius r. This is intended to show qualitatively the shape of the curve 
and does not represent the properties of any particular substance. 


graphic images. Practical calculations on the transmission of radiation through 
turbid media are very complicated when it becomes necessary to take account of 
multiple scattering. The size of particles in a slight haze is of the same order as 
the wavelength of the light. The penetration by infra-red radiation is much better 
than the penetration by visible light. Consequently in a fairly clear atmosphere 
(visibility 5 to 10 miles) the quality of infra-red photographs of distant objects 
is much better than that of photographs by visible light. The particles present in 
a fog are much larger than the wavelengths of the near infra-red and for them the 
scattering in the near infra-red is nearly the same as that for visible light. The 
* penetration of fog’ by infra-red is thus little better than the penetration by 
visible light. 
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APPENDIX XVA 
Tur REFRACTED WAVE IN AN ABsorBING Mepium 


Let P,P,P, be a plane wave incident from a vacuum on to the plane surface 
of an absorbing medium. Let 6, be the angle of incidence, and, as before, 
take the plane 2z for the plane of incidence and zy for the plane of the surface 
(fig. 15.16). Let b be the phase velocity in the medium. A wave surface Q,Q,Q; 
of the refracted wave may be obtained by Huygens’ method. The angle of refrac- 
tion 0, is given by 

sin 0, _ 
sin 0, 


on Wis.” ie LCOS 


T=) 


This angle is essentially real and n’ is a real number. We shall see later that it is 
not equal to the real part (nm) of the “complex index”. The surface Q,Q,Q; is a 
surface of constant phase. In most of our previous work, surfaces of constant 
phase have also been surfaces of constant amplitude, but Q,Q,Q; is not a surface 


Fos 


VACUUM 
ABSORBING MEDIUM 


3 


Fig. 15,16 


of constant amplitude. The wave at Q, has just entered the medium and has suf- 
fered no absorption. That which has reached Q, has advanced a considerable 
distance in the absorbing medium and has been attenuated. It is reasonable to 
assume, as a working hypothesis, that the attenuation at different points is deter- 
mined by the length of path (measured along the ray) in the absorbing medium. 
This implies that the surfaces of constant amplitude are parallel to the surface 
of the medium, i.e. that the amplitude at any point is proportional to exp (—n’x’z), 
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where x’ is an extinction coefficient. We know that x’ will be related to x, but 
we cannot assume that it is equal to x because the wave is not incident normally 
on the surface of separation.* We may then write 
Egy = Agy XP tw ( ane (x sin 0. — 2 cos 0.) — ———}. 15(99) 
c c 


This expression must satisfy the wave equation 15(11), i.e. we must have 


n sin? 6, -+ n’2(cos 0, — ix’)? = m*. . . . 15(100) 

Equating real and imaginary parts, we obtain 
OO =o) Sar ae LUI) 
n'y’ cos 6, = n*x. ee LOS) 


Equations 15(98), 15(101) and 15(102) may be regarded as three simultaneous 
equations from which n’, x’ and 0, can be calculated when n and x are given. 
Thus an expression whose form is that of 15(99) can satisfy the wave equation. 
Since 15(98) is satisfied, the boundary condition is also satisfied. From the three 
equations 15(98), 15(101) and 15(102) we see that n’ depends on 9,, i.e. Snell’s 
law is not obeyed. The phase velocity in the absorbing medium depends on the 
angle between the surfaces of constant phase and the surfaces of constant ampli- 
tude. Hence the phase velocity varies with the direction of propagation although 
the medium is isotropic. It is, in principle, possible to measure 6,, and hence n’, 
using a metal prism of small angle. The method is very inaccurate because the 
angles involved are very small. 


* See definition of x in § 15.5. Note that the last term in 15(99) is negative 
because the wave is travelling in the negative direction of z. 


CHAPTER XVI 
Anisotropic Media 


16.1. Optical and Electrical Anisotropy. 


In Chapter XII we showed that the main properties of polarized 
light, including many of the phenomena associated with its trans- 
mission through crystals, could be described in terms of a general 
theory of transverse waves. Since the electromagnetic theory of light 
is a theory of transverse waves, it can take over most of the discus- 
sion of that chapter with only a few verbal changes. In this chapter 
we consider the propagation of light in anisotropic media in a more 
detailed way, and show formally that the electromagnetic theory can 
account for a wider range of observed phenomena. The equations of 
Maxwell are applied to media which are assumed to be electrically 
anisotropic and hence we deduce the equations of optical anisotropy. 
The advantages of the electromagnetic theory over an elastic-solid 
transverse wave theory are: 

(a) the electromagnetic theory gives a more detailed account of 
the observed phenomena of natural optical anisotropy; 

(6) it is able to include in its treatment anisotropy created by 
mechanical strains or by electric and magnetic fields; 

(c) it is able to relate electrical anisotropy, and hence optical 
anisotropy, to molecular theories of matter, i.e. to the arrangements 
of atoms and molecules in crystal lattices, and in some cases to ani- 
sotropic properties of the molecules themselves. 


16.2.—In the treatment of isotropic media the displacement D is 
related to the electric vector E by the relation D = cE, where «< is a 
scalar quantity, D and E being in the same direction. It is found 
that when an electric field E is established in an optically anisotropic 
medium, the direction of D does not in general coincide with that 


of E. The relation between D and E may be expressed by writing 
482 
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Dy = € gel, + Exylly + eel, 
D, = Eyal -+ Eyylly + Eye es eer 16(1) 
D, = Eze “1 Egy Ly I Gseles 


We summarize 16(1) by writing 


Dah te} 


The quantity « now belongs to the class of mathematical variables 
called tensors. Multiplication by a tensor changes the direction of a 
vector as well as its magnitude. The tensor « has nine components. 
The form of equation 16(1) preserves the linear relation between D 
and E, and so satisfies the principle of superposition. In accordance 
with our treatment of isotropic media, we assume that the magnetic 
permeability is always effectively unity at optical frequencies, and thus 
do not assign any part of optical anisotropy to the magnetic anisotropy 
observed when static fields are applied to crystals. We must also 
expect that the effective values of ¢,,, etc., will vary with frequency, 
so that, in order to relate optical anisotropy in a quantitative way to 
measurements of anisotropy in static or slowly varying electric fields, 
it will be necessary to use the full dispersion theory. The variation of €,., 
etc., with frequency is in general such that the ratios €,,/€,,, etc., and 
therefore the ratios of the refractive indices, are themselves functions 
of the frequency. Thus both the magnitude of the birefringence and 
the direction of the optic axes are, in general, functions of the fre- 
quency. For the present we ignore the complications due to disper- 
sion and assume that we are dealing with a range of frequencies for 
which e¢,,, etc., are independent of frequency. 


16.3.—It is shown in Reference 16.3 that we may retain equations 
13(39) and 13(42) for the energy of the electromagnetic field and for 
the flux of energy, provided we assume that the tensor ¢ is symmetrical, 
i.e. that 
Crp eye eeCrus We 5 see ne LOS) 


We make this assumption and have, for the energy, 


Weer ep ee 16(4) 
87 81 
or Veen sae | 16(5) 
Shep Gund: 87 
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The symmetrical tensor has six independent components. The elec- 
trical part of the energy is now given by 


8r#V = E.D—e,,07+ €,,8/7+ €.H27 
+ %e,HagHy + 2e,,H,B, + 2eceH,H, . 16(6) 


16.4.—If we put x= H,, y= E,, and z = E, in 16(6), we have 
the equation of an ellipsoid surface which represents the properties 
of the symmetrical tensor * «. If the quadric is referred to co-ordinate 
axes which are in the same directions as its own principal axes, the 
components €g,, €y, aNd ¢,, vanish and 16(6) reduces to 


8r9V = E.D—¢,87+¢,8,+ ¢H?7. . . 16(7) 


In 16(7) we write ¢, instead of €,, because only one suffix is required. 
It must be emphasized that ¢,, «, and ¢«, are not the components of a 
vector. Of the six independent components of ¢, three now determine 
the axes of the quadric in relation to some physically identifiable system 


DIAD AXIS 


(b) 


Fig. 16.1,—Axes of the e quadric shown in relation to (a) an orthorhombic crystal, 
(6) a monoclinic crystal. 


In (a) the quadric axes are parallel to the crystal axis. In (6) one of the axes of th dri 
is parallel to the diad axis of the crystal. @ plane 


of co-ordinates, e.g. certain axes of crystal symmetry (fig. 16.1). The 
other three define the principal axes of the quadric (i.e. €, is equal to 
the reciprocal of the square of one axis). We call «,, e,, and e, the 
“principal dielectric constants’. In a similar way we shall later use 
the symbols 6,, b,, and b, for principal velocities, and n,, n,, and n, for 
principal refractive indices. In the remainder of this chapter it is 


* See p. 349 of Reference 16.1. +The quadric is sometimes called the “index ellipsoid”. 
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assumed that the principal axes of the quadric are used as axes of 
co-ordinates unless otherwise stated. Since the material is homo- 
geneous, any point may be regarded as an origin of co-ordinates. As 
explamed in § 12.7 an axis is, for our present purposes, only a method 
of defining a direction, and any parallel line is equivalent. 


16.5. The Ray in an Anisotropic Medium. 


If we define the ray as the line of flow of the energy (§ 7.27), then 
the Poynting vector 13(40) defines the ray as it does in a medium 
which is isotropic. Since we are considering a homogeneous medium, 
the rays must be straight lines under the limiting conditions to which 
ray optics is applicable. The vector G is, by definition, perpendicular 
to E and to H, so these vectors are still perpendicular to the ray. Since 
D and E are not in general collinear, the ray is not necessarily perpen- 
dicular to D. In Chapter VII we showed that the ray could be regarded 
either (a) as the locus of the centres of successive Fresnel zones, or 
(6) as the path defined by Fermat’s principle. It may be shown that, 
even in an anisotropic medium, the ray defined by 13(40) satisfies both 
these alternative definitions. We shall see that the ray velocity is, in 
general, neither equal in magnitude to the wave velocity, nor has it 
the same direction. We define s to be a unit vector in the direction 
of the wave normal and to be a unit vector in the direction of the 
ray, and we take « to be the angle between the wave normal and the 
ray. d, e, and h are unit vectors in the directions of D, E, and H 
respectively. 


16.6. Propagation of Plane Waves. 

We shall now obtain an expression for the velocity of a plane wave 
in the direction s in an anisotropic material. Let us assume that Max- 
well’s equations 13(16) to 13(19) remain valid, so that we may write 


ccurl E = —H DE etc tn LOS) 
and cite 8.96 a5 ee 1k) 
Cia divi 0) ee ee 16110) 
but div E is not zero. 
Using 16(2), Z 
c? curl (curl E) = —eE, 
16(11a) 


or V2E — grad (div E) = z E. J 
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The second term on the left is not zero as for isotropic media, and we 
proceed to solve these equations in the following way. One component 
of 16(11a) may be written 


@E, , 0H, 0 (oF, é, OF 
Boge iis ca eo OL Ip 
ae ek a A (+E te 2y ape a) = 4 a ae 


Let us now take as a trial solution the plane wave 


D = ad exp tw (: — ‘) =adexpi¢, . 16(12a) 


where a is an amplitude, r is the radius vector drawn from the origin 
to the point (x, y, z), and b is the magnitude of a phase velocity whose 
direction is that of s. In Cartesian co-ordinates we write 


BD iad sexpie (: = ewes), 16(12b) 


and two similar equations. 
Substituting D,/e, for H, in 16(11b), we obtain 


ip Soy Dig iG, eels 
me. -8(= 5 8 P) oD «= L6(13) 


€,,07 


and two similar equations. 


2 2 2 

Put C=), ~=b3, =b2; . . . . 16(14) 
€, €y Er, 

and P? = 5) b,28,D, = 6 >) 8H, =CE.8. .~ 16(15) 


b,, by, and b, are called the principal phase velocities. Note that they are 
constants of a gwen crystal and not the components of the phase velocity. 
On multiplying 16(13) by 6?c? and simplifying, we obtain 


Sx 


D,=— P_b2 Ee 16(16a) 
In a similar way we find 
s 
—— papa +; - (16(188) 
ee 16 
z eag ee oe (16c) 
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From 16(12a) 


div D = — *(s.Dz + yD, + s.D,) 


a 


s.D). ee ee G17) 


And since div D is zero, we have 


$0 Si 8,7 
Boaat moot poate; 808) 


Thus the plane wave defined by 16(12) is a solution of Maxwell’s 
equations and the phase velocity in the direction of s is given by 
16(18). Equation 16(18) is known as Fresnel’s equation. Since it is a 
quadratic in 57, there are generally two possible values of the phase 
velocity for any given direction of the wave normal. For certain 
special directions there is only one solution of 16(18), i.e. there is only 
one phase velocity [Example 16(iv)]. These directions are called optic 
axes. 


EXAMPLES [16(i)-16(iv)] 


16(i). What are the values of the phase velocity when the wave normal ia 
parallel to OZ? (6, and b,.] 

16(ii). Obtain expressions for d,, d,, d,; i.e. obtain the direction of D corres- 
ponding to a given direction of the wave normal s. 


8. 
[4.= — 55 Sat Sie ale J TRO) 


where @? = >) by28,d 
16(iii). If "m= ¢/0; , = C/0, =6,', etc, . . . . 16(20) 
deduce an expression for n in terms of s,, ”,, etc. 
at 
ae 7° 
(16iv). Assuming that the axes of co-ordinates have been chosen so that 


Go Sey Soa eee ee ee G(2 10) 


and hence (iy Dy ea es 16(216) 
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show that when re b,? — b,? 
ae aC aay Fr 
x z 
4-0” 16(22) 
8 2 —s b,? = bt 
bd b,? — b,? 


there is only one possible phase velocity. 
[Treat 16(18) as a quadratic in b? and show that when 16(22) is satisfied, the 
discriminant is zero. ] 


16.7. Angular Relations between D, E, H, s, and ep. 


For a plane wave in an isotropic medium, D, E, and H have the 
same phase over any plane which is perpendicular to the wave normal. 
We now complete the specification of our trial solution by assuming 
that E and H are given by expressions containing the same phase 


D €£ 


Fig. 16.2 hed 


factor e** as D [see 16(12a)]. We shall show that this is satisfactory 
provided that the vectors have certain angular relations. The operator 
0/ct applied to one of these expressions is equivalent to multiplication by 


tw, and the operator 0/dx to multiplication by — * S,. Hence we have 


D=iwD, ..... . 16(23) 
and curl E = > E'S, ons ee ee Oley 
div E= — —(B.8), Re EOS 


and similar expressions may be obtained for curl H, etc.* 


* 16(24) may be verified by writing out a component in Cartesian co-ordinates. 
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We then have [using 16(8) and 16(9)] 


n(EXs)=—H ... . . 16(26) 
and n(H xX s) =D, ete dae eg LOCO) 


where m is a scalar with the value defined by 16(20). 

Thus H is normal to the plane defined by E and s and also to D. 
The direction of ¢ is, by definition, normal to E and to H. Thus E, 
D, s, and pe are coplanar, and H is normal to them. Also, since D is 


Fig. 16.3 


normal to s, and E to p, the angle between D and E is equal to « (the 
angle between s and e). These angular relations are shown in figs. 
16.2 and 16.3. Note that E has the same value at all points on the 
plane normal to s although it does not lie in that plane. 


16.8. The Two Possible Directions of D for a Given Wave-normal are 
mutually Perpendicular. 
Let b’ and b” be the two solutions of 16(18) corresponding to a given direction 


of s. Then, by inserting values successively in 16(19), we obtain two directions 
a’ and qd” for the vector D. We have 


8 2 
, DD sakes (QY) x 
d . d Q ae (b2 ss ie) (We a] b,”) 


See eS fs Sees |= 
(b’” ee b’2) : p22 — by? We — by” 


YZ 


since b’ and b” both satisfy 16(18). 
Thus the two possible directions for D are mutually perpendicular (fig. 16.4a). 
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Fig. 16.4.—(a) Showing the two possible directions for Q, D and E correspond- 
ing to a given wave-normal s. (’, D’, E’ lie in one plane; @”, D”, E” lie in 
another plane. These planes are perpendicular and intersect in s. 

(b) Showing the two possible directions for s, E, and D corresponding to a 
givenray Q. s’, E’,D’ and s’,E’, D” liein perpendicular planes intersecting in @. 


EXAMPLES [16(v)-16(viii)] 


16(v). Show that for any given direction of D there is only one possible phase 
velocity. 
(The equations 16(18) and 16(19) give 


= & — b,2)d,2 = 0 


a) a4 
and hence, since d is a unit vector, 


b= Dd b,2d,2. ie Tar eo 8 md oy 


©, Y.z 
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16(vi). Show that 


ro 8, , 
Q- =e ak cars ee 16 (29) 

[Use 16(16) to find the sum of the squares of the components of the unit 
vector d.] 


16(vii). Find an expression for d,/e,.. 
[D, = D.d,, where D is the magnitude of D. Hence d,/e, = (E/D) ey] 


16(viii). Show that the components of e are 


6,28 
Co ae Oe Mee es ee, L630 
Ye ee (30) 
6,28 2 
where M-4 = (25) 5 Sheps 
>} Rb. 2 > 6 IGG) 


[Use 16(16) to obtain the components of E. The components of e are pro- 
portional to those of E, and the sum is unity.] 


16.9. Rate of Transport of Energy. Ray Velocity. 


Suppose that a certain value ¢ of the phase is found on the plane 
AB (fig. 16.5) at time ¢ = 0 and on the plane A’B’ at a later time f, 
the distance (AA’) between the planes being bt. Consider the region 
bounded by a cylinder of rays of which MM’ and NN’ lie in the plane 


A M. ee 
A M N B 
Fig. 16.5 


of the paper. Let the area of cross-section be A. Suppose that there 
is a minute variation of amplitude which forms a “mark” on the 
wave. This “ mark ” enters the lower surface when ¢ = 0, and emerges 
from the upper surface at time ¢. During this time an amount of 
energy AGt will have entered the lower surface and an equal amount 
will have left through the upper surface.* The energy in the space 
at any time is WAbt. The amount entering and leaving is the same as 
if the whole energy moved forward with a velocity g given by 


eh ether ai 16(32) 


W 
* Gand W are defined on p. 407. 
17 (Gc 577) 
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This velocity is called the ray velocity. From the figure we have 


cod 6b ee Ge eee Olea) 


The ratio of ¢ to the ray velocity g is sometimes called the ray index 
n,. It obeys the equation 


== C08 Cs 2 ee LOS) 


16.10. Properties of the Ray. 


It is possible to derive expressions involving the ray velocity and 
direction corresponding to those obtained for the wave velocity and 
direction. The method used is similar to that given in § 16.6. There 
is such correspondence between the results that the following rule is 
convenient. 

Let the variables be written in two rows. 


E, D, Ss, Q, b, n, Eg, Ey Ez, b; Ds b,; C, | 
eae ee 


D, E, =x +58 ee Ta )e eae ? ? ’ ? oes 
e Gone abe, €,- 0." 0. 0r0- ee 
Then any relation which is valid for members of one row remains valid 
when all the corresponding members of the other row are substituted. 
If we show that this rule applies to all the fundamental equations, 
then it will necessarily be true for derived equations. 


A complete proof of 16(35) can be obtained only by analysis of the quadric 
associated with «. The most important relations required are the angular relations 
(see fig. 16.2, p. 488) which we have already deduced, and the vector equations 
16(36b) and its analogous relation 16(39). We obtain 16(36b) by first eliminating 
H from 16(26) and 16(27), giving 


D = —7n*(E X 8) X 8. oo & o o Iyer) 


The vector D is now expressed in terms of a vector in the direction of E and a 
vector in the direction of s. Resolving the right-hand side of 16(36a), we obtain 


D = n{E — s(E.8)}. Sete, agh of SLO(S6O) 
Forming the scalar product of each side of 16(36b) with e we obtain 
D.e = —n*(E.s) cose eee LG(37) 


(remembering that E. e = 0). Since D, E, and p¢ are coplanar, there must be a 
linear relation of the type 
e = /D + mE, OA este yee LOSS) 
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where / and m are scalar constants. Forming the scalar products first with e and 
then with s, we obtain 


(D.e=1 and mE.s=p.s = cosa, 


so that 16(38) may be written 


1 E.s D 
Recto (cea ( --» ). 
ge cos x i D.e 


Substituting for E (on the right-hand side) from 16(37) we obtain 


hoe D.e (c =) 
n? cos? « D.e 
1 
= —. (D—pe.(D. yer a ee 
7, e.(D. e))}, 16(39) 


which is the relation analogous to 16(36d). 


16.11.—In order to find the direction of E when the direction of the ray is 
given we apply 16(35) to 16(18) and obtain 


or reve 0. Rein A ee eee 16140) 
(GP = loa) 


This relation gives the ray velocity when the direction of the ray is known. From 
16(16) and 16(15) we have 
SyC7 
(Te b — 6,2 


and applying 16(35) we obtain 


9? PaDa® 
Ue rainy Cte © pee ae 16(41) 
In general there are two directions of E obtained by inserting the 
two possible ray velocities [obtained from 16(40)] in 16(41). It may 
be shown, by a discussion similar to that of § 16.8, that these direc- 
tions are mutually perpendicular. It may also be shown that when 
the direction of E is given, both the direction and magnitude of the ray 
velocity are completely determined [cf. Example 16(v), p. 490]. The 
relation between the two directions of E and a ray is shown in fig. 16.40. 
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EXAMPLES [16(ix)-16(xi)] 


16(ix). Show that 16(40) may be obtained by using 16(41) and the fact that 
E is perpendicular to p. 

16(x). Show that, when the ray is along one of the principal axes, the ray and 
the phase velocities are equal. Find the velocities for a ray directed along the 
x-axis. (6, and 6,.) 


16(xi). Show that when the direction of p is given by 
o,2 = 6,? @ me a 
* 0,2 \b,2 — 627° 
Py = 0 


0,” =. Py i cas o) 


b? b# a b? 


16(42) 


the two ray velocities are equal. 
These directions are known as the axes of single ray velocity. 


16.12. The Angle between the Ray and the Wave Normal. 
From the geometrical relations of fig. 16.2 (p. 488) we have 


sina =e.s and cosa«—e.d. oe eee G(43) 
The components of d are given by 16(19) and those of e are proportional to d,/e,, 


etc., ie. to b,? d,, etc. [Note that d, +¢,e,, see Example 16(vii), p. 491.] 
We have therefore 


ge ees Oo MNES 


since the constant of proportionality cancels. 
Using 16(18), we obtain 


—8 gid" 2 x 
ete =1, . . 16(45a) 


SI Pigeon 
; 2b, 


and similarly, using 16(18) and 16(29), 


that a2 
so tha nN ale So o we 2 wo go UGC) 
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EXAMPLES (16(xii) and 16(xiii)] 


16(xii). Use 16(19) and 16(30) to verify 16(46) by showing that 


62 
COS @ = G+ oor ee ee eG (47) 
16(xiii). Show that 
Q? = 67(g? — 6°). ce ear ee (48) 
[Use 16(33) and 16(47).] 


16.13. Direction of the Ray. 


It is sometimes desirable to be able to calculate the direction of the ray (i.e. 
the components of e) when the direction of the wave normal is given. Since 
b,2D, = c?H,, we have [from 16(16) and 16(41)] 


8,2 Y 
Bees em Ht De. ee eer 16(49) 
x fy 


and, using 16(37) with 16(33), 


S39 —-_ Pa 16(50 
ae (50) 


2 One f 
or Py, = Sz COS & oe er ase LG(D 1) 
On eliminating g and using 16(33), 
b? tan? a 
Pe = 8, 008 0 (1 + 5a) 
eee (62 a): eee C(52 
am + Be mes 


EXAMPLE 16(xiv) 


Show that 


_PaSe  __ Q, en ee eee ae 1653) 
A 
[Use 16(50) and 16(18).] 


16.14. The Wave Surface or Ray Surface. 


Consider the plane wave shown in fig. 16.3. The distance between 
two wave surfaces measured along the ray is d,, and measured along 
the wave normal is d, =d, cos. The phase difference 6 is given by 


2a w w 
§= — d, = —d, = —4,, . . « 16(54) 
A b q 
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ie. the phase difference between two points on a ray is proportional 
to the distance divided by the ray velocity. Now consider a series of 
lines radiating from a point O (fig. 16.62). Along each line mark off 
two points, such as R,’ and R,”, so that OR,’ and OR,” are equal 
to g,'t and g,”t where g,’ and g,” are the two ray velocities for the 
direction OR,'R,”. The locus of the points R’ and R” is a surface 
(of two sheets) called the ray surface (fig. 16.60). 

Consider, for the moment, one sheet only. For any ray from O to 
the surface the phase difference has the same value (wt), so the ray 
surface is a surface of constant phase for waves spreading from a point 


(a) (b) 


Fig. 16.6.—(a) The construction of the wave surface (or ray surface). 
(b) The wave surface for a biaxial crystal 


source at O. It is a wave surface in the sense in which we defined the 
term in Chapter ITI and used it in Chapter XII. If we consider a plane 
wave passing through O at time ¢ = 0, its position at time ¢ must be 
such that it intersects the sheet of the ray surface which we are now 
considering once and only once, i.e. it is tangential to the ray surface. 
Since this is true for all possible directions of the wave normal, the 
ray surface is the envelope of the positions of all these plane waves 
at time t. This property is sometimes used as a definition of a wave 
surface in anisotropic media. When we take account of the fact that, 
in any direction there are two possible ray velocities, the above argu- 
ment is slightly more complicated, but the important conclusion is 
unchanged. We have to associate each plane wave with the sheet 
of the ray surface to which, by reason of its direction of polarization, it 
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belongs. With this provision, the identification of the ray surface 
with the wave surface remains valid. Each plane wave is tangential 
to its own sheet of the ray surface, though it may cut the other sheet. 
In the course of the ensuing discussion it will be shown that the identity 
of the ray surface and the wave surface may be proved analytically. 
The surface may be drawn for any time after t = 0, but when no time 
is specified it is assumed that ¢ = 1. 


16.15.—The equation of the surface for t = 1 may be obtained by putting 
r for g and 2/r for e,, etc., in 16(40). We have (after multiplying by 7?) 


oli 
= = 0. eee ee ee O(DDe, 
2 r? — 6,2 oe 
This equation may be written 

> 270, 7(7* — b,?) (7? — 6,2) = 0, . . . 16(556) 
or TeOneae + 6,74" + 6,72?) = DA Oe + b,)x? = b,2(b,” + b,?)y? 

—b,7(b,? + ,?)2? + b,b,2b,? = 0. . . 16(55c) 
Z 
a 
y = 
(a) (b) 


wv 


i i 7 i -ordinate planes 
. 16.7a, b.—Intersections of the wave surface with the co-or 
= i (see also fig, 16.7c, d on p. 498 


This equation is of the fourth degree. Its intersections with the co-ordinate planes 
are shown in fig. 16.7. The intersection with y = 0 is given by 


(7? — by?) (a®b,2 + 29,2 — 6,22) = 0. . . . 16(56) 


The curve of section is of two parts: 


(a) the circle ap lls GA  S  lhet 5 > 0 eo a os MG) 


(6) the ellipse b,2a? + 6,22? — by?b,? = 0, ~ a « « 46(670) 
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The ellipse and the circle intersect at points which satisfy a relation obtained by 
multiplying 16(57b) by b,? and substituting from 16(57a) in the last term. 


B _ dy?(by* — 02!) 16(58) 

a? 00,7 — by?) 
Since b, >b, >b,, there are four real points of intersection, It is easily seen that 
the co-ordinate plane x = 0 intersects the surface in a circle and an ellipse, but 
that these do not intersect. The circle encloses the ellipse. Similarly the plane 


Zz Y 


(<) (9) 


Fig. 16.7c, d.—Intersections of the wave surface for a biaxial crystal with 
the xy and yz planes 


z = 0 intersects the surface in an ellipse and a circle, but the ellipse now encloses 
the circle. Equation 16(58) defines two directions for which there is only one ray 
velocity. The equation agrees with the direction cosines obtained earlier [see 
Example 16(xi), p. 494, and equation 16(42)]. 


16.16. Identity of the Ray Surface and the Wave Surface. 


In order to prove that the wave surface is identical with the ray surface as 
defined in § 16.14, we now show that the normal to the ray surface is the direction 
of the corresponding wave normal. 


A convenient form of the expression for the ray surface is obtained by writing 
16(55) as 


C0) e = xr? is _ 
“ r — 6,2 ~ . rs aa 
whence Yaa i}=0 sree B16 50) 
a“ 


since La? = r*, If we put the left-hand side equal to F, then the direction 
cosines of the normal to the surface at the point 2, y,z are proportional to the 
values of OF /Oz, OF /cy. and @F/éz at the point, 
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We have ore 23 [ ee >, aa 
Oat x 6.3 (r? — b,2)2 4° 
Putting r = g and x = 0,49 (see § 16.15), 
oF 292 
ag ~ 2s [== pa & ee 
Sn oe -25 ay | by 16(50). 
g* = (2) aye 


Using 16(45b) and 16(48), 


oF 1 
oe = ee | oe | 
fe g? — 6,7 gg? — b? 


—29o, [b? —b,2 
= peels mal Pee ates 1660) 


Using 16(50) again, this becomes 


16(61) 


ie. OF /éx, etc., are proportional to the direction cosines of the wave normal and 
the direction of the normal to the surface is the direction of the wave normal. 


16.17. The Normal Surface. 


We may define a second surface by considering a number of lines radiating 
from O and marking off lengths equal to corresponding phase velocities. The 
surface so obtained is called the normal surface. It is not as important in practice 
as the wave surface, but it does offer a convenient way of finding the directions 
of the optic axes (i.e. axes of single phase velocity). Putting r for 6 and 2/r for 
s, in 16(18), we have 

>) 227? — 6,7) (77 — 6,2) = 0. ee eLO(G2) 


Exactly as in § 16(15) we find that it intersects each co-ordinate plane in an oval 

and a circle. In the x = 0 plane the circle encloses the oval, in the z = 0 plane 

the oval encloses the circle. In the y = 0 plane the two curves intersect in points 
whose co-ordinates satisfy the relation 

2 A WE 

Es 16(63) 

i Oia 

These define the directions of single wave velocity in agreement with 16(22). 


16.18. Difference of the Two Phase Velocities for a Given Direction of 
the Wave Normal. 
We shall now show that, if b’ and b” are the phase velocities corresponding 
to a wave normal which makes angles y, and y, with the two optic axes, 


b2 — 62 = (b,? — 6,2) sin x, sin x. . . . 16(64) 
17* (G 577) 
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When the difference between b, and 6, is small, we have approximately 
bv’ + bY = b, + 6,, 


and 16(64) reduces to 
b’ — b” = (b, — b,) sin x, sin x2. a eee og LOCO 


Equation 16(18) may be written 
Dd 8,2(6? — 6,2) (62 — b,?) = 0 
or bt — B? >) 8,2(b,? + 6,2) + & 8,7b,2b? = 0. 


The square of the difference of the roots of the equation is equal to the discri- 
minant, i.e. 


(b? — 0/2)? = {¥ 5,2(b,? + 0,2)}? — 4 D s,2b,2b,2. . 16(66a) 
Put A=s,2(b,2 — b,2), B= s,2(b2 — b,2) and C = s,2(b,2 — b,”), 
then (b'? — 62)? = 42+ B® + C2 — 2AB — 2BC — 204 
= (AB 0 = AC) Pe eee (O0e) 


Now, from 16(22), we have 


b.2 — 6.2 6,2 — 62 

008 21 = 2 4/ (38 *) +5 4/(% *) 

ENDS 08 *7V \b,2 — 02 

AO ie PO AE 
and COS Y¥. = —S ie Nee 
Xe ey b,2 25 b2 = 8, bi? = b2 


Putting sin? y, = 1 — cos? y, = s,? + s,? + 8,2 — cos* y,, we obtain 
(6,2 ba b,?) sin? Xi (oe = b,?) (s,” ar 8,3 =F 8,”) Bos 8y7(b," a b,?) 
as 8,7(b,? ~? b,?) ine 8,8, V {(b,2 ao by?) (6,2 a Oy. 


i.e. (6,2 — b,?) sin? y, = A —-B+C + 2v(AC). 
Similarly (6,2 — 6,*) sin? y, = A —-B+C— 2v (AC), 
so that (0,7 — 6,7) sin? 'y, sin? y, = (A — B-- ©)? = 440, 16(67) 


and 16(64) is obtained by comparing 16(66b) and 16(67). 


16.19. The Wave Surface in Uniaxial Crystals. 
If we put 6, = 6, =0,, sand! b)=30" ote LOL Ga) 
then 16(55b) becomes 
(r? — 6,?) {b.2(a? + y*) + 6,222 — b,°b,"} = 0, 16(69) 


§ 16.20 DOUBLE REFRACTION 501 


This is a surface of two sheets: 

(a) the sphere of radius 3,, 

(b) the spheroid formed by rotating an ellipse of semi-axes b, and 
6, about the direction of the latter axis, which is the OZ direction. 

The sphere and the spheroid touch as shown in fig. 16.8. If }, is 
greater than b,, the sphere includes the spheroid. The surface is 
identical with that obtained experimentally for a positive uniaxial 
crystal. Similarly, if we make b, < b,, we obtain the wave surface for 
a negative uniaxial crystal. The electromagnetic theory thus gives a 


OQ es 


(a) (b) 
Fig. 16.8.—Sections of the wave surfaces of a uniaxial material: 
(a) positive—bo >be. (b) negative—bo < be 


satisfactory account of all the results which lead to these forms of the 
wave surface in uniaxial crystals. The uniaxial crystal is to be re- 
garded as a limiting case in which the axes of the biaxial crystal are 
indefinitely near to one another. The continuity of the relation be- 
tween the biaxial and uniaxial crystals is shown by sodium sulphate. 
This substance is biaxial at room temperature, but, as the temperature 
is raised, the angle between the optic axes decreases. For violet light 
the axes coincide at about 40° C. and the substance is uniaxial at that 
temperature. The axes diverge and the crystal again becomes biaxial 
at higher temperatures. 


16.20. Double Refraction. 


We now consider a plane wave incident upon the plane surface of 
an anisotropic medium from a vacuum. Let us choose axes so that the 
plane z = 0 coincides with the boundary, and so that the plane z = 0 
is the plane of incidence, i.e. the plane containing the wave normal 
of the incident beam and the normal to the surface. In order to make 
the discussion general, we do not assume that these axes necessarily 
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coincide with the directions of the principal velocities in the crystal. 
Let 6, be the angle of incidence (fig. 16.9). We assume that there are 
two refracted beams and that their wave normals (not the rays) make 
angles 6,’ and 6,"’ with the normal to the surface. There will also be a 
reflected beam, which need not concern us at present. The incident 
wave will contain a factor 


exp tw f De (x cos 0, + y sin a)}. 
c 


POSITIVE DIRECTION 
OF Z OUT OF THE PLANE 


VACUUM OF THE PAPER 


ANISOTROPIC 
MEDIUM 


WAVE NORMALS 
a 
5 S 
x 
Fig. 16.9 


The refracted waves will contain factors 


exp 1w f — 2 (sya + s,'y + s)} 
and exp iw ( -- = (Sq e+ sy/"y + s’2) ; 


where s’ and s” are unit vectors in the direction of the wave normals 
of the two refracted beams. If the usual boundary conditions are to 
be fulfilled (§ 14.2), the three exponentials must be equal for all 
values of y and z when x = 0, i.e. we must have 


S$, ==. 0 anicens ==). Poe eee LOULO} 
SILO) es umes 
aera 5 = i? 16(71a) 


sin@, _sin@,’ sin 6,” 


C iM 6” 


or 


Be ge RE 
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Equation 16(70) implies that the wave normals of the two refracted 
beams are in the plane of incidence, and 16(71) gives the relation be- 
tween directions and velocities. Application of Huygens’ construction 
shows that, when a ray is incident upon the surface of an anisotropic 
medium from the inside, there are in general two reflected rays. 
There are also two critical angles for total reflection. This pro- 
perty is used in the Nicol prism and in the measurement of the 
principal refractive indices (§ 16.44). 


16.21. Double Refraction in Uniaxial Crystals. 


In a uniaxial crystal one of the refracted waves is associated with 
the spherical sheet of the wave surface and for this wave the ray coin- 
cides with the wave normal.* Thus this ray obeys both laws of re- 
fraction and is correctly described as the ordinary ray. Its direction 
can be determined by putting b’ = 6, in 16(71). The phase velocity 
of the second wave (corresponding to the extraordinary ray) varies 
with the direction, and thus 16(71) gives the direction of the refracted 
wave normal, but only by a process of trial and error. In practice 
the direction of the second wave normal is obtained by Huygens’ 
construction (as shown in §12.21) or by an equivalent analytical 
method. This process gives also the direction of the ray which is the 
radius vector from the origin to the point where the tangent plane 
touches the spheroid. Let us now define the principal plane to be 
the plane containing the incident wave normal and the optic axis, 
ie. the z axis if we use the notation of equation 16(68). The direction 
of D for the ordinary wave cannot readily be obtained from 16(19), 
because the result is indeterminate when Q = 0. It may be shown f 
indirectly that the direction of D for the ordinary ray is normal to 
the principal plane. In view of the discussion in § 12.3 this implies 
that the ordinary ray is polarized in the principal plane. Similarly it 
may be shown that the extraordinary ray is polarized perpendicular 
to the principal plane. These results agree with experimental data. 


16.22. Refraction in Biaxial Crystals. 


We now wish to discuss the refraction of a beam of light which is 
incident upon a plane surface of a biaxial crystal. It is convenient 
to start by considering some special cases. 


* This is almost certainly true by symmetry. Analytically we see that it is so 
because 16(29) shows that Q@ = 0 when b = 6,, and hence « = 0 from equation 16(46). 


+ See p. 353 of Reference 16.1. 
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(a) The plane of incidence contains two of the principal axes and 
is therefore normal to the other (fig. 16.10a, 6, ¢). on 
Since the wave surface is symmetrical about the plane of incidence, 
both refracted rays are in this plane. The direction of one ray (OR;) 
is obtained by drawing a tangent from P to the elliptical section of 
the wave surface. The direction of this wave normal is given by 
sin @, _ sin 0,’ 


oe 16(71c 
A (Te) 


where b” is a solution of Fresnel’s equation [16(18)], but the ratio of 
sines is not constant since 6” is a function of 6,. The vector D is in 
the plane of incidence since both the wave normal (ON,) and the ray 
(OR,) are in that plane and they do not coincide, ie. this ray is 


Fig. 16.10a.—Refraction at the surface of a biaxial crystal 


polarized in a plane normal to the plane of incidence. The other ray 
OR, is obtained by drawing the tangent from P to the circular section 
of the wave surface. The ray coincides with the wave normal, so that 
they do not jointly define the plane of D, but, by using the tensor 
ellipsoid, it may be shown that the direction of D is normal to the 
plane of incidence, i.e. this ray is polarized in the plane of incidence. 
For this ray the ratio of the sines is constant. It is equal to n, for the 
plane shown in fig. 16.10a; to n, for the plane shown in fig. 16.100; 
and to n, for the plane shown in fig. 16.10e. 
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(6) The incident ray 1s normal to the surface of separation which is 
set at an arbitrary angle to the principal axes. 

In this case there is only one wave normal since 16(71b) gives 
sin 6,’ = sin 6," = 0. The two refracted rays are not collinear with 


(b) 


Fig. 16.10b, c.—Refraction at the surface of a biaxial crystal 


the incident ray, and the three rays (one incident and two refracted) 
are not coplanar. Since they belong to the same wave normal, the two 
refracted rays are polarized in mutually perpendicular planes (§ 16.8). 
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(c) The general case. 

In general there are two rays and two wave normals. All four 
directions can be obtained by drawing tangent planes to the two 
sheets of the wave surface. The normals to the wave surface at the 
points of contact then give the wave normals, and the lines drawn 
from O to the points of contact give the rays. Hach ray and wave 
normal then determines a plane of polarization. 


16.23.—It may be shown (Reference 16.3) that the two directions of D corre- 
sponding to a given wave-normal are the internal and external bisectors of the 
angle between two planes, each of which contains the wave normal and one of 
the optic axes. This does not show that the two refracted rays in a biaxial crystal 
are polarized in mutually perpendicular planes, since they do not in general 
belong to the same wave-normal. Owing to the fact that the difference between 
the greatest velocity (,,) and the smallest (b,) is always small compared with either 
velocity, the angle between the two wave normals is never more than a small 
fraction of a radian. Thus the two rays belong to neighbouring wave normals 
and are polarized in planes which are nearly perpendicular to one another. 


16.24. Conical Refraction. 


Hamilton noticed that the wave surface for a biaxial crystal has 
the following two special properties: 

(a) An infinite number of tangent planes may be drawn to the 
surface at any one of the four points at which it is intersected by one 
of the axes of single ray velocity. 

(6) A single tangent plane normal to the direction of single phase 
velocity touches the surface not in one or two points but in a circle. 

Hamilton predicted from (a) that in certain circumstances a single 
ray within a crystal may give rise to a hollow cone of rays on emer- 
gence, and from (b) that, in other circumstances, a single ray entering 
a crystal may give rise to a hollow cone of rays within the crystal. 
These phenomena, which are known respectively as eaternal conical 
refraction and internal conical refraction, were observed by H. Lloyd. 
Their prediction and observation are of considerable historical interest, 
although they are not now very important from the practical point of 
view, nor have they any very great theoretical significance. To the 
student their most important aspect is perhaps that they form a test 
of his understanding of the relation between ray and wave normal. 


16.25. External Conical Refraction. 


Lloyd’s first experiment is illustrated in fig. 16.11. A hollow cone of rays 
is incident upon the crystal. The rays inside the slice are confined to a very 
small range of directions near to the axis of single ray velocity by suitably 
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placed pinholes (H, and H,). The directions of the axis of the incident cone and 
its semi-angle have been chosen so that one refracted ray corresponding to each 
wave normal is in the direction of single ray velocity. When the narrow beam 
of rays in the crystal reaches the second surface of the crystal, it will be 


Fig. 16.11.—Lloyd’s experiment showing external conical refraction 


refracted into a cone of rays similar to the one from which it was derived. 
Each ray in the original beam will, in fact, emerge parallel to its original 
direction. The emergent cone of rays forms a ring on a suitably placed screen, 
and the radius of the ring is proportional to the distance of the screen from 
the crystal. 


16.26. Internal Conical Refraction. 


The second special property of the wave surface, i.e. (b) in § 16.24, implies 
that there is a common normal for all points of contact. This common 
normal is the optic axis. The axis of single ray velocity lies within the circle, 
but does not intersect it quite centrally. The shape of the wave surface in 
the region of the singular directions may be likened to that of the crater of a 
volcano. If a ray is directed on to the surface of a biaxial crystal in a certain direc- 
tion, there is only one refracted wave normal, and the direction of this wave 
normal coincides with the optic axis. That there is only one refracted normal is 
expressed geometrically by the fact that, for this direction of incidence, only one 
tangent plane can be drawn from P to the wave surface. The algebraic expression 
of the same experimental background is that for this direction the two solutions 
of Fresnel’s equation [16(18)] coincide, so that only one angle 0, satisfies equation 
16(71). When the refracted wave normal coincides with the optic axis, the vector 
D may have any direction provided that it is perpendicular to the wave normal. 
Application of 16(52) then shows that each possible direction of D corresponds to 
a possible ray. These rays form a hollow cone. One member (OA) of this cone 
of rays is drawn to the circular section C of the wave surface (fig. 16.12), and this 
ray coincides with its wave normal, i.e. with the optic axis. 


16.27.—From the above discussion we may expect that a ray incident upon 
the crystal in a suitable direction will give rise to a hollow cone of rays within the 
crystal. Each member of this cone will be refracted back to the direction of the 
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incident ray upon emergence. The emergent light should, therefore, form a hollow 
cylinder which may be received upon a suitably placed screen S as a circular ring 
of light (fig. 16.13). The diameter of this circle should be independent of the 
distance of the screen from the crystal. In the early experiments of Lloyd, a 


Fig. 16,12.—Internal conical refraction, PQRS represents a crystal slice with 
plane faces PS and QR perpendicular to the wave surface which touches the surface 
at A in a circle. 


single ring of light was obtained. Later observations by Poggendorf and by 
Haidinger, using a better technique, show that the ring of light is divided into two 
parts by a fine dark line. This line occupies the position calculated for the ring 
corresponding to internal conical refraction, and its presence shows that the 
above discussion is incomplete. The following treatment is due to Voigt. 


Fig. 16,.13.—Internal conical refraction 
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16.28.—Even if effects due to diffraction could be neglected, no experimental 
arrangement would produce an ideal mathematical pencil of light. Let us 
therefore consider a small solid cone of rays incident upon the crystal so that 
the axis of the cone is near the direction corresponding to internal conical refrac- 
tion. The small, but finite, semi-angle of the cone is denoted by y, and the angle 
between its axis and the direction of conical refraction by 8. Let us suppose that 
at first 8 is much larger than y. Then there is no conical refraction in the sense 
of the preceding discussion. There are two small cones of rays within the crystal, 
and the emergent beam also consists of two small cones of rays which give spots of 
light on the screen. The two small cones of rays within the crystal correspond 
to two small areas on the wave surface. If the axis of the small cone of incident 
rays is allowed to approach the direction of internal conical refraction, the two 
small areas on the wave surface approach the rim of the “ crater””—one from 


CIRCLE OF CONTACT WITH 

WAVE SURFACE OF 
TANGENT PLANE 
NORMAL TO 


4) Gg OPTIC AXIS 


() (b) 


Fig. 16.14.—Showing the formation of the double ring of light observed 
in internal conical refraction: (a) B much greater than y, (d) B only slightly 
greater than y. 


inside and the other from outside (fig. 16.14a). When 8 is only slightly greater 
than y, the small areas begin to assume the shapes shown in fig. 16.14b. When 
8 = 0, the two spots have each spread into a circular ring whose width is pro- 
portional to y. The two rings are still separated by a thin dark line. Let us now 
divide our small finite bundles of rays into a set of infinitesimal hollow cones and 
consider the one lying between y and (y + dy). The amount of light energy in this 
cone will be proportional to 27y dy, and this light will go to form two rings of 
light, one on either side of the ring corresponding to conical refraction. The width 
of these rings will be proportional to dy, and their area to 27K dy, where F is the 
radius of the ring corresponding to conical refraction; thus the light per unit 
area will be proportional to y/R, so it will fall to zero as y itself falls to zero. 
Hence the illumination is zero along the line corresponding to y = 0, i.e. to a ray 
coincident with the direction of conical refraction. It rises approximately linearly 
as we go away from the ring corresponding to conical refraction, until we come 
to the edge of the rings defined by y. 


16.29.—From the preceding paragraph we can see that the dark ring is present 
because the amount of light making an infinitesimal angle dy with the optic axis 
is proportional to (dy)?, whereas the amount in an infinitesimal range of angle 
between y and (y + dy) is proportional to dy. The first amount is infinitesimal 
compared with the second. So long as one of the “ spots ” on the wave surface 
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corresponding to a narrow cone of rays is clear of the rim of the crater, its area is 
proportional to the semi-angle of the cone. When it reaches the rim, one dimen- 
sion is determined by the radius of the rim (and is finite), whereas the other is 
infinitesimal, i.e. the area over which a given amount of light is spread becomes of 
the first order of small quantities, whereas the amount of light remains of the 
second order. Thus the illumination (light per unit area) becomes infinitesimal. 

16.30.—The direction of D for any ray may be obtained from the condition 
that D is coplanar with the ray and the wave normal. As explained at the end of 
§ 16.26, one member of the internal cone of rays coincides with the wave normal, 
i.e. with the optic axis. The directions of D for the others are shown in fig. 16.15a. 
These directions may be verified experimentally, remembering that the plane of 


(a) (b) 


Fig. 16.15.—Directions of D for rays in (a) internal, (6) external 
conical refraction 


polarization is always normal to the plane of D. In a similar way, when we con- 
sider external conical refraction, there is an internal cone of wave normals. One 
wave normal (the one normal to the circular section of the wave surface) coin- 
cides with its ray, i.e. with the axis of single ray velocity. The directions of D 
for other wave normals are shown in fig. 16.15. Each emergent ray is polarized 
in the same way as the wave normal from which it is derived. 


16.31. Transmission of Convergent Plane-polarized Light through a 
Thin Crystal Slice. 


In § 12.41 ff. we considered the colours produced when a parallel 
beam of light was passed first through a polarizer, then normally 
through a thin crystal slice, and finally through an analyser using the 
the arrangement shown in fig. 12.21. It would be possible to study 
this phenomenon in greater detail by rotating the slice through 
moderately small angles (about lines perpendicular to the direction of 
light) in order to see how the colours change. It is, however, more 
convenient to view all directions of transmission at once, using the 
apparatus shown in fig. 16.16. A beam of light is made approximately 
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parallel by the lens L,; it is passed through a polarizer and then ren- 
dered fairly strongly convergent by the lens L,. After passing the 
crystal slice X, it is received by the lenses L, and Ly. The analyser is 
placed between these lenses in a position where the light is approxi- 
mately parallel. Taken together, these lenses form a telescopic system. 
The rays which reach a given point on the screen S have passed through 
different points of the crystal, but all in the same direction. If a knife 
edge is moved across the crystal, its image does not appear on the 
screen 8, but the illumination on all parts of the screen is reduced 
in proportion to the area of the crystal which is obscured. Since 
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Fig. 16.16.—Apparatus for showing isochromatic lines 


all parts of the crystal contribute to the light at any one point, clear 
patterns are obtained only when all the part of the crystal which 
is being used is free from inclusions, etc., and when it is of nearly 
uniform thickness. The picture on the screen S is not an image of the 
crystal, but a representation in which each point gives the colour and 
amount of light transmitted through the slice in a given direction. 
To obtain a complete review of the whole phenomenon, pictures of 
this type for slices of different thicknesses cut in several different 
directions relative to the crystal axes are required. Hxamples of the 
results are shown in Plate IV, p. 518. The typical pattern consists of a 
set of lines along which the colour is constant (1sochromatic lines or 
‘ rings) and another set of lines which are uncoloured (achromatic lines). 
These latter are usually much less well marked than the former and 
are sometimes called brushes. 


16.32.—In § 12.41 we obtained the following relation for the 
amount of light transmitted when the incident beam is parallel and 
normal to the slice: 
E = a®{cos?(« — B) — sin 2a sin 2B sin?35} . 16(72) 
[equation 12(43)]. 
* The positions shown for P and A are suitable when Polaroid film is used. Nicol 


prisms would be placed at the left-hand and right-hand positions where the beams are 
narrow. 
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In this equation « and 8 depend on the orientations of the polarizer 
and the analyser relative to the slice. 5 is the phase difference between 
two beams, each plane-polarized in one of the two possible directions 
for transmission normal to the slice. It is given by 


Sa (hPa en 


where x is the wavelength constant in air, and d is the geometrical 
length of the path in the crystal. We shall show that the isochromatic 
lines are lines joining points corresponding to directions of trans- 
mission for which 8 is constant. The achromatic lines correspond to 
directions for which sin 2« sin 28 is zero, i.e. to directions for which 
the “ colour term ”’ vanishes no matter what the value of 5 may be. 
16.33.—Consider a parallel beam of unpolarized light incident upon 
the surface of a thin crystal slice at an angle @, (fig. 16.17). Let A,B, 
be the position of the wave surface at time ¢ = 0, and suppose that in 
the crystal the light splits into two beams, A,A,” and B,B,”’ being wave 


Fig. 16.17 


normals for one beam and A,A,’ and B,B,’ for the other. Ay AY 
and A,’A,’ represent two of the emergent wave normals. On either 
side of the crystal the wave normals and the rays coincide, but within 
the crystal they are distinct. It is important to note that A,A,”, etc., 
are not rays but wave normals. In general, the rays would be out of 
the plane of the paper, but the wave normals must lie in the plane of 
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incidence, which is the plane of the diagram. All the emergent wave 
normals are parallel to the incident wave normals (and therefore they 
are parallel to each other), and the wave surfaces are parallel after 
transmission. The emergent waves may be collected by a lens, and the 
components which pass through the analyser may be brought to inter- 
ference at a point in its focal plane. The phase difference at the focal 
point will be the same as the phase difference on the plane B,’’A,’ 
(§ 8.1). It is shown in § 5.13 that when a beam of light passes through 
an inclined transparent plate of thickness e, the transmitted wave 
suffers a phase delay 5 given by 


5 = Kye cos 6,, 


where 0, is the angle between the wave normal and the normal to the 
surface of the plate, and « is the wavelength constant in air. It follows 
that, for a plate of anisotropic material, the phase difference between 
the two emergent rays is 


5 = xe(n” cos 6," — p’ cos 8,’). ay ae LO(TS) 


Equation 16(74) expresses the fact that the phase difference between 
the two emergent beams depends on: 

(a) the difference in the refractive index, and 

(6) a small difference in the length of path in the crystal, since the 
wave normals make slightly different angles with the normal to the 


surface of the crystal. 
We shall now show that, when the birefringence is small, the second 
effect may be neglected in comparison with the first. We then have 


ke 


$= TN aie 5 LUGE) 


cos 6, (u 


where cos 6, is the mean of cos 0,’ and cos 0,”. 


When the birefringence is small, we may write 
3 = xe(u’” — pw’) © (yu c08 64) 
du. 


dO 
= Ke(u” — p’) {cos 6, — pv sin 0, ae 5 6 a o LAY@) 


By differentiating the relation 


u. sin 6, = sin 6), 
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we obtain sin 8, + p cos 0, om == (Up Se, LOU) 


and 16(75) is obtained by eliminating d0,/du. between 16(76) and 16(77). 


16.34. The Isochromatic Surfaces. 


Let us now temporarily consider not a crystal slice but an ani- 
sotropic medium of unlimited extent. We take a point O and draw a 


Fig. 16.18.—Isochromatic surface for a biaxial crystal 


wave normal OR in a given direction (fig. 16.18). Suppose that two 
plane waves corresponding to this wave normal have the same phase 
when they pass through O. Then the phase difference when they pass 
through R is * 


5 = k(n” —n’)r th ee aoe! OL LO) 
where OR =r. 

A surface may be defined as the locus of all points for which 8 has 
some chosen value (say 5), ie. by drawing in each direction a radius 
vector whose length is inversely proportional to the difference of the 
indices. A family of surfaces is obtained by taking different values of 
the parameter 5. These surfaces are called the csochromatic surfaces. 
If the directions are defined by stating the angle which the wave 


* Note that (index to vacuum) is nearly equal to » (index to air), 
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normal makes with the optic axes, then from 16(65) we obtain, as an 
approximation,* 


kr(, — Pz) SIN x, SIN yYo2= 5, ~. . . 16(79) 


for the equation of one of the isochromatic surfaces. 


Fig. 16.19.—Isochromatic surface for a uniaxial crystal 


The form of a typical isochromatic surface for a biaxial crystal is 
shown in fig. 16.18 and the reduced form for a uniaxial crystal is shown 
in fig. 16.19. 

The equation of the isochromatic surface in Cartesian co-ordinates 
may be shown to be 


[3S 2%(u,? + 2) — Sef = 47? Do%,2u,2. — 16(80) 


We have, from equation 16(78), 
8 = xr(n” — n’) 
=«r(n, — 0," ), so » o « & dai) 
since the angles between the rays and wave normals are small. 


The difference between the ray indices n,’” and n,’ may be obtained from 
equation 16(40), which may be written 


py Se 
nae — Nye 
From this equation, which is quadratic in n,”, we obtain 
Ng? + 04/27 = J egny? + 1,7), » » © - 16(81d) 
Epp TON SS ee oiinal Oe 


*In this approximation we assume b’b” = bb, and we also replace indices ta 
yacuum (nz, ”,) by ug and u, (indices to air), 
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Now, from 16(8la),  [n,’2 +n’? — 8?/x77? P= 4n,/2n 4”, 


whence, substituting from 16(81a) and writing p, = x/r, etc., and replacing n,, 
etc., by py, etc., we obtain 16(80). 


16.35. The Isochromatic Lines. 


Let O be a point on one face of a thin crystal slice and let the iso- 
chromatic surface be drawn in the correct orientation, i.e. so that the 
directions of the optic axes for the surface are the same as those for 
the crystal. Then any line OR drawn from O to a point where the 
isochromatic surface intersects the second face of the crystal repre- 
sents a wave normal for which the phase difference is 6,. The pro- 
jection of the directions of the corresponding rays outside the crystal on 
the screen S (fig. 16.20) by means of the lens L produces a series of 


Fig. 16,20 


lines. These lines are called the isochromatic lines, since for all points 
on one of these lines the “ colour term” in equation 16(72) has the 
same magnitude, though not necessarily the same sign (§ 12.42). 
Only one hue, or its complement occurs because, along one line, the 
phase difference of the two interfering beams is the same for a given 
wavelength. If monochromatic light is used we obtain bright lines for 
6, = 2mm and dark rings for 6, = (2m + 1)z, where m is an integer. 
The isochromatic lines must not be regarded as a magnified picture of 
the intersections of the surface of the crystal with the isochromatic 
surface. The above procedure is only a way of defining directions and, 
for the purposes of the above argument, any point on the first surface 
of the crystal may be taken to be O, Note that the isochromatic lines 
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are not even directly related to the directions of the wave normals 
in the crystal. Since 0, is a simple function of 6,, the isochromatic lines 
have the same general appearance as the intersections of a plane with 
the isochromatic surface, and it is sufficient to discuss these inter- 
sections when we desire only a general qualitative discussion. From 
the shapes of the isochromatic surfaces (figs. 16.18 and 16.19) it may 
be seen that the isochromatic lines can assume a wide variety of dif- 
ferent forms. We shall discuss a few of the more important cases. 


16.36. Uniaxial Crystal cut perpendicular to the Optic Axis. 
For a uniaxial crystal the isochromatic surface 16(79) reduces to 
EN (fig = fb.) SLD" VO, ee Cee 1 O( G2) 


where y is the angle between the wave normal and the optic axis. 
Consider a crystal section normal to the optic axis. Obviously the 
pattern has circular symmetry. In the notation of fig. 16.17, vy = 4, 
and sin 6, =p sin xy. p is the mean index of refraction for the two 
wave normals. The radius (£) of the isochromatic ring corresponding 
to a phase difference of 2mm is given by R=f sin 6, = pf sin ym, 
where f is a constant (proportional to the focal length of L, in 
fig. 16.16), and sin y,, is obtained by substituting 27m for 5, in 16(82), 


i.e. R= Am’, 
2F2 
where Ae peau Se en AKER) 
T (Me way Lz) 


A is independent of 0, if we neglect the slow variation of with direc- 
tion. The radii of the rings are thus proportional to the square roots of 
the natural numbers, so that their general appearance is like Newton's 
rings. For a given value of m, the radius is a function of the wave- 
length, partly because A appears directly in 16(83), and partly because 
the indices depend upon the wavelength. The rings are coloured and, 
for high values of m, the rings of different colours overlap so that 
they cannot be seen clearly (see Plate IVa, 6). 


16.37 . Achromatic Lines (Uniaxial Crystal). 


Each point in the ring system corresponds to a single direction of 
incidence upon the crystal. All the points on a radial line correspond 
to directions of incidence (and of transmission) which lie in a certain 
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plane containing the optic axis. From the discussion of § 16.21, it 
follows that the two beams in the crystal are polarized in and perpen- 
dicular to this plane. The polarizer will be set to transmit light polarized 
in a plane corresponding to a certain radius. For any point on this 
radius there is only one beam in the crystal, and no interference can 
take place, i.e. at all these points the colour term in 16(72) is zero 
because « = 0 and sin2« —0. Similarly, for a perpendicular radius, 
a = 7/2 and again sin2«—0. A grey cross is thus superimposed 
upon the ring pattern. A second grey cross is similarly related to the 
analyser. The brightness in these parts of the pattern is propor- 
tional to cos? (« — B). It may be shown that the colour term, which 
vanishes at points in one of these grey crosses, is small for points 
fairly near the crosses. Thus the crosses are not sharply defined and 
are called “ brushes”. When «=f the crosses coincide to give a 
single white cross (Plate IVb). Similarly, when the analyser and 
polarizer are crossed, there is a single black cross (Plate IVa). When 
sin 2x or sin 28 passes through zero, it changes sign. Thus the hue 
of a given ring changes to its complement as we pass one of the grey 
crosses and the rings appear broken. Since both sin 2« and sin 28 change 
sign on passing the black or the white cross, there is no change in the 
sign of the colour term and the rings are unbroken. 


16.38. Biaxial Crystal cut perpendicular to a Bisector of the Optic Axes. 


Sections of the isochromatic surface for a biaxial crystal (fig. 16.18) by planes 
normal to the bisector of the optic axes and at different distances from O are shown 


(a) i (c) 
+S 


(b) (d) 


Fig. 16.21.—Sections normal to the bisector of the optic axes of 
the isochromatic surface for a biaxial crystal 


in fig. 16.21. The shape of the section depends on the relation of the plane to the 
saddle in the isochromatic surface. When the plane is below M (fig. 16.18), then 
the section is like 16,21 or 6, When it touches M, we obtain fig. 16.21c; and when 
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(a) to (d). Patterns obtained with crystals in convergent plane-polarized light. 


(a) Uniaxial crystal cut normal to the axis, (6) Uniaxial crystal cut normal to the axis, 
polarizer and analyser crossed. polarizer and analyser parallel. 

(c) Biaxial crystal cut perpendicular to bi- (d) Uniaxial and optically active crystal 
sector of the axes (polarizer and (quartz) cut perpendicular to the 
analyser crossed). axes (polarizer and analyser crossed). 


(e) and (f) ‘‘ Chameleon ”’ made of mica of different thicknesses viewed i? parallel 
plane-polarized light. The sign of the colour term is reversed by rotating the analyser. 


PLATE IV 


Facing p. 518 
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it is above M, we obtain curves like fig. 16.21d. For the moment let us consider 
light of one wavelength. For a thin slice of crystal even the isochromatic surface 
corresponding to 5 = 27 (i.e. m = 1) is cut beneath the saddle point, and the 
isochromatic lines are all like those in fig. 16.21a or b. For a thicker slice, a com- 
plete family of curves is obtained (Plate IVc). 


16.39. Achromatic Lines (Biaxial Crystal cut normal to Bisector of 
Axes). 


We shall show that the achromatic lines are branches of rectangular hyper- 
bolas. In general there are two hyperbolas, one with asymptotes parallel and 
perpendicular to the direction of the polarizer, and the other similarly related to 
the plane of the analyser. When the analyser and polarizer are parallel, we obtain 
a single white hyperbola, and when they are perpendicular, a single black hyper- 
bola. When the direction of either polarizer or analyser is parallel or perpendicular 
to the plane of the axes, the corresponding hyperbola coincides with its asymptotes 
so that we obtain a grey cross. When both the polarizer and the analyser are 
parallel or perpendicular to the plane of the axes, a white cross is obtained when 
they are parallel to each other and a black cross when they are perpendicular to 
each other (Plate IVc). 


16.40.—Let R (fig. 16.22) represent a point on the achromatic lines due to 
the polarizer, and let OX and OY be directions parallel and perpendicular to the 
plane of the analyser. Let P’ and P” be the points corresponding to the optic 


¥ 


Fig. 16.22 


axes, The directions of vibration corresponding to R are the internal and external 
bisectors of the angle between P’R and P’R. The achromatic line is the locus of 
a point R which moves so that these bisectors are parallel to OX and to OY. If 
the co-ordinates of R are x and y, and those of P’ are X and Y, those of P” will 
be —X and —Y. The triangle RAB is isosceles and 


Pe iccast 


tan RBO = tan RP’N’ 


—Z 
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re ve 

i i P = > 
Similarly, tan RP’N rarer 
and hence xy = XY = constant, 


i.e. the locus of R is a rectangular hyperbola whose asymptotes are parallel and 
perpendicular to the plane of the polarizer. 


16.41. Transmission of Circularly Polarized Light. 


If a suitably oriented quarter-wave plate is inserted between P 
and L, (fig. 16.16), the light incident upon the crystal is circularly 
polarized. The emergent beam may be analysed either with a linear 
analyser (e.g. a Nicol) or with a circular analyser consisting of a quarter- 
wave plate followed by a linear analyser set to bisect the privileged 
directions of the quarter-wave plate. The linear analyser resolves the 
beam which it receives into plane-polarized components, and transmits 
the component in one plane. In a corresponding way the circular 
analyser may be regarded as resolving the incident beam into right- 
handed and left-handed circularly polarized components, of which 
one is transmitted. It may be shown that when the linear analyser 
is used, both isochromatic and achromatic lines are obtained, though 
the patterns are simpler than those described above (§§ 16.35-16.40). 
When the circular analyser is used, there are no achromatic lines. 
The isochromatic lines are similar to those previously described. This 
separation of the two sets of lines is sometimes an experimental con- 
venience. 

16.42.—It is easier to consider the transmission of circularly polarized light 
through a crystal plate from first principles than to use 16(72). Consider a beam 
of circularly polarized light incident normally upon a thin crystal slice. As in 
§ 12.41, let OX and OY represent the privileged directions of vibration. Then the 


incident beam may have components & =a cost and &=asinwt. The 
emergent beam will have components 


acosmt and asin (wt + 3), os oe ae VLG (84) 


and the components passing a linear analyser set at an angle 8 to OX are 


a cos B cos wt, 
and a sin f sin (wt + 8). } ee 
The amount of light transmitted by the analyser is given by 
E = a*(1 + sin 26 sin 8). coc po o  dGE@) 


There is a white term and a colour term. The value of 8 determines whether the 
latter is positive, zero, or negative. With convergent light there is only one set of 
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achromatic lines. By moving the origin of time we may write the components of 
16(84) in the form 


x =a cos (wt — 435) and y=asin (wt + 48). . 16(87) 
These may be resolved into 
x, =acoswtcos3d and y, =a sin wt cos4d 


and =a sin wtsin$dS and y, =a cos wt sin $8, 


ie. into a left-handed and a right-handed circularly polarized component. If 
the circular analyser is set to transmit right-handed circularly polarized light, 
we have 

E = a? sin? 45, ee ges Figs tht gees ag 16(88) 


and, if it is set to transmit left-handed circularly polarized light, we have 
E = a? cos? $8 = a2(1 — sin? 48). 3. . . . ~«16(89) 


Applying this result to convergent beams, we see that in either case there are no 
achromatic lines. The isochromatic rings depend on sin? $8 and are thus similar 
to those obtained with plane-polarized light. The left-handed circular analyser 
gives colours which are complementary to those obtained with the right-handed 
circular analyser. 


16.43. Optically active Crystals in Convergent Polarized Light. 


The most general type of crystal is both anisotropic and optically active. In 
convergent polarized light these crystals produce characteristic patterns of iso- 
chromatic and achromatic lines. The detailed calculation of these patterns in- 
volves no new principles but the calculations are rather lengthy. It is necessary to 
apply the methods of the preceding paragraphs to crystals in which, in a given 
direction, two elliptically polarized beams of light can be transmitted unchanged. 
Plate IVd (p. 518) shows the pattern obtained when convergent plane-polarized 
light is passed through a quartz plate cut normal to the axis and the emerging 
vibration is passed through an analyser set perpendicular to the polarizer. The 
absence of the cross in the centre leads to the assumption that, in a uniaxial 
optically active crystal, the two sheets of the wave surface do not touch. The one 
sheet encloses the other completely. The phenomena occurring in optically active 
biaxial crystals are still more complicated, and experimental data on most of 
these crystals are confined to measurements of the principal indices and of optical 
rotatory power for transmission in the directions of the axes. In general, the 
rotatory power for transmission along one axis is not equal to the rotatory power 
for transmission along the other.* 


16.44. Measurement of the Optical Constants of Crystalline Media. 


The relations between the optic axis (or axes) and the axis (or axes) 
of crystal symmetry may be determined by cutting several slices from 


* See p. 154 of Reference 16.2. 
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a crystal and examining them in convergent polarized light. Usually 
one of the slices will be sufficiently near to the optic axis of a uniaxial 
crystal to show the centre of the ring pattern, and hence give approxi- 
mately the direction of the axis. The direction may then be obtained 
more accurately by cutting a slice normal to this direction. If the 
rings are not quite central when the centre of the convergent beam of 
light is normal to the slice, then the small rotation needed to make 
them central enables the angle between the normal to the slice and the 
optic axis to be calculated. When the optic axis of a uniaxial crystal 
is known, the values of », and p, may be obtained by measurements 
of the appropriate critical angles (§ 12.21). The dispersion of the bire- 
fringence may be examined by measuring the critical angle for dif- 
ferent wavelengths, or by forming a pair of spectra (as suggested in 
§ 12.21), or by measurements on the channelled spectrum (described in 
§§ 12.41-42). Similarly, observations with monochromatic convergent 
polarized light may be used to determine the plane of the axes of a 
biaxial crystal. Suppose that a section has been cut normal to one of 
the bisectors of the axes. For the axes used earlier in this chapter, 
this direction must be either OX or OZ, and we take it to be OZ. By 
measuring the critical angle corresponding to the circular section of 
the wave surface, with the incident ray in the plane of the axes (i.e. 
the XZ plane), we obtain p, directly. By measuring the corresponding 
angle for a ray incident in the YZ plane, we obtain p,,. The other index 
may be obtained directly by cutting another section so as to be able to 
use a ray incident in the XY plane. It may also be obtained by 
measurements on the second ray in the XZ plane. When the values of 
the three indices are known, the angle between the optic axes may 
be calculated. The result may be confirmed by measurement of the 
angular separation of the “ eyes ” of the lemniscate pattern (Plate IVc, 
p. 518). This measurement is usually made by rotating the crystal so 
as to bring the two “ eyes ” in turn into the centre of the field of view. 
This reading gives the “apparent” angle between the axes, i.e. the 
angle outside the crystal between the beams of light which, inside the 
crystal, have normals in the directions of the axes. The true angle 
may be calculated from the apparent angle if , is known [Example 
16(xvii), p. 536]. The dispersion in biaxial crystals may be obtained 
by measuring the indices with different kinds of monochromatic light 
in turn. The angle between the principal (optical) directions and the 
crystallographic axes is the same for all wavelengths. Each principal 
index varies independently with wavelength so that the ratios of the 
principal indices vary with wavelength. Hence the angle between the 
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optic axes varies with wavelength. It is even possible that the angle 
may be zero for one wavelength and not for others, so that the 
crystal is uniaxial for one wavelength and biaxial for others. 


16.45. Relation of Optical Anisotropy to Crystal Structure. 


By measuring the optical constants of a large number of crystals, 
it is possible to deduce the following empirical relations between 
optical and crystallographic properties: 

(a) Crystals of the cubic system are always isotropic; the index 
ellipsoid is a sphere. 

(6) Crystals which have a single principal axis (trigonal, tetra- 
gonal, or hexagonal) are uniaxial; the optic axis coincides with the 
principal axis of crystal symmetry; the index ellipsoid is a spheroid. 

(c) Crystals which have three axes of different lengths (ortho- 
rhombic, monoclinic, and triclinic) are biaxial; the ellipsoid has three 
unequal axes. When there are three diad axes, the principal axes of 
the ellipsoid coincide with these axes. When there is one diad axis 
(monoclinic crystals), then one of the principal axes of the ellipsoid 
coincides with this axis. When there is no diad axis (triclinic system), 
the principal axes of the ellipsoid may have any arbitrary relation to 
the crystal axes. 

These results are summarized in Table 16.1 which is due to Born.* 


TABLE 16.1 
Crystallo- Trigonal 
graphic Triclinic Monoclinic ere Tetragonal Cubic 
symmetry Hexagonal 
Orien- | Unrelated | One axis par-| Three axes| Oneaxispar-| All orien- 
tation of | to crystal | allel to 2-fold fixed and in- | allel to 3-,4-or | tations are 
esurface | axes and |crystal axis; |dependent'| 6-fold crystal | equivalent. 
depending | the directions|of wave- | axis; theother 
on wave- |of the other | length. two unrelated 
length. two depend on to crystal 
wavelength. axes. 
e surface Triaxial ellipsoid Spheroid Sphere 
Optically Biaxial Uniaxial Isotropic | 


18 


* Seo p. 232 of Reference 16.3. 


(G 577) 
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16.46. Dispersion. 


The above relations are associated with certain limitations in regard to the 
dispersion properties of crystals. In uniaxial crystals the optic axis, since it coin- 
cides with a crystallographic axis, has the same direction for all wavelengths. 
The values of »,, and u., are quite free and (u., — u,) is not in general proportional 
to the mean index. It is possible for a crystal to be positive uniaxial for one wave- 
length and negative uniaxial for another. In the orthorhombic system the axes of 
the indicatrix must be in the same direction for all wavelengths (since they coincide 
with the crystallographic axes). The optic axes are situated in the plane which 
contains the largest and the smallest velocity. In the preceding discussion of this 
chapter, we have assumed b, > b, > b,, and the axes are then in the z plane. If this 
relation is true for all wavelengths, then the optic axes are always in the xz plane 
and b, is a common bisector for them all. This is known as normal dispersion. It is 
possible, however, that for some wavelengths b, > 6b, > b,, so that the axes are in 
the zy plane, or b, >, >6,, giving axes in the yz plane. Thus, in this type of 
crystal, the axes for different wavelengths may lie in any one of three mutually 
perpendicular planes. If the axes for two wavelengths lie in one plane, then they 
have a common bisector. In the monoclinic system of crystals, one axis of the 
indicatrix is fixed, and the other two must be in a plane perpendicular to this 
axis. They may rotate through any angle provided they remain perpendicular 
to one another. Two cases arise: 

(i) If the fixed axis is the bisector of the optic axes for one wavelength, then 
the optic axes for other wavelengths may lie in different planes but 
have a common bisector (inclined dispersion). 

(ii) The optic axes may be in the plane perpendicular to the principal crystal- 
lographic axis for all wavelengths. In this case, there will be no common 
bisector. 


If the relation between the magnitudes of the principal velocities varies in the 
extreme way suggested as possible for orthorhombic crystals, it is possible that 
the axes for some wavelengths will be situated as in case (i) and those for other 
wavelengths as in case (ii). This extreme variation is, however, unlikely to occur 
with monoclinic crystals. If the principal crystal axis is associated with the 
largest velocity for one wavelength, it is usually associated with this velocity for 
all wavelengths. In triclinic crystals no limitation of this type exists and the dis- 
persion of the axes is very complicated. It is possible to recognize the different 
types of dispersion described above by inspecting the lemniscate figures. Observa- 
tion of the type of dispersion, together with the apparent angle between the axes, 
forms a method of identifying certain crystals in mineralogical specimens. By a 
suitable modification of the apparatus shown in fig. 16.16, the observations may 
be made on very small specimens. 


16.47. Relation to Molecular Structure. 


The calculation of the indices for crystalline media forms a de- 
velopment of the dispersion theory described in Chapter XV. Many 
problems discussed in that chapter reappear—for example, the re- 
fractivity of the bond between two atoms or ions. It is possible to 
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approach the problem from the two viewpoints described in Chapter 
XV, i.e. to consider the relation between D and E when a high-frequency 
field is applied, or to consider the crystal as a set of scattering centres 
—the scattered radiation being mainly coherent with the incident 
radiation. As in isotropic substances, there is a relation between dis- 
persion and absorption, strong anisotropic dispersion being accom- 
panied by anisotropic absorption. The essentially new problem intro- 
duced is to account for the anisotropy of the optical properties of the 
crystal in terms of the arrangement of atoms in the crystal lattice or 
by the regular arrangement of molecules which are electrically aniso- 
tropic. The molecules may be electrically anisotropic individually, or 
they may owe their anisotropy to the polarizing effects of interactions 
with their neighbours. Wooster * has given an empirical classification 
of the optical properties of non-molecular crystals. This shows that 
strong double refraction tends to occur when: 

(a) the atoms or molecules are arranged in parallel layers (e.g. 
calcite or PbO); 

(6) one ion or group is strongly planar (CO;, NOs, etc., form planar 
ions; this is an additional reason for the strong birefringence of cal- 
cite) ; 

(c) the system forms a chain lattice (e.g. NaN ). 

Weak double refraction occurs when the general arrangement of 
the crystal is a three-dimensional lattice with no strong geometrical 
anisotropy (e.g. quartz) and also with compounds containing ions like 
SO,, which are themselves nearly isotropic. 


16.48. Calculations of Birefringence from Crystal Structure. 


Direct calculations from the theory of crystal lattices have been 
made by Ewald, Born, etc. These calculations are very difficult and 
they do not give all the indices directly. Instead, they provide certain 
relations between the different optical properties. The fact that these 
relations were in accord with experiment gave an important veri- 
fication of the theory of crystal structure developed by Born and his 
school. Another approach is due to W. L. Bragg who uses the ionic 
refractivities (§ 15.26) as the basic data. He then shows how certain 
arrangements of molecules are likely to make the ratio of the polariza- 
tion P (and therefore of D) to E anisotropic. For example, if the 
atoms of a molecular group lie in one plane, the resultant polarization 
is less when E is perpendicular to the plane of the group than when it is 


* See p. 177 of Reference 16.2. 
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in the plane. This is because when all the atoms are polarized in their 
own plane the field of each dipole tends to reduce the polarization of 
its neighbours (fig. 16.23). 

Results of calculations by this method for calcite and for several 
other substances are in good agreement with experiment.* For these 
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Fig. 16.23.—Field of a dipole at B. The dotted lines show the direc- 
tions of the lines of force due to the dipole. The field of the dipole opposes 
the main field at A and C. 


substances it is not necessary to assume that the ions themselves are 
electrically anisotropic. In general, the ions and molecules must be 
assumed to be anisotropic, and the anisotropy at optical frequencies 
bears no very direct and simple relation to the anisotropy at low 
frequencies. 


16.49. Optical Activity. 


It is not difficult to make a formal theory of optical activity (i.e. of a difference 
of velocity between left-handed and right-handed circularly polarized light). We 
may formally postulate that when the wave normal is in the OZ direction, D, 
depends not only on H#, but also upon 0H, /éz, ie. we write 


D, = ch, — tyH,; D,=cH,+tyH,; and D, = eH,, 


where ¢ and y are constants. It may then be shownt that the index for right- 
handed circularly polarized light is nz = Ve + y/Ve and that for left-handed 
circularly polarized light isn, = Ve —y/Ve. This formal proof cannot, by it- 
self, give very much satisfaction, since it is based on what appears to be a highly 
artificial assumption. The real problem is to relate this assumption to molecular 
theory. In isotropic substances such as solutions, the optical activity must be 
related to the structure of the molecule itself. It has been shown that molecules 
which possess “ mirror symmetry ” (i.e. which have two distinct forms, one being 
the mirror image of the other) should possess this type of property. The more 


* See p. 185 of Reference 16.2. ft See p. 411 of Reference 16.3. 
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difficult problem of relating the properties of an optically active crystal like quartz 
to the structure of the individual molecule or to the arrangement of the molecules 
in a “helical” lattice has also been solved in principle. The full calculation of 
the optical constants of a crystal which is both strongly active and strongly bire- 
fringent is naturally very difficult. 


16.50. Faraday Effect. 


In 1845 Faraday investigated the transmission of plane-polarized 
light through a block of glass in the presence of a magnetic field. He 
found that, when the direction of transmission has a component along 
the lines of force, there is a rotation of the plane of polarization. When 
H, is the component of the field in the direction of transmission and 
Lis the length of path, the angle of rotation 0, is given by 


RON, To SIGE 
where C is a constant. 

This phenomenon is known as the Faraday effect, and the constant 
is called Verdet’s constant. If C is positive, the direction of rotation 
is the same as that of a current which could produce the magnetic 
field. The sign, viewed by an observer who looks along the field, is inde- 
pendent of the direction of transmission of the light. This means that, 
when light is transmitted to and fro along a path in a magnetic field, 
there is a double rotation.* When the effect is very weak, it may be 
amplified by reflecting the beam several times backwards and for- 
wards in the field. The effect has been measured in a large number of 
substances including liquids and gases. There is a universal positive 
effect associated with diamagnetism, and also a negative effect asso- 
ciated with para- and ferro-magnetism. Particularly strong effects are 
found when light is passed through thin films of iron, nickel, or cobalt, 
as would be expected in view of the very strong internal fields. The 
following rotations, obtained with a field of 10* oersteds, show the 
order of magnitude of the effect: 

Water 2° 10’ for a l-cm. path, 
Quartz 2°46’ ,, ,, » 


O; 0-06), ns) (ab 8-T.P.) 
Fe 130° for a 10-3 cm. path. 


The effect also varies rapidly in the neighbourhood of an absorption 
frequency. The theory is discussed on p. 353 of Reference 16.3. A 
detailed account of the Faraday effect is given in pp. 2119-2182 of 
Reference 16.1. 


* The natural rotation when a beam is sent to and fro is zero (see § 12.35). 
+ Additional to the natural rotation for quartz. 
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16.51. The Kerr Effect. 


In 1876 J. Kerr showed that many isotropic substances, when 
placed in an electric field, behave like a uniaxial crystal with the optic 
axis in the direction of the lines of force. If n is the index of the sub- 
stance in the absence of a field, and m, and n, are the indices for direc- 
tions of D parallel and perpendicular to the field, it is shown that 


(a) (n, — n,;) = ABE? (Kerr’s law) 2) EPL OO) 
and (6) (np —n) =2(n,—n) (Havelock’slaw). . 16(92) 


The constant B is known as Kerr’s constant.* At high fields small de- 
viations from Kerr’s law have been observed (p. 137 of Reference 16.4) 
and Havelock’s law is not universally obeyed (particularly when there 
is strong dispersion), but any satisfactory theory must include these 
laws as first approximations. The order of magnitude of the Kerr 
effect is shown by the following data: 


Substance Kerr constant for A = 5890 A. 
Gases CO, (at 8.T.P.) 0-25 <x 10-42 
e . 0-36 x 101° 
CH. Clie. Selec Omee 
Liquids H,O 4-7 x 1077 
CS, 3-2 x 10-7 
Solids CHCl, —3:46 x 107? 
Glasses 2:9 x 10-® to 1-5 x 10-8 


Since the effect is proportional to £?, its sign is independent of the 
sign of the field. Most substances behave in the field as positive uni- 
axial crystals (i.e. have positive Kerr coefficients), but a few behave 
as negative crystals. 


16.52.—The Kerr constant may be measured by passing a beam of 
plane-polarized light between two condenser plates and compensating 
the resulting ellipticity by a Babinet compensator or by one of the 
more sensitive compensators described in Reference 12.6 (p. 392). 

The term Kerr cell is usually applied to the condenser when it is 
intended for investigation of the electro-optical effect. The apparatus 
is shown in fig. 16.24a. Since the effect is proportional to 2, and the 
constant is small, it is desirable to use as high a value of EF as possible. 


* In 16(91) # is measured in absolute e.s.u. (300 volts = 1 €.3.U.). 
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The distortion of field at the ends of the plates may be calculated or 
may be eliminated by using plates of different lengths. When the sub- 
stance to be tested has some conductivity, the apparatus shown in 
fig. 16.246 is used. The light is passed through two Kerr cells in series. 
The directions of the fields are mutually perpendicular. The two 


(b) 


Fig. 16.24.—(a) Apparatus for the investigation of the Kerr effect. 
(6) Arrangement of apparatus for substances possessing appreciable 
conductivity. 


Nicols are crossed, so that no light is transmitted in the absence of the 
field. The distances between the plates in one condenser are varied 
until, on applying a voltage of short duration, no transmission of light 
is observed. We then have 


B, _ %4°lp 
Bema ey eee LOL 93) 
where a,, J, are the separation of the plates and the length of path for 
the substance whose Kerr constant is B,, and ay, l, are the correspond- 
ing quantities for the second substance whose constant is B,. In this 
way the Kerr constant for a substance which cannot sustain a per- 
manent field is determined in terms of the constant for an insulator. 
The above methods give n, — , but, in order to verify Havelock’s 
law, it is necessary to measure (n, —) and (n,— 1). This may be 
done by means of a Jamin type of interferometer. The substance 
under test is placed in both arms of the interferometer and the readings 
of the compensator are obtained: (a) when no field is applied, and (6) 
when field is applied to the substance in one arm. An analyser is used 
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to separate the light polarized parallel to the field from that polarized 
perpendicular, and thus the two differences (n)» —) and (n, — n) 
can be obtained. 


16.53. The Kerr Electro-optical Shutter. 


In his early experiments, which were made with glass, Kerr ob- 
served that the optical anisotropy required several seconds to reach 
full value when a steady electric field was applied, and that there was 
a corresponding delay when the field was removed. Later work has 
confirmed this long delay in many solids and has shown that, for 
viscous liquids which are also polar, there is a measurable, though 
very much smaller, delay. For example, it has been shown that the 
delay for undecyl alcohol is between 10-° and 10-® second. The delay 
is obviously not a sharply defined time, since the approach to an 
equilibrium condition is asymptotic. For non-polar liquids with small 
molecules, the delay time is too small to measure and is probably less 
than 10-" second. A Kerr cell, filled with one of these liquids and 
placed between crossed Nicols, transmits light only when the electric 
field is applied. It is usual to orient the Nicols so that their principal 
planes are at 45° to the direction of the applied field. By using 
high-frequency fields it is possible to modulate a beam of light just 
as a beam of high-frequency radio waves can be modulated with 
an audio frequency. The modulation frequency can be made as high 
as 10° cycles per second without difficulty and frequencies up to 
101° cycles per second are possible. It is possible to apply pulses of 
high voltage and of short duration to the Kerr cell. In this way a light 
beam can be “ chopped ” into a series of pieces, each a centimetre or 
so long, separated by intervals of darkness. The arrangement of a 
Kerr cell between two crossed Nicols is known as the Kerr optical 
shutter. Its effect is the same as that of a mechanical shutter, but the 
frequency can be made enormously higher than that of a mechanical 
shutter. The Kerr shutter has many interesting technical applica- 
tions.* Its use in connection with the accurate measurement of the 
velocity of light is described in Chapter X. 


16.54. The Theory of the Kerr Effect. 


In the Lorentz-Lorenz theory of dispersion in isotropic media, it is assumed 
that the electric action on a given electron due to a light wave may be calculated 
by imagining the electron to be placed at the centre of a small spherical cavity, 


* Reference 16.5. 
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the net effect of the matter removed from the cavity being zero (see § 15.20). 
Havelock assumed that an external electric field makes this cavity elliptical, and 
from this assumption he deduced the relations 


Oia 2 
a, —n= KO — IN p, ye se TRO 
yeas 2 
and nn a) ee se Teery 
n 


From these equations he obtained 16(91), 16(92), and also the relation 
Br = K’(n? — 1). eee eerie @LO(9D) 


This last relation gives the variation of B with the ordinary dispersion of the 
medium and is in agreement with a good deal of experimental evidence. A more 
detailed theory of the effect is due to Born and Langevin. They consider the effect 
to be due to (a) orientation of polar molecules, and (b) creation of electric moments 
in non-polar molecules and alteration of existing moments in polar molecules. The 
orientation effect is naturally important in polar liquids and in gases. It takes an 
appreciable time, of course, to alter the orientation of molecules in highly viscous 
liquids, and this accounts for the relaxation effects. 


16.55. Cotton-Mouton Effect. 


A magneto-optical effect closely analogous to the Kerr electro-optical double 
refraction was discovered by Cotton and Mouton in 1905.* The difference of 
indices (n, — ”,) varies with the square of the field as does the electro-optical 
effect, but the Cotton-Mouton constant is small compared with the corresponding 
Kerr constant. The following are some typical values for pure liquids: 


Water .. —I1-1 x 10-* Benzene .. +75 x 10714 
Acetone .. +41 x 10714 Chloroform .. —660 x 10714 


It is necessary to use very strong magnetic fields to measure this constant. The 
technical difficulty is increased because, if the direction of transmission of the 
light is not perpendicular to the lines of force during the whole transit through the 
field, there is a rotation of the plane of polarization due to the Faraday effect. 
This comparatively large effect has to be distinguished from the small ellipti- 
city of the transmitted light due to the Cotton-Mouton double refraction. The 
magnetic double refraction in gases and in amorphous solids is generally too 
small to measure. Certain interesting effects have been observed in crystals, but 
most of the investigations have been made on liquids such as those listed above. 
The theory is very similar to that of the Kerr effect. It is probable that the rela- 
tions 16(94) and 16(95) apply, but the experimental data are not sufficient to 
provide accurate verification. The most important theoretical interest is in the 
wide range of values of the constant and their interpretation in terms of the 
relation between magnetic anisotropy and optical anisotropy (see §§ 16.50 and 
16.51). 


* There was an early observation of the effect by Kerr himself in 1901 but the first 
systematic investigation is due to Cotton and Mouton (see p. 360 of Reference 16.3). 
18* (G 577) 
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16.56. Photo-elasticity. 


In 1816 Brewster discovered that transparent isotropic materials 
become optically anisotropic when subject to mechanical stress. The 
effect may be investigated by means of the apparatus shown in fig. 
16.25a. Light from the small source L, is rendered nearly parallel 
by the lens L, and passes through the polarizer P, the specimen O, 
and the analyser A, to the lens L,. This lens forms an image of O 
upon the screen 8. The specimen is usually in the form of a thin plate. 


Ss 


aa 


(b) 


Fig. 16,25,— Demonstration of photo-elastic effect. The dotted lines show 
image formation by “‘ rays”’ of wider angle than those actually used 


The image of O is formed by narrow bundles of rays which are all 
nearly normal to the strip. It is convenient to cross the analyser and 
polarizer so that no light is transmitted when the specimen is free 
from stress. When the specimen is stressed (either by compression or 
extension) the light is restored. By using specimens of simple shape 
such as that shown in fig. 16.250, it is possible to investigate the es 
lation between the stress and the double refraction. It is found that: 

(a) The privileged directions of D for the stressed specimen (con- 
sidered as if it were a crystal slice) are along the directions of the 
principal stress. 

(6) If np and ng are the indices of refraction for directions of D 
parallel to the principal stresses P and Q at any point, then 


np—tg=CQ—P). . . . . 16(96) 
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In the central part of the specimen shown in fig. 16.258, there is only 
one stress (P) which may be calculated from the load and cross-section. 
If we use monochromatic light and apply a gradually increasing 
load, the transmitted light reaches a maximum when (np — N)d 
is equal to A/2; it falls to zero when (np — ng)d is equal to A, and so 
on. In this way the relative stress-optical constant (C) may be measured. 
To verify equation 16(96) completely it is necessary to subject a speci- 
men to variable shearing force. The equation is found to be valid even 
beyond the elastic limit (Reference 16.6). The stress optical coefficient 
has the dimensions of the reciprocal of a stress. For glasses the co- 
efficient lies between 10-1* and 10-! square centimetre per dyne, but 
plastics such as Xylonite have coefficients in the range 10-12 to 10-11 
square centimetre per dyne. 


16.57.—The photo-elastic effect is used by engineers to investigate 
the stresses in structures where calculation would be very laborious. A 
model of the structure is made in a suitable plastic, and suitable stresses 
are applied gradually. When white light is used, zsochromatic lines 
correspond to points on the model at which (P — Q) has a constant 
value. Uncoloured lines correspond to points at which the directions 
of the principal stresses are parallel to the directions of the analyser 
and polarizer.* These are known as isoclinic lines since they are the 
loci of points at which the principal stresses make the same angle 
to an external system of co-ordinates. The isoclinic lines cross at 
isotropic points, i.e. when the difference of the principal stresses 
vanishes.t| The photo-elastic method gives directly (P—Q). The 
separate stresses may be obtained by using the fact that there is only 
one principal stress at a free boundary and applying a method of 
integration. This method is not very accurate and it is often more 
convenient to measure the lateral contraction [which is proportional 
to (P + Q)] at different points on the model by means of a mechanical 
extensometer.t Even when quantitative measurements are not made, 
the photo-elastic method can be used to show by inspection whether 
any point of a given structure is excessively stressed. The directions 
of the principal stresses at a given point can also be determined by 
rotating the specimen (keeping analyser and polarizer fixed) until the 

* This may be seen from equation 16(72), remembering that the analyser and pol- 


arizer are crossed, and that the principal stresses are perpendicular to one another. 

+ Note that although the systems of coloured and uncoloured lines are generally 
similar to the patterns obtained with crystals and convergent polarized light, the mode 
of formation is entirely different. Here we are using nearly parallel light and each 
point on the screen corresponds to a point on the specimen. 


t Reference 16.6. 
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isoclinics pass through the point. On the’ theoretical side, it is easy 
to see that an anisotropic mechanical deformation of a solid should 
cause optical anisotropy, but the calculation of the constant C from 
molecular structure is very difficult. 


16.58. Anisotropy in Liquids. 


It is found that liquids may show optical anisotropy when certain 
molecules—particularly long chain molecules—are present. Such 
molecules have a tendency to align themselves with their axes all 
pointing in the same direction. In a stationary liquid this tendency 
is opposed by the random thermal motions. Despite this opposition, 
local domains may be formed which show crystalline properties. 
These domains are very unstable except when the liquid is in layers 
whose thickness is of the same order as the length of the chain. In 
such thin films stable “ liquid crystals”? may be formed. Anisotropy 
is found in bulk liquid when there is lamellar flow. If adjacent layers 
of liquid have a relative velocity, the long chain molecules tend to 
lie across the velocity gradient, and optical anisotropy results. This 
phenomenon is of assistance in the investigation of the flow of fluids 
past obstacles. Measurements of the double refraction give the direc- 
tion and magnitude of the velocity gradient at any pomt. Regions of 
turbulent flow are indicated by the absence of double refraction. 


16.59. General Conclusion. 


In this chapter we have considered natural and induced optical 
anisotropy from three aspects: 

(a) in relation to the development of the electromagnetic theory 
of light; 

(5) in relation to crystal and molecular structure; 

(c) as the basis of methods for the practical investigation of stresses, 
velocity gradients, etc. 

Our treatment has necessarily been somewhat condensed and in 
a number of places it has been possible to give only an indication of 
the main lines of certain developments.* We may now draw certain 
general conclusions. 

In the first place, the electromagnetic theory can include in its 
scheme the main features of all the experimental results on natural 
and induced optical anisotropy. No theory which was “ simpler ”’ 


* As an indication of the complexity of the subject, it may be stated that Reference 
16.4 lists nearly 200 scientific papers on the Kerr effect and the Cotton-Mouton effect. 
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would be adequate. An elastic-solid theory (with one vibration vector) 
must have great difficulty in relation to natural anisotropy, and cannot 
even begin the theory of the electro- and magneto-optical effects. The 
subject of optical anisotropy as a whole brings out the full power of 
the electromagnetic theory. It is not profitable to pursue calculations 
beyond a certain point because very laborious computations are not 
justified unless there is a specific point of practical or theoretical sig- 
nificance to be elucidated. 


16.60.—Our basic knowledge of the structure of crystals is due to 
studies of X-ray diffraction and electron diffraction, and not to the 
study of optical anisotropy. The main optical properties of many 
crystals were known long before X-rays were used, but it was the 
latter which caused the great advance in our knowledge of the detailed 
arrangement of atoms in crystals and of the structure of large mole- 
cules. While recognizing that the optical study of crystals is only a 
secondary method, it is still a very important one. X-ray analysis may 
lead to more than one possible structure, and study of the optical 
properties may resolve the ambiguity. Also calculation of the optical 
constants when the structure of a crystal has been determined by 
X-rays forms an important check upon the correctness of the assumed 
structure. It is probable that a good deal more information about 
molecular structure will be obtained from detailed studies of the electro- 
optical and magneto-optical effects. The wider use of these methods 
has been restrained partly by technical difficulties, and partly by the 
difficulty of theory and calculation. Recent advances in methods for 
the production and measurement of high voltages (particularly at high 
frequencies) have reduced the technical difficulties, and the use of 
calculating machines should remove some difficulties of calculation. 
There still remains, however, the difficulty that, in general, the results 
of a single optical measurement depend on several molecular con- 
stants. Any one constant can be obtained only by taking differences 
(and not usually first differences) from several optical results. It is 
very difficult to get accurate determinations of molecular constants 
this way. On the other hand, if the constants have been determined 
independently, it is very useful to see whether they lead to the ob- 
served values for the electro-optical and magneto-optical constants. 
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EXAMPLES [16(xv)-16(xxi)] 


16(xv). Discuss the validity of the approximation 16('75) for a beam of light 
incident at an angle of 45° upon a plate of calcite, 3 mm. thick, cut so that the 
optic axis is parallel to the surface, and the plane of incidence is perpendicular to 
the optic axis, Calcite is uniaxial. = py = 1-658, p., = 1-486 for A = 5893 A. 

[16(75) gives 8 = 0-191xe and 16(74) gives § = 0:193xe.] 


16(xvi). A beam of convergent circularly polarized light is passed through a 
crystal and then through a linear analyser. Show that rotation of the analyser 
through 1/2 changes all hues into their complements. 


16(xvii). Convergent circularly polarized light is incident upon a plate of a 
unaxial crystal, cut normal to the optic axis. Show that the isochromatic lines 
obtained with a linear analyser are displaced by a quarter of an order from those 
obtained when the incident light is plane-polarized. Show that the sign of this 
displacement changes at an achromatic line. 


16(xviii). Find the relation between the true and apparent angles between the 
optic axes. [If 20, =the true angle and 20, =the apparent angle, sin®, = 
py sin 9,.] 


16(xix). Light is passed through a polarizer, a Kerr cell. and an analyser 
The polarizer and the analyser are crossed. Show that, for a weak field, the 
maximum transmission of light is obtained when the plane of the polarizer makes 
an angle of 7/4 with the applied field. [Use equation 16(72).] 


16(xx). A beam of light of circular frequency w is passed through a Kerr shutter 
while an electric field of circular frequency p is applied to the plate. Obtain an 
expression for the profile of the transmitted light wave. Assume that the bire- 
fringence produced by the applied field is always so weak that the phase difference 
(n, —,)l« is very small compared with 2r. 

[The phase difference 3 is proportional to #,? cos? pt, where H, is the amp- 
litude of the applied field. When the Nicols are crossed, and at 45° 
to the applied field, the amount of light transmitted is obtained by 
putting « = —® = }m in 16(72), and is proportional to sin? 48, i.e. 
when 6 is small, the amplitude is proportional to 8. Hence the light 


beam: is represented by § = AH,? cos? pt cos wt, where A is a constant 
and the profile is €; = AZ,? cos? pt.] 


16(xxi). Using the data of the previous example, make an analysis (into three 
components of different frequencies) of the light transmitted by the Kerr shutter. 
(&§ = $AE,? [cos wt + $ cos (w + 2p)t + 3 COS (w — 2p)t].] 


16.1. 
16.2. 
16.3. 
16.4. 
16.5. 
16.6. 
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CHAPTER XVII 
The Interaction of Radiation and Matter 


17.1.—In the classical wave theory, the absorption of light is 
described as a process in which electrons are accelerated by the electro- 
magnetic field which represents light. The energy thus given to the 
electrons may be transformed into thermal energy by collisions with 
neighbouring atoms or molecules. The rate at which matter can absorb 
energy from the electromagnetic field is low, except when the fre- 
quency of the field is near to certain natural frequencies of the electrons. 
Absorption is regarded as a continuous process and there is no lower 
limit to the amount of energy which an atom or an electron can absorb. 
We shall now describe some experiments whose results do not fit into 
this picture. They appear to require the hypothesis that the absorp- 
tion and emission of light by an atom or molecule are discontinuous 
processes in which the amount of energy exchanged is always the same 
for radiation of a given frequency. This fixed amount of energy is 
called the quantum. For different frequencies the size of the quantum 
is proportional to the frequency, i.e. 


Why -) 2 eee 


where f is a universal constant known as Planck’s constant. The 
value of h is 6-62 x 10-* erg second. 

Planck’s original theory was concerned only with the interaction 
of radiation and matter. He hoped that it would involve only minor 
modifications of the classical electromagnetic theory of light and the 
classical electron theory of matter. This expectation was not fulfilled 
and it became necessary to modify the theory of light to include the 
fact that energy of the radiation field which represents a beam of 
light can change only by an integral number of quanta. It is also 
necessary to assume that an atom can change its energy only by dis- 
crete amounts, and hence that atoms can exist only in certain states 
separated by finite differences of energy. Nothing in the classical laws 
of electromagnetism, which are based on experiments with static 


fields or alternating fields of low frequency, would lead us to expect 
this effect. 
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The quantum theory thus becomes both a theory of radiation and 
a theory of matter instead of being merely a special hypothesis con- 
cerning their interaction. The theory is a connected whole and we 
cannot deal with a section of the theory concerning radiation without 
referring extensively to atomic structure. In this chapter we discuss 
the experimental basis of the quantum theory, giving special promi- 
nence to experiments on light and on electromagnetic radiation of 
shorter wavelength. The order is chosen for convenience of exposition 
and does not follow the historical order. 


17.2. The Photo-electric Effect. 


It is found that electrons are ejected from the surfaces of metals 
by light and by radiation of shorter wavelength (X-rays and y-rays). 
If the radiation is able to penetrate the substance, electrons in the 
interior may be removed from their equilibrium positions. In this 
paragraph we are concerned with the emission of electrons from sur- 
faces, and we shall call this the photo-electric effect, although, strictly, 


Fig. 17.1,—Photo-electric effect. Diagram of simplified apparatus 


it should be called the surface photo-electric effect. The number and 
velocities of electrons emitted have been measured for different metals 
and for different wavelengths. Fig. 17.1 shows in a diagrammatic way 
a simple apparatus. Fig. 17.2 shows a more elaborate experiment in 
which the surface of the metal is freshly cut im vacuo immediately 
before the measurements are made. The results of the experiments in 
which monochromatic light is incident normally upon the surface of 
a metal may be summarized as follows: 

(i) For every metal there is a maximum wavelength (implying a 
minimum frequency) above which no electrons are emitted, however 
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strong the radiation. The maximum wavelength is called the photo- 
electric threshold. It depends on the metal and also upon the crystal 
structure, cleanliness, etc., of the surface layer. Some typical values 
are given in Table 17.1. 


Fig. 17.2.—Millikan’s apparatus used to obtain data which verify equation 17(2). 
The photo-electrons are emitted from a sodium surface S, This has been freshly cut 
by the knife K which is controlled by the magnet M. 


(ii) If the frequency of the incident light is v, the velocities of the 
emitted electrons range from a low value up to a maximum velocity 
Um Which satisfies the equation 


W,. = Yn, = hv — 1), ee 
where m is the mass of the electron, vp is the frequency corresponding 


to the photo-electric threshold, and W,, is the kinetic energy (fig. 17.3). 
(ii) The maximum velocity of the emitted electrons is independent 


v, v 


Fig. 17.3.—Variation of maximum energy of photo-electrons with frequency 
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of the energy of the incident beam of light when its frequency is con- 
stant. 

(iv) The number of emitted electrons is accurately proportional 
to the incident energy (for any one frequency). 


TaBLeE 17.1 
Photo-electric thresholds.* 

Metal : -1 V = 300hv/e 
eta recA) Vp (sec.—+) évalis) 0 
Ag 3,250 9-22 x 1014 3°82 
Bi 2,980 10:1 4-18 
Cd 3,140 9-55 3:95 
Pb 2,980 10-1 4:18 
Pt 2,570 11-7 4-84 
W 2,300 13-0 5:38 

ft Cs on Ag | ~ 12,000 m~ 2:5 ~ 1-0 


17.3.—The classical theory does not predict, in any simple way, 
either the existence of a photo-electric threshold or the relation 17(2) 
giving the maximum velocity of the emitted electrons. Planck’s 
quantum hypothesis does give a fairly simple picture, provided that 
we assume that a certain minimum energy (W = hy) is lost by an 
electron in escaping from the surface.t According to Planck’s hypo- 
thesis, if an electron receives any energy at all from light of frequency 
v it must receive an amount hv. If the electron does not escape im- 
mediately, the energy gained is always lost by collision before a second 
absorption can take place. Therefore the electron cannot escape unless 
the energy gained in a single process exceeds W, i.e. unless Av is greater 
than W. This implies v > vp. Thus there is a mmimum frequency (and 
maximum wavelength) for release of electrons. If v > v) then the 
maximum energy of escape is given by 17(2). The electron may lose 
some energy by interaction with an atom, and emerge with much less 
energy than this maximum. The maximum energy of any one electron 


* The values given apply to fairly clean surfaces. To show the range of variation 
for surfaces which are not clean, we may mention that platinum gives values from 
2840 A. to 2780 A. for surfaces which have not been “ outgassed’”’, and 2570 A. for an 
outgassed surface. 

+ Composite surface of Cs, CsO, and Ag used in sensitive photo-cells. 

+ Many later experimental results have justified this assumption of a work function 
which is characteristic of the metal and of the state of the surface. 
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should depend on v but not on the energy density of the radiation. The 
number of quanta absorbed from a beam of light (of one frequency) is 
proportional to the energy of the beam. The number of electrons 
which absorb energy is proportional to the number of incident quanta, 
and hence to the energy of the incident beam. Thus all four of the 
experimental observations described in § 17.2 are in accord with the 
hypothesis. 


17.4. The Line Spectra of Atoms. 


During the nineteenth century the wavelengths of very large 
numbers of lines were measured with an accuracy of about one part 
in a hundred thousand. This compared favourably with the accuracy 
of other contemporary physical measurements, and many attempts 
were made to find empirical relations between the wavelengths. These 
relations might be expected to provide a foundation for a theory of 
spectra related to theories of atomic structure. No important progress 
was made until it was realized that the empirical laws of spectrum 
analysis are all expressed more simply in terms of wave numbers (or 
reciprocal wavelengths) rather than wavelengths. Even so, the general 
analysis of spectra is very complicated. For our purposes it is suffi- 
cient to state certain principles of spectrum analysis, and these may 
be shown by considering the spectrum of the hydrogen atom. It is 
found that the spectrum of the hydrogen atom can be analysed into 
the following sertes: 


(a) The Lyman Series. 


This series of lines is in the far ultra-violet region of the spectrum. 
The wave numbers are given by 


ley Te bal 
5—2—(E-4), Sean T(C) 


where R is a constant whose numerical value is 109,677-6 cm.-1, and 
n is an integer greater than 1. 


(6) The Balmer Series. 


This series is in the visible spectrum and the near ultra-violet. 
The wave numbers are given by 


v 1 1 
52 = (4-4), eee bal (4) 
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where n is an integer greater than 2. This series appears as a set of 
absorption ies in many stellar spectra. It may be obtained in emis- 
sion by a discharge in hydrogen at low pressure. More than 40 lines 
have been observed. 


(c) The Paschen Series. 
This series is in the near infra-red. The wave numbers are given by 


52 2(Z- A). rns) 


3 n? 


where ” is an integer greater than 3. 


(d) The Brackett Series. 
This series is in the far infra-red. The wave numbers are given by 


1 v 1 1 
577 =#(5-A), ee eg AMO) 


where m is an integer greater than 4. 
The arrangement of these series is shown in fig. 17.4. 


WAVE - NUMBER —- CM 
2000 5000 10.000 50.000 100000 
Brackett Peecpen Balmer Lyman 
series Beanies series series 


Fig. 17.4.—The hydrogen series 


17.5.—These formule suggest that the wave numbers of all these 
series may be expressed as differences of a set of wave numbers which 
are known as spectroscopic “terms”. The value of the nth term for 
the hydrogen atom is R/n?. This analysis of spectra, first into series 
and then into terms, can be carried out for the optical spectra of atoms 
other than hydrogen and also for X-ray spectra. Sometimes the lines 
of different series are not so clearly separated as in the case of hydro- 
gen, and they then have to be grouped together by picking out those 
lines which are strong under a given type of excitation, or by the 
appearance of the lines (e.g. “sharp” series or “ diffuse” series). 
The general formule are not so simple as 17(4), e.g. for X-ray spectra 
a typical term formula gives for the nth term the value R(Z — «)?/n?, 
where Z is the atomic number and « is a constant. Even though the 
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formule for large atoms become complicated, the formule for terms 
are always much more simple than any analysis based on wavelengths or 
wave numbers of lines. We shall next see how the terms can be related 
to atomic theory. The use of terms was first suggested by Ritz (1908), 
who called it the “ combination principle”. The constant F is called 
“ Rydberg’s constant” after R. Rydberg, who, together with Ritz, 
analysed many spectra into terms. The extension to X-ray spectra is 
due to Moseley (1913). 


17.6. The Rutherford-Bohr Atom. 


In 1912 the work of Rutherford and his pupils suggested that the 
atom should be regarded as a central nucleus surrounded by a number 
of electrons revolving in orbits like planets round a sun. There was one 
fundamental difficulty in this theory. Calculation based on the classical 
electromagnetic theory showed that the electrons should quickly 
radiate all their energy and spiral in towards the nucleus. All the 
energy would pass into the radiation field. Bohr suggested that, inas- 
much as Planck had already shown that the classical theory did not 
adequately describe the interaction between radiation and matter, it 
was reasonable to assume that there were certain stationary states in 
which an atom did not radiate at all. Hach of the states is charac- 
terized by a definite energy. They are separated by finite energy 
differences. Emission and absorption of radiation take place when the 
atom makes a transition from one state to another. If a transition 
from a state W, to a state W, (when W, > W,) is accompanied by the 
emission of radiation of frequency v,,, then 


hve, — We — W;. . * 5 . . 17(7) 


This scheme provides an obvious foundation for the Ritz combination 
principle. We suppose that each term corresponds to a stationary 
state. To give numerical agreement with the observations, it is neces- 
sary that, for hydrogen, 

_ Bhe 


? 
n2 


W,= 


17(8) 


where W,, is the energy of the nth state.* Bohr made a second appli- 
cation of quantum ideas by assuming that, in the stationary states, 


* The energy of an electron revolving round a nucleus consists of two parts: the 
potential energy and the kinetic energy. The zero of potential energy is chosen to 
correspond to an electron at an infinite distance from the nucleus. This makes the 
total energy always negative. 
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the angular momentum of the electron is an integral multiple of h/2r. 
Using this hypothesis, he was able to obtain equation 17 (8) and to 
calculate R in terms of the fundamental constants; his result was in 


good agreement with the value obtained from spectroscopic obser- 
vations. 


17.7. The Stationary State. 


The advances in atomic theory which Bohr initiated, and to which 
he has himself contributed much, soon made the early forms of his 
theory obsolete. His method of calculating energies did not always 
give values in agreement with experiment and is now superseded by 
the quantum mechanics. The idea of an analysis of spectra by terms 
is more important than the detailed formule for term values. In a 
similar way, the concept of quantum states is more important than 
any process of calculating the energy values, though any complete 
theory must include calculations of energy values which agree with 
experimental observations. The idea of quantum states of matter 
remains as a fundamental hypothesis in each new form of atomic 
theory. It is so closely in relation with a wide range of observations 
that it must appear, directly or indirectly, in any theory which is to 
describe these observations. We have, so far, mentioned only the 
analysis of spectra. In the following paragraphs we shall consider 
some of the other experiments which support the hypothesis of 
stationary states. Most of these are experiments on gases. They 
show the processes of interaction between radiation and matter more 
clearly than experiments on solids because, for many purposes, the 
atoms of a gas act independently and do not affect one another. 


17.8. The Relation between Absorption and Emission Spectra of Gases. 


Under ordinary laboratory conditions every line in the absorption 
spectrum of a monatomic gas is found in the emission spectrum excited 
by an electric discharge at a pressure of about 0-1 millimetre. On the 
other hand, there are many lines in the emission spectrum which are 
not found in the absorption spectrum. If the temperature of the gas 
is raised a few hundred degrees, most elements show more absorp- 
tion lines. These observations may be understood by combining the 
hypothesis of stationary states with a general physical law first stated 
by Boltzmann. In its application to the present problem, Boltzmann’s 
theorem states that if a large number of identical atoms are in 
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equilibrium with one another and with their surroundings at a tem- 
perature 7’, then 

thy Ng Mg SO en eee a, . 17(9a) 
where n, is the number of atoms in State 1 of energy W,, n, is the 
number in State 2 of energy W,, and so on, and & is a universal con- 
stant known as Boltzmann’s constant. Its value is 1:38 x 10-"* erg/deg. 


So far we have considered states as characterized solely by their energy. It 
sometimes happens that atoms in states which have equal energy can be dis- 
tinguished in other ways, e.g. by the splitting of spectrum lines in a magnetic 
field (see § 19.14). States which can be distinguished in any way are separate and 
distinct states. If State 2 and State 2’ have the same energy W,, then 17(9) gives 
the number of the atoms in each state, and the total number of atoms with energy 
W, is 2ny. More generally, suppose that g, states have energy W,, and that N, 
is the total number of atoms with energy W,; g, states have energy W, and 
N, is the total number of atoms with energy W,, etc., then 


N,: Na: Ns = gye— VF : gue—WalkT : gue Wal kT, . 17(96) 
Using the values of W,, W,, etc., obtaimed from the analysis of 


spectral terms, it is easily calculated that, at room temperature, most 
of the atoms are in the stationary state of lowest energy [Example 


SS MAIRENY 
= SINAIRIENY 


NORMAL STATE NORMAL STATE. 
(a) (b) 


_ Fig. 17.5.—(a) Transitions from the normal state of an atom, The horizontal 
lines represent different states of the atom and are plotted on a vertical energy scale, 


oer a state being the one of lowest energy. (b) Transitions between excited 
states. 


17(v), p. 578]. This state is often called the normal state, and other 
states (which are reached only when energy is supplied) are called excited 
states. We should therefore expect that, at room temperature, the 
atoms can absorb only quanta of those frequencies which correspond 
to transitions based on the lowest state, i.e. to those shown in fig. 17.5a. 
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If some atoms are raised by electronic collision to high excited states, 
then all the lines indicated in fig. 17.5a and many more can be seen 
in absorption (fig. 17.56). If the temperature is raised, more atoms 
pass into higher states so that more absorption lines appear. In 
addition to the effect of temperature on absorption spectra, it is also 
found that fresh absorption lines appear if a gas is made to glow feebly 
by means of a weak electric discharge. These extra lines are due to 
some of the atoms being transferred to higher states by collision with 
electrons. 


17.9.—The change of the absorption spectrum with temperature is the basis 
of Saha’s theory of absorption lines in stellar spectra. According to earlier theories, 
the strength of an absorption line in the spectrum of a given star is determined 
by the abundance of the corresponding element in the stellar atmosphere. We now 
see that it depends on the number of atoms in the appropriate stationary state. 
This number depends both on the abundance of the element and (through Boltz- 
mann’s law) on the temperature of the stellar atmosphere. According to Saha’s 
calculations, the temperature effect is very important, and the presence of certain 
absorption lines in a stellar spectrum and the absence of 
others is to be regarded, in the first place, as an indication 
of the temperature of the outer layers of the star. 


17.10. Excitation of Spectra by Slow Electrons. 


The apparatus shown in fig. 17.6 may be used to 
pass electrons of known velocity into a gas. Elec- 
trons from the hairpin filament F are accelerated 
by a potential V volts between F and the grid G, and 
then pass into the field-free space between G and A. 
The pressure is low so that the chance of an elec- 
tron colliding with an atom in the short path 
between F and G is very small. The number of , 8 \ sickaee 
electrons is maintained constant by adjusting the _ slow electrons. 
filament current, and the energy of the electrons 
entering the space between G and A is gradually increased from a 
low value. It is found that, at first, no light is emitted but that, as 
the energy is increased, a stage is reached at which a single line is 
emitted. This line corresponds to a transition from the first excited 
state back to the normal state. It is found that the critical potential 
(i.e. the minimum potential for emission) is connected with the fre- 


quency by the relation 


Vey 17(10) 


This relation is only approximately verified because the electrons have 
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a small amount of energy when they leave the filament. This amount 
is not quite the same for all electrons, so the energy of the electrons 
cannot be accurately measured. The results are in agreement with 
the relation within the accuracy with which this energy can be esti- 
mated. As the potential is raised, more lines appear, indicating that 
higher states are excited. The differences between the energies of the 
fourth and fifth excited states, the fifth and sixth, etc., are all small 
and, owing to the spread in electron energies, they all appear to be 
excited simultaneously. 


17.11. Critical Potentials. 


The experiments described in the preceding section show that an 
electronic collision may increase the internal energy of an atom, pro- 
vided that the energy of the electron exceeds a certain minimum value. 
Another approach to this problem is obtained by studying the loss of 
energy by the electron. Many experiments of this type have been 
carried out. The reader should consult Reference 17.2 or 17.3 for 
details of the electrical measurements which need not concern us here. 
The results form a most detailed and convincing verification of the 
hypothesis of stationary states. It is found that, when the energy of 
the electrons is too small to raise the atom from the first to the second 
stationary state, the collision is similar to that between elastic bodies. 
Since the mass of the atom is large compared with that of the electron, 
only a very small interchange of kinetic energy occurs. When the 
electron has an energy slightly greater than a minimum critical value, 
it may still make an elastic collision with the atom, but it may also 
make a collision in which it loses exactly the energy required to raise 
the atom to the second state. Electrons of higher energy may lose 
different amounts of energy, corresponding to different degrees of 
excitation. If the energy of the incident electron is high enough, the 
atom may be ionized. That critical potential which corresponds to 
ionization is called the ionization potential. There is a series of critical 
potentials corresponding to the different transitions. In every case 
the energy differences between states obtained from the electrical 
measurements are the same (within the error of the electrical measure- 
ments) as the more accurate values obtained by the analysis of spectra. 


17.12. Series Limit Absorption in Monatomic Gases. 


The absorption spectrum of sodium vapour in the near ultra-violet 
is shown in Plate Id (p. 126). It consists of a series of lines which 
gradually close up to a series limit [Plate Ve (p. 636)]. Beyond this 
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limit there is continuous absorption. Any one of the lines is due to the 
absorption of quanta whose energy is just sufficient to transfer the 
atoms from the normal state to one of the excited states. Quanta which 
have appreciably more energy than that required for a given transition 
(but not enough for the next transition) cannot be absorbed, because 
there is no way of disposing of the excess energy. If the extra energy 
were given to the atom as kinetic energy, the law of conservation of 
momentum could not be satisfied. If, however, the energy of the quan- 
tum is sufficient to ionize the atom, it is possible for an excess energy 
to be divided between the ion and the electron, in such a way that 
both energy and momentum relations are satisfied. In working out the 
equations of energy and momentum, it is necessary to take account 
of the fact that the light possesses a small momentum as well as con- 
siderable energy (§ 17.19). The existence of continuous absorption 
on the short-wavelength side of the series-limit is in accord with the 
theory of stationary states, provided that the frequency v, of the 
series limit is connected with the ionization potential by the relation 


Vee ihyeae ce ee el tT 1) 


where V; is the ionization potential in absolute electrostatic units. 
This relation has been verified experimentally. 


Absorption spectra of the type shown in Plate IIé are not obtained for many 
elements. Sometimes this is because the series-limit (calculated from the ioniza- 
tion potential) should lie in the far ultra-violet. Comparatively little work has 
been done in this region of the spectrum because of technical difficulties. Other 
elements do not give this type of absorption spectrum because their vapours are 
not monatomic. Molecules (in the gaseous state, or in solids or liquids) may give 
continuous spectra, but the theory is rather complicated and we shall not discuss 
it here. Hydrogen is diatomic at room temperature. Hydrogen atoms, in the 
normal state, would be expected to have a series limit, with associated continuous 
absorption, at 912 A. This absorption has recently been observed. Stellar spectra 
show a series-limit at 3647 A. and continuous absorption on the short-wavelength 
side. This frequency corresponds to an ionization potential of 3-4 volts, i.e. to the 
amount of energy necessary to free an electron from the second stationary state 
(i.e. the first excited state) of hydrogen. We have already seen (§ 17.8) that we 
should expect to find excited atoms in a gas at the high temperature of a stellar 
atmosphere. 


17.13. Photo-electric Effect in Gases. 


If the above account of series-limit absorption in gases is correct, 
we should expect to find that the wavelength of the series-limit agrees 
with that of the photo-electric threshold for the gas. This relation has 
been confirmed for a number of elements. We should also expect that 
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there would be one photo-electron emitted for every absorbed quantum 
(on the short-wave side of the series-limit). From this consideration 
it is possible to deduce an equation connecting the absorption co- 
efficient and the number of electrons emitted when a vapour is 
irradiated under certain standard conditions. This relation has been 
experimentally verified. 


17.14. Resonance Radiation. 


The spectrum of the mercury arc contains a strong line of wave- 
length approximately 2537 A. In 1905, R. W. Wood showed that light 
of this wavelength is strongly absorbed by mercury vapour at low 
pressures. The energy absorbed from a directed beam is re-emitted as 
radiation of the original wavelength (fig. 17.7). The re-emitted radia- 
tion, which is known as resonance radiation, is not confined to the 
direction of the original beam, and is approximately equally strong in 


Direction 
of 
Observation 


Fig. 17.7.—Apparatus for study of resonance radiation 


all directions. This strong absorption is associated with anomalous 
dispersion (and with a strong reflection coefficient) in the way pre- 
dicted by the electromagnetic theory of light and the Lorentz theory 
of the electron (Chapter XV). The quantum theory is able to give 
a simple account of the absorption and re-emission by assuming that 
absorption of radiation of wavelength 2537 A. raises the atom from 
the normal state of lowest energy to the next state and that, at low 
pressure, the atom very quickly makes a transition back to the normal 
state re-emitting the radiation. It is also found that sodium absorbs 
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and re-emits as resonance radiation the two well-known yellow lines 
at wavelengths 5890 A. and 5896 A. These also are associated with 
anomalous dispersion in the predicted way. 

Rayleigh (R. J. Strutt) showed that, when sodium vapour is 
illuminated with one of the fairly close pair of lines whose wavelengths 
are approximately 3303 A., the re-emitted radiation is only partly of 
the same wavelength as the incident radiation. Both the yellow lines 
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Fig. 17.8.—Possible transitions in the sodium atom consequent upon the ab- 
sorption of a quantum of wavelength 3303 A. The return to the normal state 
(N) may occur in the following ways: 


(1) A—N, 3303-A. line re-emitted. 

(2) &— B\ Infra-red lines. 
D—N, 5890-A. line. 

(3) A—C | Infra-red lines. 
D—N, 5890-A. line. 


For reasons discussed in Chapter XIX, certain transitions, e.g. A to D, do not occur. 


are also emitted. This observation cannot be described as a classical 
resonance phenomenon but follows immediately from the idea of a set 
of stationary states. Suppose that sodium has a series of stationary 
states whose energy differences are shown in fig. 17.8. Absorption of 
3303 A. raises the atom to one of the higher excited states. From this 
state it may return to the normal state directly, emitting 3303 A,, or 
it may also return via intermediate levels, emitting lines in the infra- 
red which are not observed, and one of the yellow lines. 
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Absorption and re-emission with change of wavelength as well as direction is 
given by solids, liquids, and gases. It is known as fluorescence. It was studied, in 
the nineteenth century, by a number of workers including Stokes, who discovered 
an empirical law that the wavelength of the re-emitted radiation is never less than 
that of the incident radiation. If the absorbing atom is initially in the lowest 
state, and if after the absorption it can lose, but not gain, energy, the re-emitted 
quantum must be of lower frequency (i.e. longer wavelength) than the quantum 
absorbed. Thus the quantum theory includes Stokes’ law but also suggests that 
in special circumstances there may be exceptions. If the absorbing atom is not 
in the lowest state and is raised to a still higher state by absorption, it may return 
directly to the lower state. It will then emit radiation of higher frequency than 
that of the absorbed radiation. This is found experimentally under certain condi- 
tions. 


17.15. Collisions of Second Type. 


R. W. Wood found that resonance radiation of mercury is quenched 
when a foreign gas is added to the vessel containing the vapour. This 
effect was later shown to be due to the process 


Het +M—+>Hg+M*, ... . 17(12) 


where * indicates an excited state and M stands for a molecule of the 
foreign gas. In this process some of the energy of excitation of the 
mercury is transferred to the molecule (raising it to an excited state), 
the balance being turned into kinetic energy. This type of collision in 
which some energy of excitation is turned into kinetic energy is called 
the “second type’’, to distinguish it from the collision of the first 
type in which the kinetic energy (usually of an electron) is used to 
excite the atom. Not every collision between an atom in an excited 
state and another atom is a collision of the second type. Some are 


ordinary elastic collisions. A reaction such as the one described in 
17(12) is often followed by 


M¥>M+thy, .. . . . 17(13) 


i.e. the molecule M emits its own resonance radiation, although the 
incident radiation has quite a different wavelength. This sensitized 
fluorescence could not readily be explained on classical theories of 
light and of matter. For a description of experiments on sensitized 
fluorescence see p. 499 of Reference 17.3. It should be stated that 
quenching of resonance radiation is not always associated with sensi- 
tized fluorescence. When mercury resonance radiation is quenched 
by hydrogen, the molecule is dissociated. There is no fluorescence, 
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but the presence of atomic hydrogen may be demonstrated by 
chemical methods. When the resonance radiation is quenched by 
oxygen, some of the mercury combines with the activated oxygen. 


17.16. The Einstein Photochemical Law. 


Kinstein put forward the hypothesis that the primary process in any photo- 
chemical reaction is the absorption of a quantum. Therefore, under the simplest 
conditions, the number of reacting stoichio-chemical units is equal to the number 
of quanta absorbed. This generalization is called the Hinstein photochemical law. 
This law scarcely ever applies directly to a completed photochemical reaction, 
because chain reactions tend to increase the number of reacting units, and also 
because there are various ways in which a molecule which has absorbed a quantum 
can lose its energy before it has time to enter into the reaction. Under a fairly 
wide range of conditions, the number of reacting units is proportional to the 
number of quanta absorbed, and it is then usual to measure the quantum effi- 
ciency, i.e. the ratio of the number of reacting units to the number of quanta 
absorbed. Values of the quantum efficiency up to 30,000 are observed when chain 
reactions are operative, and values much less than unity are obtained when 
collisions of the second type or other deactivating processes are effective. Never- 
theless, all discussion of photochemical reactions is now based on the assumption 
that Hinstein’s law applies to the primary photochemical process. 


17.17. Einstein Theory of Photons. 


So far we have considered only the energy exchanges involved in 
the interaction of radiation and matter. Relativity principles require 
us to associate mass with the energy of radiation, and it is reasonable 
to suppose that an exchange of momentum may also take place. In 
the succeeding paragraphs we shall describe experiments which show 
that a beam of light exerts a pressure upon a piece of matter which 
absorbs, reflects, or refracts it, i.e. radiation is able to exchange mo- 
mentum with matter. We shall describe also certain experiments 
which show that the exchange of momentum between free electrons 
and radiation is very similar to the exchange which occurs when two 
particles collide. These experiments suggest that a beam of light 
should be considered as an assembly of “ units ”’, each of which possesses 
energy (W), momentum (p), and mass (m), given by 


W = hv; pate SMe eet (14) 
c 


The units thus possess many of the properties of particles. This 
general picture was first suggested by Hinstein in 1906, although the 
most important experimental evidence came later. The units are now 
called photons. In some ways the photon theory appears to constitute 
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a return to the corpuscular theory of radiation, but the photons are 
not supposed to have all the properties of material particles. Under 
the conditions of ordinary experiments, the number of material par- 
ticles, such as electrons, is fixed. When an atom receives an extra 
electron it becomes negatively charged, and must emit one and only 
one electron in order to return to the normal state. We have seen that 
when an atom absorbs a quantum of frequency v (i.e. when it receives 
a photon) it may give up its energy in a collision, emitting no photon, 
or it may emit two photons of frequencies v’ and v”, if v’ + v” = ». 
Thus photons do not have the permanent “identity” which we nor- 
mally associate with material particles. Moreover, the spreading of 
light by diffraction shows that the energy of a photon cannot be per- 
manently concentrated in a small volume like the energy of a material 
particle. 


17.18. The Inverse Photo-electric Effect. 

Consider the apparatus shown diagrammatically in fig. 17.9. A 
beam of electrons is accelerated by a voltage V (of order 100,000 volts) 
and strikes the plate P,. X-rays are emitted and some of the radiation 


Fig. 17.9.—The inverse photo-electric effect 


falls on the plate P,, which emits photo-electrons with energy approxi- 
mately V. The energy of one of the photo-electrons is independent 
of the distance of P, from P,. We may describe these results in the 
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following way. Some of the electrons which strike P, cause the emis- 
sion of photons of frequency v (where hv = Ve). Some of these photons 
fall on P, and give up their energy to electrons in the surface of the 
metal. These electrons are emitted with energy approximately * Ve. 
If the number of electrons striking P, is small, it is possible to show 
that nearly the whole energy of a single electron can be transferred 
from P, to a single electron in P,. These results are not compatible 
with any theory which assumes that the X-ray energy produced when 
a single electron strikes P, spreads in the way predicted by a simple 
wave theory. They are most easily described in terms of localized 
concentrations of energy. 


An apparatus which is capable of detecting individual photons has been devel- 
oped using this effect. A fine wire is stretched along the axis of a metal cylinder 
(fig. 17.10). A potential of a few hundred volts is applied between the wire and 
the cylinder, the latter being positive. A small window is provided through which 
light can reach the wire. If the voltage is increased beyond a certain value, a 
discharge occurs. The voltage is adjusted to be a little below this critical value. 


hv 


Fig. 17.10.—The photon counter 


If a photon enters the apparatus, it may release a photo-electron from the wire. 
This electron produces others through ionization by collision, and there is a small 
pulse of current. This pulse can be amplified and used to operate a mechanical 
counter. In this way individual photons can be detected and numbers of photons 
counted. It should ve stated that the device doea not give a pulse for every 
photon which enters the window, but only for those which release photo-electrons 


in or near the wire. 


17.19. Light Pressure. 
The measurement of light pressure is difficult because, under 
normal experimental conditions, the pressure is only 10~° to 10-* dynes 


* Approximately because we are neglecting the work function and other effects 


which are relatively small when V is large. 
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per square centimetre. The true radiation pressure can be measured 
only when a certain thermal action known as the radzometer effect has 
been eliminated. A simple apparatus is shown in fig. 17.11. Light 
from two powerful sources 8, and 8, falls upon the vanes A, and A, 
which are at the ends of a rod suspended by a thin quartz fibre. Rota- 
tion of the system may be measured by the usual mirror-and-scale 
method, and the torsional coefficient of the fibre may be obtained by 
measuring the period of oscillation. If the radiation heats the surface 
vane, then the molecules of gas which strike one side will be moving 


A 


es 


Fig. 17.11.—Apparatus for measurement of light pressure 


more rapidly than those which strike the other side, and there will 
be a net pressure. This radiometer effect is in the same direction as 
the light pressure and under most conditions is many times larger. 
The radiometer effect depends on pressure, etc., and, by choosing 
suitable experimental conditions, it may be reduced so that the light 
pressure can be measured. In some of the experiments * the radio- 
meter effect was greatly reduced by enclosing the reflecting or absorb- 
ing surface in thin glass cells as shown in fig. 17.12. One side of the 
inner surfaces is blackened and the other is silvered. The radiometer 
effect at the inner surfaces produces no turning moment, and the 
eflect at the outer surfaces (which reflect very little light) is small. 
It is then possible to measure the light pressure within an error of a 
few per cent. The pressure p, exerted by a parallel beam incident 
normally on a body which completely absorbs it, is found to be given by 


P = Pp ee Petits 


* Reference 17.4. 
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where p, is the energy per unit volume of the incident radiation. The 
' pressure on a surface whose reflection coefficient is r is found to be 
! greater in the ratio (1 + 7r):1 
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Fig. 17.12.—Details showing special cells 


17.20.—We shall now use this result to calculate the pressure due 
to isotropic radiation. 

Consider a nearly parallel beam of light lying within a small solid 
angle dQ. Let the energy per unit volume whose direction lies within 
the solid angle be pgdQ. The light is incident upon a surface § (fig. 


Fig. 17.13 


17.13) and the central direction of the pencil makes an angle @ with 
the normal to 8. If the beam is of unit cross-section, the area irradiated 
is 1/cos 8. The normal component of the force exerted on the surface 
is p,cos @dQ, and the normal pressure (i.e. force on unit area) is 
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p, cos?@ dQ, The normal pressure for unit energy density is cos? 6 dQ. 
Similarly there is a tangential component sin @ cos 6 dQ per unit energy 
density. If radiation is incident upon a surface over a wide solid angle, 
the normal pressure per unit energy density is 


i py cos? 8 dQ 
(} pe dQ 


When the radiation is isotropic (i.e. when py is independent of 0), the 
normal pressure per unit energy density is equal to the mean value of 
cos? § taken over a hemisphere, i.e. to 1/3. For an energy density p 
of isotropic radiation incident on an absorbing surface, we have 
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The normal pressure excited by isotropic radiation on a perfectly 
reflecting surface is twice as large. 

Poynting investigated the tangential component due to a directed 
beam, using the apparatus shown in fig. 17.14. A beam of light is 
directed upon a vane whose surface is perpendicular to the supporting 


S 


S 


Fig. 17.14.—Poynting’s apparatus for measurement of light pressure 


rod. The angle of incidence is 45° and there is a turning moment due 
to the tangential component of the pressure. The normal component 
and the radiometer action exert no turning moment on the system. 
The results agree with equation 17(16) within an accuracy of about 
ten per cent. 


Although, under the conditions of laboratory experiments, the pressure of 
radiation is very small, it is very important in stars. The high radiation density 
in a star gives a large pressure tending to drive the matter outwards from the 
centre. This opposes the gravitational force which tends to make the star collapse. 
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In a star the emission and absorption of radiation cause a rapid transfer of mass 
from one part of the star to another. Radiation coming from the centre and 
absorbed in the outer layers possesses less angular momentum than the matter 
which absorbs it. This tends to reduce the speed of rotation and increases the 
effective viscosity of the gas. 


17.21.—Let us now consider the radiation pressure of a parallel 
beam of light, incident normally on an absorbing body, from the point 
of view of the Hinstein photon theory. Suppose that the light is of 
frequency v and that there are N quanta per unit volume. Then we 
must have 
pa Vkhr. Cae eee eee) 7 (1S) 


Since all quanta included in a cylinder of volume c cubic centimetres 
are incident upon unit area of the surface in one second, the pressure 
p is given by 

‘paver, ee ee ree (19) 


where P is the momentum of one photon. Combining 17(18) and 
17(19) with 17(15), we see that the experiments imply that 


The results obtained for the pressure on reflecting surfaces and for 
isotropic radiation are in agreement with the above hypothesis. 


17.22. Wave Theory of Light Pressure. 


A beam of electromagnetic radiation sets up currents in the sur- 
face of a metal which partly absorbs and partly reflects the radiation. 
The action of the magnetic field of the radiation on these currents should 
be manifested as a force on the conductor which is carrying the cur- 
rents. In a similar way the radiation sets up displacement currents 
in a dielectric medium which absorbs or reflects the light, and again the 
action of the magnetic field on the currents constitutes a “ pressure ”. 
It is possible to show by direct calculation that the magnitude of the 
pressure predicted is in agreement with experimental results.* The 
following indirect proof, due to Larmor, enables the result to be ob- 
tained more easily. 


It is easiest to apply the argument to a plane wave which is incident normally 
on a surface which gives total reflection. The wave train is assumed to be very 
long compared with the wavelength, but not infinitely long. Suppose that the 


* Reference 17.5. 
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reflector moves towards the waves with a velocity v which is small compared with 
c. Let the incident and reflected waves be represented by 


—& =a cos (wt — xz), Be ee PA) 
&’ = a’ cos (w’t 4 x’). it 5 beet TEZB) 
The position of the reflector at time ¢ is given by 2 = —vt, and at this point we 
must have & + &’ =0. This requires that a = —a’. Also since 
CP 6, eee LTA 
K K 
then w’(c — v) = a(c + 2). >: on Ue eee) 


If the energy density for waves of different frequency but the same amplitude is 
proportional to €? and hence to w?, we have 


= (23), . Lok Soa. 


C—"@ 


where ¢ and 0’ are the energy densities in the incident and reflected beams. The 
reflected train contains the same number of waves as, and is therefore shorter than, 
the incident train in the ratio (ec — v)/(¢ + v), so that the total energy of the 
reflected wave is greater in the ratio (c + v)/(c — v). When v is small, the excess 
energy in the reflected beam is 2v/c times the energy falling upon the surface. 
In unit time the incident energy is ec per unit area, and the excess energy is 2vo. 
This is exactly equal to the work which the mirror would have to do if it were 
pushing against a pressure 2 due to the light. (Note that the pressure is inde- 
pendent of v, so that we may apply the result to a stationary surface.) 


17.23. The Compton Effect. 


We have seen that the macroscopic experiments on light pressure 
may be satisfactorily included either in a wave theory or in a photon 
theory. The photon theory of light pressure, being very similar to the 
kinetic theory of gas pressure, is easier to visualize, and a very simple 
calculation leads to the correct value for the light pressure. Neverthe- 
less, the wave-theory treatment does form an integral part of wave 
theory, and does not require any special hypothesis. The experiments 
we shall now describe point more definitely to a photon theory. 

It was shown by A. H. Compton in 1923 that when a beam of 
X-rays is scattered, part of the radiation scattered through an angle 0 


has a wavelength greater than that of the incident radiation by an 
amount 


h 
AA = —~ (1 — cos 8), wet PRLK25) 


MC 


where mz is the mass of the electron, It is shown in Appendix XVII A 
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(p. 579) that this relation may be derived by applying the laws of con- 
servation of momentum and energy to a collision between a photon 
and an electron, provided we assume that the momentum of the photon 
is given by 17(20). Compton’s original experiments deal with average 
effects due to large numbers of collisions. They cannot, therefore, give 
direct evidence concerning the change of momentum in a single col- 
lision. The existence of single collisions of the type considered is shown 
by the Wilson chamber photographs of “ fish-tail ’’ tracks. It was also 
shown by Geiger and Bothe* that the scattered photon and the 
scattered electron appear simultaneously. Collisions of photons of 
visible light with electrons have not been demonstrated directly, 
because the energies associated with the forces which hold the electrons 
in the atoms are so large that the light photon must effectively collide 
with the whole atom. The energies of the X-ray photons are so large, 
however, that the binding energies of the outer electrons in an atom 
are negligibly small by comparison. 


It is possible to obtain the change of wavelength from a purely wave-theory 
by assuming that the scattering is a double process in which the light is absorbed 
and is then emitted by the moving electron. The change of wavelength is then 
ascribed to the Doppler effect. 


17.24. Angular Momentum associated with Circularly Polarized Light. 


It has been shown experimentally that a beam of circularly polarized 
light exerts a torque upon a half-wave plate which reverses the sense 
of the rotation (i.e. changes left-hand circularly polarized light into 
right-hand circularly polarized light, or vice versa). The apparatus is 
shown in fig. 17.15. H isa half-wave plate suspended by a fine quartz 
fibre which passes through a hole in a fixed quarter-wave plate M. 
A beam of circularly polarized light passes up through H, and is re- 
flected by M. The sense of the circular polarization is changed first 
in H (causing a torque on the suspended system), then in M (which 
it traverses twice), and a third time in H (causing a second torque on 
H which reinforces the first). In the diagram the direction and polariza- 
tion of the incident light are shown on the left, and of the reflected 
light on the right, although both beams cover the whole plate. The 
beam of light is periodically interrupted in such a way as to produce 
a set of impulses which are in resonance with the natural period of 
the suspended system. The resulting oscillation of the system is ob- 
served by reflecting a weak beam of light from the mirror m, The 


* Reference 17.6, 
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results obtained may be regarded as showing that a beam of circularly 
polarized light can transfer angular momentum {2 per second per 
unit area when it is absorbed, where 


Oy Chee pie LO 


The experimental difficulties involved in detecting and measuring 
the effect are very formidable. The torque obtained is of order 10-™ 


quarter wave 


plate silvered 


on upper surface. 


J) half wave plate 


Fig. 17.15.—Apparatus for measurement of light torque 


dyne centimetre. If the beam of light does not pass through the appa- 
ratus in a symmetrical way, larger torques may be produced by radio- 
meter effect or even by the light pressure. By varying various para- 
meters it is possible to show that these spurious effects have been 
eliminated.* The final result verifies equation 17(26) within an accuracy 
of +10 per cent. 


17.25.—Let us assume that a beam of circularly polarized light is represented 
by photons, each of which possesses angular momentum //27. If there are N 


* Reference 17.7 should be consulted for details of this experiment, 
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quanta per unit volume, the number crossing unit area per second is Nc, and the 
total angular momentum is Q = Nhc/2n. The energy per unit volume pe = Nav, 
so that 


2nQ = Fe = or, ee ee oT 


If left-hand circularly polarized light is represented by photons whose angular 
momentum is of opposite sign to right-hand circularly polarized light, then a 
double torque will be obtained when left-hand circularly polarized light is changed 
into right-hand circularly polarized light. 

It is possible to show from a wave-theory treatment that a beam of circularly 
polarized light should exert a torque in the circumstances of the above experi- 
ment. The most simple wave-theory treatment connects the effect with diffrac- 
tion at the edges of a beam of circularly polarized light (or at the edge of the half- 
wave plate if it is smaller than the beam). 


17.26.—In the experiments described in § 17.19 the pressure of light on a 
piece of matter containing many atoms is measured. In a similar way the experi- 
ments described in § 17.24 give the light torque on a vane containing many atoms. 
We have seen (in §§ 17.21, 17.22, and 17.25) that the wave theory and the photon 
theory are equally successful in dealing with macroscopic experiments of this type. 
The experiments on the Compton effect (and particularly the fish-tail tracks) 
refer more directly to processes of interaction between radiation and single atoms. 
These experiments are more easily understood in terms of photons. The corre- 
sponding evidence on the exchange of angular momentum between radiation and 
single atoms exists, but is less direct. Atoms oriented in a magnetic field are found 
to emit circularly polarized light. The Gerlach and Stern experiment on the 
behaviour of atoms in a magnetic field shows, in principle, that those atoms which 
emit circularly polarized light suffer a change of angular momentum (equal to 
h/2z in the simplest case). Again the photon theory is superior. The whole process 
is most simply described by assuming that each atomic transition is accompanied 
by the emission of a photon, and that in each individual interaction between 
radiation and matter the conservation laws for energy, momentum, and angular 
momentum are obeyed. 


17.27. Temperature Radiation. 


It is found experimentally that an enclosure which forms part of a 
body maintained at a uniform temperature always contains radiation. 
This radiation quickly reaches an equilibrium value for the total energy 
density, and an equilibrium for the distribution of energy with wave- 
length. All the properties of this equilibrium state depend only upon 
the temperature, and are independent of the material which forms the 
walls of the enclosure. The radiation which is in equilibrium in a 
cavity whose walls have a uniform temperature is called the temper- 


ature radiation. 
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The temperature radiation is investigated by allowing a very small fraction to 
escape through a small hole in the wall of the cavity. This fraction may be allowed 
to fall directly upon a thermopile when the total energy is to be measured. Alter- 
natively, the radiation in a given range of wavelength may be isolated by a mono- 
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Fig. 17.16.—Investigation of variation of energy with wavelength 


chromator, and then passed to a sensitive measuring instrument. The apparatus 
used by Coblentz for the investigation of the distribution of energy with wave- 
length is shown in fig. 17.16. Reference 17.8 should be consulted for details of 
the experimental method. 


It is found that, if H, is the total energy (for all wavelengths) 
emitted in unit time from unit area of the wall of the cavity, then 


Eo oT ee eT 


where 7 is the absolute temperature. This energy is emitted into a 
solid angle 27. Equation 17(28) is known as Stefan’s law, and the 
constant o is called Stefan’s constant. 

The distribution of energy with wavelength is described by a 
function p(A), such that the energy in the wavelength range (A + 4dA) 
to (A — $dA) is p(A)dA. Fig. 17.17 shows the results obtained from 
measurements of the radiation at 900° K., 1000° K. and 1100° K. 
It is found that p(A) is a maximum for a certain wavelength 2,,, and 
that the maximum wavelengths for different temperatures are con- 
nected by the relation 


Ant’ = const. Re hy ed OL) 


The maximum shifts towards the ultra-violet as the temperature rises, 
but at any wavelength a higher temperature gives a higher value of 
e(A). In 1893, W. Wien showed that the distribution of energy with 
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Fig. 17,.17.—Variation of p(A) with A 


wavelength obeyed the following law (known as Wien’s displacement 
law), 


pow /al 
pn) = 48 (1), eenree r17(30) 


For the present we may regard 17(28), 17(30) and 17(31) as empirical 
relations derived by inspection of the experimental results. The form 


of F is considered later. 
EXAMPLE 17(i) 


By (a) integrating and (6) differentiating 17(30), show that both 17(28) and 
17(29) may be derived if 17(30) is assumed to be correct. 
[(a) Integrating, we have 


ice) foo) 1 
— = ae a o . . . ) 
=f o(a) dr iL x r()@ 17(31) 


Putting « = 27’, we have (for one fixed temperature) 


par | =*P(") de, ee 17(32) 
Q v 


ie. e is proportional to 7", 
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(b) To obtain 2,, we put d(A)/0A = 0, and we have 


~2#r()- : r(=,)=4 . . . 17683) 
A AN C/o eee 


m 


where F’ implies the derivative of F with respect to y= 1/(AT). This equation 
may be written 
yF’(y) + 5F(y) = 0. Cone eee NE? 4) 


We now have an equation in the single variable y. Its solution, if there is one, 
gives a value of y in terms of constants, i.e. 4,,7' is equal to a constant.] 


17.28.—Since the properties of the temperature radiation are in- 
dependent of the material of the enclosure, it seems reasonable to 
seek a theory which involves only the most general properties of matter 
and of radiation. In 1884 Boltzmann derived equation 17(28) by 
applying the methods of classical thermodynamics to an enclosure 
containing radiation. In this discussion he assumed, in addition to 
the first and second laws of thermodynamics, that the pressure of the 
radiation is equal to 4p. 


If dS represents a change in entropy of the system as a whole, and dW repre- 
sents the corresponding change in the internal energy, 


T dS =dW + pay. Pere ee ie, 
Now dW =Vdo+ dV, «9 = + eeeliCE 
de 4 
that Tas — v (6) pes pte 
so tha aT) y Tae 4 
a\ 40 aS\¥ fe 
H he yee Eau neat 
es F T a7 OL] Fae NO DLT gg 


Differentiating the left-hand equation with respect to 7’ and the right-hand 
equation with respect to V, we obtain 


es _ 2 ($2) = a a) 
eveT aT \3T/ av \T aT!’ 
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so that p is proportional to 7". 


17.29.—Wien * deduced equation 17(30), employing the methods of 
thermodynamics. He used the formule for the Doppler effect and 


* See p. 327 of Reference 17.1. 
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for reflection from a moving mirror given in Chapter XI. Up to this 
point the theory of temperature radiation had been derived by apply- 
ing the methods of thermodynamics to a system obeying laws which 
could be directly verified by experiments on light pressure, Doppler 
effect, etc. In order to go further and to derive the form of the function 
F in equation 17(30), it is necessary to introduce some hypothesis which 
cannot be directly referred to experiments which were available at the 
end of the nineteenth century. In the light of our present knowledge, 
it is desirable to introduce the quantum hypothesis, which is verified 
by the experiments described in §§ 17.2-17.19. Before doing this, let 
us consider an attempt to find this function F, using the methods of 
classical physics. 


17.30.—Rayleigh and Jeans assumed that the general principles of 
mechanics, which are summarized in Hamilton’s equations, were appli- 
cable to the radiation field. They assumed that radiation behaves, in 
its energy relations, like a mechanical system which possesses a certain 
number of degrees of freedom. This assumption appeared reasonable 
since the Hamiltonian method had been successfully applied to derive 
expressions for currents in inductive circuits and to many other prob- 
lems in electromagnetism. They assumed that the amount of energy 
associated with any one degree of freedom can vary continuously. 
The problem of assemblies of systems with very large numbers of 
degrees of freedom had been analysed in detail by Gibbs and by Boltz- 
mann, who showed that the average energy associated with each 
degree of freedom is £7’, where T is the absolute temperature and k 
is a constant now known as Boltzmann’s constant. Rayleigh and Jeans 
considered the equilibrium of radiation in a volume V, whose linear 
dimensions are very large compared with A,,. We have seen * that the 
number of standing waves with wavelengths between (A + 3dA) and 
(A — dd) is equal to (87/A*)dA. If it is assumed that each possible 
mode of vibration (i.e. each possible standing wave) constitutes a 
degree of freedom, we obtain at once 


p(A) = ST RE. ee 7,30) 


17.31.—This expression agrees approximately with the obser- 
vations at the long-wavelength end of the spectrum but, instead of 
giving a maximum energy for one wavelength, the value of p(A) in- 


* Appendix XIII A (p. 412). 
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creases without limit as A decreases. Moreover, the integral i p(A)da 


is not finite. This result may be deduced by very simple arguments. Lf 
it be assumed that “ free space’ has an infinite number of degrees of 
freedom for electromagnetic vibrations, and that each degree of free- 
dom has an equal finite amount of energy, then the total energy of the 
radiation is infinite. Since material systems possess only a finite number 
of degrees of freedom, equilibrium between matter and radiation 
means that all the energy must be in the radiation field. This difficulty 
is fundamental and no minor amendment of the classical theory will 
provide a way of escape from this conclusion. 


17.32. Planck’s Law. 


Let us now introduce the quantum hypothesis which was, in fact, 
first invented in order to provide a solution of this difficulty. Let us 
assume that the possible energies of a mode of vibration of frequency v 


are 0, «,, 2e,, 3e,,..., Where «, = hv. Then, according to Boltzmann’s 
theorem, the probabilities of a given mode of vibration possessing 
energies 0, «,, 2e,,... are in the ratios 


ce. eete Acrrr ee 


so that the most probable mean energy is 
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We insert this value of €, in 17(39) instead of &T and obtain 
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putting <, = he/A. This equation may be written 


1 
pO) = a> ee TESTS) 
where ¢, = 87he and hele . . . 17(44) 


If the energy corresponding to frequencies between (vy + 4dv) and 
(v — 3dv) is p(v) dv, and if these frequency limits correspond to the 


wavelength range (A — 3dd) to (A + 4dd), we have 


p(v)dv = —p(A)da; 


and since Av=c, vdA+ Adv =0, 
A 8h? i 
so that pr) =< p(X) = a Zo Sapte 17(45) 


Equations 17(43) and 17(45) are alternative forms of Planck’s law. 
These equations agree with Wien’s law [17(30)], and hence with 17(28) 
and 17(29). They are also in satisfactory agreement with the direct 
measurements of the variation of energy with wavelength and fre- 
quency. 


17.33.—Planck’s constant and Boltzmann’s constant & can both 
be deduced from measurements on the temperature radiation. A 
convenient way is to measure the total energy (for all wavelengths) 
and the wavelength corresponding to the maximum energy at one 
and the same temperature. The solution of equation 17(34) yields * 


CG he 


= = : 17(46 
4:9651 4-96514 2) 
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1: 
* To obtain this formula put F(y) = aypoapee 17(34). 


We have F’(y) = —cye%"/(e%s” — 1)? 


and hence 17(34) becomes 
ycec” — 5(ecey — 1) = 0. 


This equation may be solved by successive approximation (Newton’s method) to yield 
17(46). 
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Integrating * 17(43b), and comparing the result with 17(28), we 
obtain 
Qa? k4 
ne ee ee ECTS 
7 15028 eq) 
Thus when o and A,,7' have been measured, 17(46) and 17(47) form 
two equations in which h and & are the only unknowns. 


17.34.—In the above derivation of Planck’s law we have applied the quantum 
condition to a set of electromagnetic vibrations. It should be possible to obtain 
the same result by representing the temperature radiation as a “‘ gas”’ in which 
the molecules are photons, and applying the methods of statistical mechanics. 
If we assume that the photons possess all the properties we associate with the 
material particles, we only repeat the calculations which Maxwell made for gas 
molecules and must obtain his result. If, however, we introduce the assumptions: 


(a) that the number of photons is not fixed (although the total energy is fixed), 
and 
(b) that the photons are not distinguishable individuals, 


then we obtain Planck’s law for the distribution of energy with frequency (see 
§§ 18.34-18.39). 


17.35. Principle of Detailed Balance. 


Let us now consider an assembly of atoms and radiation in thermo- 
dynamic equilibrium at a common temperature. It is observed that 
the radiation is independent of the kind of atom and depends only on 
the temperature. Planck’s law gives the relation between p(A) and 7. 
In a similar way, the distribution of the atoms among different 
stationary states depends on the temperature, and this relation is 
summarized in Boltzmann’s law. Planck’s law is obtained by applying 
the methods of statistical mechanics to the radiation—taking the 
quantum hypothesis into account. Boltzmann’s law is obtained by 
applying the same principles to an assembly of atoms, and the quantum 


* To integrate put u = tp and we obtain 
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The value of the integral may be shown to be 7/15. 
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[See Example 17(ix).] 
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hypothesis is introduced when we assume that there are discrete 
“stationary ” states. The relation between statistical mechanics and 
thermodynamics is such that any departure from Planck’s law or 
Boltzmann’s law (apart from the small fluctuations predicted by sta- 
tistical mechanics) would imply a breach of the second law of thermo- 
dynamics. It is clear that in an assembly of atoms and molecules, 
equilibrium is dynamic rather than static. All the time some atoms are 
absorbing radiation and some atoms are emitting radiation. These 
absorptions and emissions are accompanied by changes in the sta- 
tionary states of the atoms, so that the conservation laws are satis- 
fied in each individual process. The distribution laws of Planck and 
Boltzmann are maintained by the compensating action of the different 
processes. 


17.36.—It is found that the equilibrium is maintained if, and only 
if, each individual interaction process is balanced by its own reverse 
process. For example, if an atom with stationary states 1, 2, 3, etc., is 
present, certain atoms will in unit time be transferred from state 1 
to state 3 by the absorption of radiation of frequency 7,3. This pro- 
cess must be balanced by the emission of an equal number of quanta 
of frequency v,, leading to a transfer of an equal number of atoms from 
state 3 to state 1. The emission of quanta of frequency 1, followed 
by quanta of frequency v,, would maintain the balance for the atoms 
but would destroy the equilibrium for the radiation. The latter could 
be put right by bringing in further compensating processes, but when 
this is done it is found that a fresh unbalance has been created else- 
where. The best that can be done by assuming “ indirect ” balancing 
is to create an equilibrium which might hold good for one temperature, 
pressure, etc., but which would be destroyed by an infinitesimal change 
in one of these physical parameters. The necessity of satisfying this 
“principle of detailed balance ” is now generally accepted. 


17.37. The Einstein Coefficients. 

Let us consider the transference of a given atom to and from a 
state 1 and a state 2 by means of the absorption and emission of radia- 
tion of frequency v4. Let the state 2 be the state of higher energy. 
Let N, be the number of atoms per unit volume in state 1 when the 
system is in thermodynamic equilibrium at temperature 7. Then the 
number per unit volume in state 2 is given by 


N, =, exp (— 7), (45) 
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Let p(v)dv be the energy of isotropic radiation in the range (14. -- 4dv) 
to (v4. — 4dv). Then the number of atoms transferred from state 1 to 
state 2 per unit time by the absorption of radiation will be propor- 
tional to p(v)N,, provided that the absorption line is so narrow that 
p(v) is nearly Zonstnat over the spectral range for which there is 
appreciable absorption. Call the coefficient of proportionality By. In 
unit time a certain fraction of the atoms in state 2 will be transferred 
to state 1 by spontaneous emission. These transitions are not depen- 
dent on the presence of the radiation. Their number is proportional to 
N, and we call the constant of proportionality A,,. If these were the 
only processes operative, the principle of detailed reversibility would 
give 


PLP) Dig f= Aa as + « oo ss BheaS) 
which, taken with 17(48), gives 
— Ay (- ay 
AV = B., exp ar)" co ae eee CO) 


The variation of radiation density with temperature given by 17(50) 
is not in accordance with experimental measurements which support 
Planck’s law [equation 17(45)]. We may remove the discrepancy by 
assuming that, in addition to the spontaneous emissions which are 
independent of the presence of the radiation, there are also some in- 


duced emissions whose number is proportional to the density of radia- 
tion. The coefiicient of proportionality is called B,,. We then have 


p(v)ByN, = ANe + p(v)BNe - « 17(51) 
instead of 17(49), and this leads to 


p(v) = a 17(52) 
By exp (7) — By 
This expression is identical with 17(45) if, and only if, 
Bia = Bal Sv ee eel (550) 
and Te He Bs etal nee eos 


The coefficients A,,, B,, and B,, are known as the Einstein coefficients, 
the above theory being due to Kinstein. The quantity, 45, i is also called 
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the “transition probability ”.* For densities of radiation which are 
normally available in optical experiments on absorption and emission, 
the second term on the right-hand side of 17(51) is very small compared 
with the first. It must, of course, be taken into account in deriving the 
radiation laws, 


17.38. The Life of an Excited Atom. 


When one of the Einstein coefficients is known, equations 17(53a) 
and 17(536) enable us to determine the others. It is convenient to 
regard the coefficient of spontaneous emission A,, as the primary one, 
and to consider how it may be measured experimentally or calculated 
from atomic theory. Let us now consider the following experiment. 

A vessel containing sodium vapour at low pressure is irradiated 
with light from a sodium lamp for a time, and the source is then re- 
moved. During the period of irradiation, light is absorbed by sodium 
atoms in the normal state and is re-emitted as resonance radiation. 
After the irradiation has been in progress a short time, an equilibrium 
is reached in which the number of atoms in the upper state (state 2) 
is constant, because the number of quanta absorbed per second is 
equal to the number re-emitted. When the radiation is cut off, the 
emissions go on, and since there are only a very few absorptions (due 
to the temperature radiation) the number of atoms in state 2 de- 
creases rapidly. The number of atoms leaving the upper state in any 
short time dé is equal to 


HO) = SHOWER on oe EY 


where we write N,(t) for the number of atoms in the upper state in 
order to emphasize that this number is a function of the time. From 
17(54) we see that the decrease of the number of atoms in the upper 
state is exponential, i.e. it follows the same law as the law of radio- 
active decay. We have 


N, = (Np)pe-42* = (Nope . . . 17(85) 


The constant 7 introduced in 17(55) is called the life of the excited state. 
In a time 7 the number of atoms in the upper state decreases by a 


* Note that the above discussion and the relations 17(53) apply to individual states. 
When several states have the same energy, these relations must be applied to each 
state separately (see § 17.8 and Example 17(x), p. 578). 
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factor e. When there is only one possible transition (accompanied by 
the emission of radiation) from a given state, we have 


== 4y, 1 Tab 6a 


where 7 is the life of state 2. When the atom is in a state from which 
it can emit several different lines, we have 


Ty A. ee ee 1 


Tn m 


i.e. t depends on the sum of the transition probabilities for all possible 
transitions. 


17.39. Direct Measurement of 7. 


The value of the constant 7 for the transition corresponding to the 
emission of one of the yellow lines of sodium is of the order 10-8 
second. A direct determination has been made using the apparatus 
shown in fig. 17.18. A vessel V containing sodium vapour is irradiated 


Fig. 17,18.—Measurement of + 


intermittently by means of a Kerr electro-optical shutter (S,). This 
produces flashes of light of less than 10-8 second. The emitted light 
passes through a second shutter (S,) and is measured by the photocell 
P. By appropriate electrical circuits it may be arranged that 8, passes 
the light emitted by the vapour during a certain small interval which 
is subsequent to the time of irradiation, and the time which elapses 
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between the two intervals can be varied. Since the amount of light 
emitted is proportional to the number of atoms in the upper state, this 
measurement enables the rate of decrease of this number to be calcu- 
lated. An alternative method of measuring 7 is due to Wien, who 
allowed a fast-moving beam of excited hydrogen atoms (fig. 2.7) to 
emerge from a hollow cathode. Wien measured the Doppler shift of 
the lines in order to determine the velocity. The variation in brightness 
along the length of the beam then gives an estimate of r. Neither of 
these methods of measuring 7 is very accurate, but it is important to 
have this very direct evidence of the decay of atoms in the upper state. 


17.40. Relation between f-value and 7. 


In the classical theory of dispersion a gas is regarded as an as- 
sembly of dipole oscillators which do not interact with one another. 
Each oscillator can emit, absorb, or scatter electromagnetic waves. 
The amount of absorption or emission is proportional to the number 
of oscillators, and it is assumed that there are(f oscillators of a given 
type per molecule. The emission or absorption is thus proportional to 
the number of molecules per cubic centimetre (NV) and to the value of f. 
In the quantum theory, emission and absorption are regarded as due 
to transitions between stationary states. The amount of emission or 
absorption is proportional to NV, and to a constant (A or B). There 
must therefore be a relation between the “f-value”’ for a given ab- 
sorption line and the corresponding Kinstein B coefficient. Once this 
relation is established, equation 17(53b) gives a relation between f 
and 7 (which is related to the Einstein constant A). 

The constant f is defined by concepts which have no place in the _ 


quantum theory, at any rate so far as our present discussion has gone. 
Similarly, the concept of a life of an excited state has no place in 
classical theory. That there is a relation between these two quantities 
suggests that the two theories may have more common ground than 
has appeared so far. We shall consider the theoretical importance of 
the relation in Chapters XVIII and XIX. For the present let us re- 
gard it as a formal relation which may be submitted to experimental 
test. 


17.41.—Consider a parallel beam of light of unit cross-sectional 
area passing normally through a thin layer of gas of thickness Az (fig. 
17.19). Suppose that the pressure is low enough to make the velocity 
of propagation nearly equal to c. Let the energy per unit volume in 
the layer be p(v) dv. Then the amount of energy passing through per 
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second is cp(v) dv. The energy absorbed per second is 
one f 2ap(v) dv, 
0 


where 2« is the absorption coefficient (§ 15.5). From the definition of 
B,. (§ 17.37) the number of quanta absorbed per second is Byy,p(v)N, Az 
and the energy absorbed per second is B,,p(v)N,hv Az. Equating the 


N, atoms 
per cm. 


Fig. 17.19 


two expressions for the energy absorbed per second and assuming 
that p(v) is nearly constant over the absorption line (i.e. over the 
range of v for which « differs appreciably from zero), we have 


2c * 
Be 
ne ni *% of) etree BETS) 
Using 15(736) we have 
me" 
Baca ; Jo PLES Ae ET (OS) 
From 17(536) and 17(57) we obtain 
Lo — 16rv? f* 
sadn = yee | ade eee oo) 
1 8772 v2e2 
and — = 
( 2 Ay sak 17(60) 
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The value of f for a given spectrum line may be derived from 
measurements on absorption or on anomalous dispersion. The con- 
stant + may be measured in one of the ways described in § 17.39. 
Thus 17(59) may be checked by comparing values of f obtained from 
measurements of absorption or anomalous dispersion with values 
calculated * from measurements of tr. For example, for the mercury 
2537 A. line we have f = 0-027 from absorption, and f = 0-0285 from 
measurements of + (Wien’s method). For the sodium D lines (taken 
together) we have f = 0-975 from anomalous dispersion, f = 1-05 from 
direct measurements of 7, and f = 0-97 from measurements of line 
absorption. This agreement is satisfactory in view of the difficulty of 
the measurement of 7. 


17.42. Relation between Natural Line Breadth and Transition Probability. 


In Chapter IV we saw that the frequency distribution in a beam of light is 
related to the effective length of the wave train. In elementary expositions of the 
quantum theory it is sometimes assumed that each atom emits its radiation 
instantaneously. If this were so, we should not have sharp spectral lines at all. 
It is therefore necessary to assume that the amplitude of each atomic oscillator 
decreases with time and is proportional to e~ 4/2, This makes the amount of light 
proportional to e~42', and is in agreement with experiment. Using the result 
obtained in Appendix IV B (p. 111), we obtain 

As, 1 


Os aE ee e175 (61) 


for the frequency distribution in a line. The half-width of the line is A, = I/t._ 
It thus appears that the lifetime of the excited state determines the natural width 
of the line as well as the integrated absorption. This calculation takes no account 


of Doppler effect and collisions between atoms (see § 4.25—4.27). 


17.43. Calculation of Transition Probabilities. 


We have seen that the constant A,, is related to the lifetime of the 
excited state, to the f-value and to the natural width of the spectral 
line emitted when the atom makes a transition. The strength of the 
line determines the dispersion and, as we shall see later, is connected 
with a number of other optical properties (magnetic rotation, scatter- 
ing, etc.). This constant is of great practical importance, since its 
value is needed for calculations on the transference of energy in the 
stars and in our own atmosphere. It must also play an important part 
in calculations on spectra emitted from discharges. Any satisfactory 
atomic theory must provide a method of calculating the transition 
probabilities as well as the energies of the stationary states. Neither 


* Tn general it is necessary to use equation 19(69), p. 656, rather than equation 17(60). 
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the classical electromagnetic theory nor the early quantum theory of 
the atom is equipped to tackle this problem. The classical electro- 
magnetic theory provides a method for making calculations on the 
relation between absorption, dispersion, etc., but the strength of the 
line (f-value) appears always as a constant to be determined by ex- 
periment. Calculation of transitions on the early Bohr theory con- 
sisted essentially of attempts to find a logical method of modifying 
some of the calculations of the classical theory. The new quantum 
mechanics, which we shall discuss in the next chapter, provides a general 
method of calculation. 


EXAMPLES [17(ii)-17(x)] 


17(ii). Show that the energy corresponding to the photo-electric threshold for 
cadmium (see Table 17.1, p. 541) is 6-3 x 10~™ ergs per electron released. 

17(iii). Find the maximum energy of an electron released by light of wavelength 
2000 A. from a surface whose threshold is 3000 A. [3-3 x 10-1? ergs.] 

17(iv). Find the wavelengths of (a) the first line (i.e. the one of longest wave- 
length) of the Balmer series, (6) the 40th line, and (c) the 41st line. 

[(a) 6564-7 A., (b) 3655-3 A., (c) 3655-0 A. Note that these are wave- 
lengths in vacuo. The usual tabulated values are for wavelengths 
measured in air. Note that n = 42 in eqn. 17(4) corresponds to the 
40th line. ] 

17(v). Show that the difference between the reciprocal of 4 for successive lines 
of any one of the hydrogen series is approximately 2R/n® when vn is large. 

17(vi). The lowest critical potential of caesium is 1-448 volts. Find the ratio of 
the number of atoms in the normal state to the number in the first excited state at 
temperatures of 27° C., 327° C., and 1727° C., using equation 17(9b) and taking 


hy = PD lip Se [(i) 6-7 x 108, (ii) 4-7 x 104, (iii) 1-5 x 103.] 
17(vii). What is the tangential component of the pressure of isotropic radia- 
tion? [Zero. | 


17(viii). Show that the dimensions are the same on both sides of 17(15). 


[Remembering that p represents energy per unit volume, the dimensions 
on each side are ML~!T-2.]} 


17(ix). Show that if p is the energy density of isotropic radiation inside the 
enclosure, then 


De ee oe 
Cc Cc 


[The density p applies to a solid angle 4x. The emission is into an angle 27.] 


17(x). Show that if g, states have energy W,, and g, have energy W, (see 
§ 17.8, small type, and § 17.37), then 


I: By, = 92Bay, 
and that 17(53d) is still valid. [Use equation 17(9b).] 
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APPENDIX XVIIA 


THEORY OF THE CompTON EFFECT 


Suppose that a photon of frequency v is scattered by an electron of rest mass 
m,. ‘Take a frame of reference in which the electron is at rest before the col- 
lision. Suppose that in this frame the scattered photon has frequency v’ and the 


Fig. 17.20 


seattered electron has speed v, the directions of motion making angles 0 and $ 
with the originai direction of the radiation (fig. 17.20). Then 


(a) equating the relativistic energies, 
hy + me? = W, + hy, Me) See ce 7 (62) 


where W, is the relativistic energy (mc*) of the electron after collision; 


(b) equating components of momentum (and putting P, for the momentum 
of the electron after collision), 
hy — iy cos 0 + P,, cos 4, .. . ~ 17(68a) 
c c 


hv’ sin 0 = P, sin ¢. Wee a eee i. 2 h'7(6a0) 
q 
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We have the general relation [see equation 11(49)} 
2P,? = W,? — m,2ct = (W, — me*) (Wy + MC”). . 17(64) 
Hence, using 17(62), 
eP,? = hv — v’) [h(v — v’) + 2mc*], ee ol (G5) 
and from 17(68a) and 17(63d) 
eP,? = h®[(v — v’ cos 0)? + v® sin?6]. ieee cee (66) 


Equating the right-hand sides of 17(65) and 17(66) 
(v — v’) [A(v — v’) + 2mpc?] = A[v? — 2vv’ cos 8 + v?] 


or 2(v — v’)moc? = 2hvv’(1 — cos 8). 
noe Va h(1 — cos 6) 
vv mC? 
F h 
or vN — A’ = — (1 — cos 8). ee sae, Ter) 
MC 


In the above discussion we neglect the forces which bind the electron to the 
atom, because the binding energies of outer electrons are only a few volts, and 
the energy of an X-ray photon is of order 10° volts, 


CHAPTER XVHI 


Quantum Theory of Radiation 


18.1. Relation between Theory of Radiation and Theory of Atomic 
Structure. 


In the preceding chapter we saw that the quantum theory began 
as a theory of the interaction between radiation and matter, but that 
quantum principles came to be applied both to the radiation itself, 
in the Einstein theory of photons, and to the atoms in Bohr’s theory 
of stationary states. The connecting link, Bohr’s frequency condition 
[equation 17(7)], is a direct application of the law of conservation of 
energy. ‘There is also good experimental evidence that the conser- 
vation laws apply to individual processes involving the interaction of 
energy and matter. Every important change in the theory of radia- 
tion will involve a corresponding change in the theory of atomic struc- 
ture. Any satisfactory quantum theory must apply both to radiation 
and to matter. Up to 1924 it was thought that the similarity between 
radiation and matter was chiefly a matter of energy relations. Radia- 
tion theory was admitted to be difficult because light showed wave 
properties in some experiments and particle properties in others, but 
the behaviour of atoms and electrons was described by ordinary dy- 
namical theories of particles. In 1924 L. de Broglie suggested that 
there is a wave associated with every material particle and that the 
relation between the relativistic momentum (p) of the particle and 
the associated wavelength (A) is 

h 


Ness ee aE) 
p 


This relation is the same as the relation between the wavelength and 
the momentum of the photon.* The waves postulated by de Broglie 
are not electromagnetic waves. Their special properties will be con- 
sidered later. For the present discussion only general wave properties 
(wavelength, periodicity, etc.) are relevant. 


* See equation 17(20), 
681 
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18.2. Diffraction of Electrons. 


Insertion of numerical values shows that the wavelength associated 
with an electron of energy 1 volt is about 12 A., whereas that associated 
with an electron of 40,000 volts is about 0-06 A. The order of magni- 
tude is thus comparable with the order of X-ray wavelengths rather 
than with that of the wavelength of visible light. In 1927 G. P. 
Thomson obtained diffraction patterns by passing a beam of electrons 
of about 15,000 volts energy through very thin metal foils. About 
the same time Davisson and Germer obtained evidence of the diffrac- 
tion of slow electrons by reflection from single crystals of nickel. 
Two photographs of the diffraction of a beam of electrons which has 
passed through thin foil are shown in Plate Vh, z (p. 636). Some time 
after the original discovery of electron diffraction, experiments more 
closely parallel to the usual experiments on optical diffraction were 
carried out with electrons, and typical diffraction patterns were ob- 
tained. Plate Vf, g also shows the diffraction of a beam of electrons 
at the edge of a small crystal. It may be seen that one picture 
differs from that obtained with light [Plate IIa, p. 214] only in that 
in the electron picture the diffraction fringes are somewhat sharper 
despite the high magnification. Thomson showed that the electron 
wavelength was inversely proportional to the momentum and, using 
the X-ray values for the spacing of atoms in his thin metal films, he 
was able to deduce the constant of proportionality. It was found to 
be equal to A to within the limit set by experimental error. All sub- 
sequent work on electron diffraction, including the direct measurement 
of wavelengths with the ruled gratings, has confirmed the validity of 
equation 18(1). It has also been shown that protons, atoms of He, and 
molecules of H, can also be diffracted under suitable conditions. It is 
now generally accepted that 18(1) is valid for material particles. 


EXAMPLES [18(i)-18(v)] 


18(i). Insert numerical values in 18(1) and calculate the electron wavelengths 
for velocities 10° cm./sec., 108 cm./sec., and 10° em./sec. 


[7280 A.; 7-28 A.; 0.728 A.J 
18(1i). Show that the wavelength associated with an electron which has been 
accelerated by a field of V volts is 
150 


A=A < 
meV 


: - 3 = « 18(2¢) 
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or approximately A = 12:3/4/V, Se Ree aoe S(2D) 


when 2 is in Angstrdm units and the velocity is so small that the change of mass 
with velocity may be neglected. 


18(iii). Calculate from 18(2b) the electron wavelengths for electrons accelerated 
by fields of 3 volts and 30,000 volts. [7-1 A.; 0-071 A.] 


18(iv). Derive an expression for the error in wavelength due to neglecting the 
relativity correction. For what velocity is this error 10 per cent of the true 


wavelength? [1-25 x 101° cm./sec.] 
18(v). Assuming that 18(1) applies to protons, calculate the wavelength associ- 
ated with a proton of energy 10° electron volts. [0-00093 A.] 


18.3.—To the classical physicist, wave and particle theories were 
alternative ways of representing the transfer of energy from one place 
to another. At the end of the nineteenth century it appeared that the 
particle concept applied to atoms, electrons, and molecules, as well as 
to larger pieces of matter which were composed of molecules. On the 
other hand the wave theory was very successful in representing the 
results of experiments on light. By 1927 it was clear that light had 
some “ particle properties”, and that matter had some “ wave pro- 
perties”’. The results of some experiments on light were more easily 
represented by means of a particle picture, and the results of some 
experiments on matter were more easily represented by a wave theory. 
Yet the original evidence which had led to the wave theory of light 
and the particle theory of matter remained valid, and had to be in- 
cluded with the newer results in any complete and satisfactory repre- 
sentation. It became necessary to invent a new theory in which wave 
and particle ideas would be complementary, not alternative. A com- 
plete solution of this problem should apply both to radiation and to 
matter. 


18.4. The Uncertainty Principle—Particle Dynamics. 


Any satisfactory physical theory must give an account of actual 
experiments. Relativity theory is essentially an analysis of the re- 
lation between experimental data concerning length and time measure- 
ments, and the symbols which appear in the equations of mathematical 
physics. It shows that paradoxes may be avoided by discussing theory 
in terms of measured quantities whose relations are determined by 
experiment. The uncertainty principle which we shall now describe 
is an extension of this process to the measurement of dynamical vari- 
ables for particles of atomic dimensions. 
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In expositions of thermodynamics it is often convenient to discuss 
idealized experiments made with pistons of zero friction, cylinders of 
zero heat capacity, etc. We know that these conditions can never be 
realized in any real apparatus, yet the results derived from the dis- 
cussion of these “ ideal ” experiments are valid because the departures 
of real substances from the ideal properties do not affect the argument 
or, in the case of certain inequalities, they actually reinforce it. We 
show that A is greater than B under the ideal condition, and also that 
any departure from the ideal will increase the difference. The inequality, 
proved to hold for ideal conditions, is valid generally. 

Let us now consider a series of ideal experiments designed to verify 
the laws of Newtonian mechanics. Let us assume that we have at our 
disposal apparatus which is capable of focusing radiation or material 
waves of any wavelength without any of the errors of geometrical optics, 
ie. that we can use a microscope with X-rays or y-rays, or electrons 
of any desired wavelength. Suppose that some elementary dynamical 
problem, such as the motion of an electron in the absence of a field of 
force, 1s to be investigated. We desire to show that there is no field 
of force by testing the validity of the equation 

d?q 
re, ves (ace eee mabe) 
where q is a co-ordinate specifying the position of the particle at time t. 

The cbvious procedure is to measure the position and momentum 
of the electron at some time ¢ =f), in order to obtain two “ initial 
conditions ’’ which can be inserted in the solution of 18(3). From this 
solution we can then calculate the position and momentum at some 
later time ¢, and see if the calculation agrees with the result of an 
observation made at that time. Suppose that we observe the particle 
with light of wavelength A. The discussion of Chapter VIII shows that 
the diffraction of the wave sets a limit to the accuracy of a position 
measurement such that 


A 
2 sin 0 1 
where Aq is the probable error in our measurement of q, and @ is the 
semi-angle of the cone of rays accepted by the microscope (fig. 18.1). 
The sign ~ means “at least of the order of magnitude of”. The 
experiment of Compton (§ 17.23) shows that the interaction between 
the photon and the electron involves an exchange of momentum. 
We may assume that the momenta of the particle and of the photon 
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were known exactly before their interaction, but our knowledge of 
the momentum of the electron after the interaction depends on the 
accuracy with which we can estimate the 
magnitude and direction of the momentum 
exchanged during the interaction. We know 

that the photon enters the microscope, and 
therefore we know its direction of motion 
(after the interaction) within an angle 26. 

Any attempt to determine along what 

path the photon entered the microscope 

(by inserting stops or in any other way) 
reduces the effective aperture of the micro- jhsy 
scope and hence increases Ag. Thus, if the 
aperture is 20 the component of the momen- 

tum of the photon in the plane perpendicular to the axis of the micro- 
scope (which is the plane in which g is measured) is uncertain by an 
amount 


Fig, 18.1 


Ap ~ =" sin 6 ee pee ee OD) 


The momentum of the particle after the interaction is uncertain by 
Ap. Combining 18(4) and 18(5), we have 


mM Wie 
(pe ED, 
2sin@ ¢ 


1.e. Ap Aq wh. et er are eG) 


Ap Ag 


18(6) represents the smallest error product which can result. Any 
deviation from the ideal conditions (e.g. lack of precise knowledge 
of the momentum of the photon before interaction) can only increase 
one of the errors. Note that the momentum of the particle may be 
measured accurately in one experiment and its position in another. 
The second experiment will always affect the momentum in such a 
way that the uncertainty product complies with 18(6). We cannot 
obtain exact information about the two initial conditions at the same 
time. It is precisely this information which is required to enable us 
to make accurate predictions about the future position of the particle. 


18.5.—This result is not dependent on the details of the method of 
measurement, such as the wavelength used or the angle of the cone of 
rays. The analysis of a quite different kind of experiment leads to the 
relation 18(6). It has the same sort of generality as the second law 
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of thermodynamics, which is in no way dependent on the details of 
any one experiment which exemplifies it. Many attempts have been 
made to find systems which infringe the second law, but detailed 
analysis always shows that they are invalid, because some compen- 
sating effect has been overlooked. In a similar way Heisenberg has 
been able to show that all proposed methods * of making measure- 
ments with a higher accuracy than that permitted by 18(6) are invalid. 
The relation 18(6) is a general relation applying to all measurements 
of position and momentum, because it derives from three generaliza- 
tions which are themselves directly based upon experiment. These 
generalizations are: 

(a) The accuracy of all spatial measurements is limited by dif- 
fraction. 

(6) Every observation involves a finite exchange of energy between 
the object and the measuring system. 

(c) The relation between the wavelength (which determines the 
error of a spatial measurement) and the momentum of the associated 
particle (which determines the momentum error in the measurement) 
is given by 18(1). This is true whether the measurement be made with 
light or with material particles. 


18.6. The Uncertainty Principlh—Wave Theory. 


The above discussion can also be applied to measurements on waves. 
Suppose that a theoretical calculation has shown that a certain radio 
transmitter should emit plane waves of a given frequency travelling 
with velocity c. We know that such waves are represented by an 
expression of the type 


£ = A cos¢ = A cos (wt — na €). sii aleed) 


We saw in Chapter II that A and « in this expression may be regarded 
as arbitrary constants to be determined from the initial conditions. 
If we make suitable measurements on the wave at a given time at a 
point near the transmitter, we can calculate the displacement for a 
distant point at another time. The theory may be tested by seeing 
whether the calculated value correctly predicts the result of a second 
measurement. In an ideal experiment we may determine the initial 
conditions by allowing the radiation to fall upon a mirror placed at 
« =0 and measuring the pressure it exerts upon the mirror. This 
pressure will fluctuate during a period of the wave motion, but at a 


* Reference 18.1. 
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certain time (t = 0) we may observe that it is a maximum, so that we 
know that when x=0 and t=0, ¢ is also zero and « ~0. By 
measuring the maximum pressure we determine A. Hence knowing 
A and «, we can calculate the value of € at any other time and place 
from 18(7). 

Now consider the accuracy of these measurements. We can measure 
the pressure only by measuring the momentum given to the mirror 
by the radiation. The discussion of the preceding paragraphs shows that 
we can never know the position and momentum of the mirror to an 
accuracy better than that given by 18(6). We have determined the 
phase of the wave at a point whose position is uncertain by Az, so 
that the phase at a given point in our co-ordinate system is uncertain by 
an amount of order x Av. If Ap is the uncertainty in the momentum 
of the mirror the total momentum of the wave is uncertain by Ap 
and, since its frequency is known to be exactly w/2z, the number of 
quanta in the wave is uncertain by AN, where 


AN ie messi a Pe Sibi le SEER 
C Qa 
Hence we have AN Ad = 5 i k Ap Az 
(29) 
or. ae oka, Crete 18/9) 


For a given frequency the number of quanta is proportional to the 
energy, which is proportional to A?. Thus the uncertainty in NV implies 
an uncertainty in A, and we cannot know both A and ¢ with complete 
accuracy. The relation 18(9) differs from 18(6) by the factor h, because 
of the way we have chosen to define our variables. It is of the same 
generality and, like 18(6), it cannot be evaded by any recourse to 
ingenious devices. 


18.7. Energy-time Relations. 


Suppose that we wish to know with high precision the time at 
which a photon is emitted from a source. We may place an ideal shutter 
in front of the source and open it for a short time Af. The time of 
emission will then be known within an error equal to At. From the 
discussion of wave trains of finite length in Chapter IV and Appendix 
IV B, we know that when the length of a wave train is c At, there is a 


distribution of frequency covering a range Av = 1/At; so the energy 
20 (Gc 577) 
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(W) of a photon in the beam is uncertain by AW = hAv= h/At. We 


thus have 
AW At ~ h. ay) aa aeeeetlb) 


This relation, like 18(6) and 18(9), is generally valid. An interesting 
and important example arises in connection with the natural widths 
of spectral lines. Suppose we attempt to measure the energy difference 
between the normal state and one of the higher stationary states of 
an atom by measuring the wavelength of the line emitted during 
transition between the states. The energy will be subject to an error 
AW =h Av, where Av is the half-value width of the line. The time 
at which a given atom was in this state is uncertain by a quantity At 
which is of the same order as 7, the life of the state. But it was shown 
in § 17.42 that Av = 1/7, and hence AW At ~A, and 18(10) is satis- 
fied. Any experiment designed to discover whether energy is con- 
served when light is emitted, absorbed or scattered will be subject to 
this error. At best we may be able to say that energy is conserved 
within the accuracy of measurement. 


18.8. Indeterminism. 


The classical theory of dynamics is a method of exact calculation. 
The details of its application to the dynamics of particles differ from 
the details of its application to wave motion, but the essentials are 
the same for both. It is assumed that certain differential equations are 
exactly correct. The solutions of these equations contain two arbi- 
trary constants for each degree of freedom. If we assume that these 
constants can be exactly determined by measurements made at some 
given time, then the behaviour of the system at any later or earlier 
time can be calculated exactly. The uncertainty relations show that 
the arbitrary constants can never be known exactly, even when “ ideal ” 
apparatus is available, so that it is impossible to apply either classical 
particle dynamics or classical wave theory in such a way as to obtain 
the exact solution of any physical problem. When we are dealing with 
large pieces of matter such as we ordinarily handle in the laboratory, 
the errors involved in using the classical method are small compared 
with the ordinary experimental errors, and we can detect no deviation 
from classical dynamics. We may neglect the transfer of momentum 
from the measuring apparatus to the object under observation when 
the amount transferred is small in relation to the general errors of 
observation. In calculations involving small numbers of electrons and 
single photons, the momentum transferred from the measuring system 
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to the object is either the whole momentum involved, or is an appre- 
ciable fraction of the whole momentum; the uncertainty relation then 
becomes of primary importance. The Heisenberg analysis shows that, 
in order to represent the results of physical measurements, we need a 
theory which is essentially different both from the classical particle 
dynamics and from the classical wave theory. These theories are 
mathematical methods of using precise data to calculate exact pre- 
dictions. They both deal with variables which, for mathematical pur- 
poses, are assumed to be precisely known. The actual experimental 
errors are taken to be accidental and of no logical significance. Once 
we accept the three experimental results stated at the end of § 18.5, 
we admit the presence of uncertainties which are not accidental. In 
order to attain logical consistency, it is necessary to insert these un- 
certainties into the foundation of the theory. The new theory must 
be a calculation of probable values of certain variables from probable 
values—not of precise values from precise values. We shall now con- 
sider a theory of this type. 


18.9. The Wave Mechanics. 


As an introduction to the new theory let us discuss the relation 
between geometrical optics and wave optics. In the former, light is 
assumed to travel along certain lines called “rays”. The positions of 
the rays can be calculated by applying the laws of reflection and re- 
fraction which are summarized in Fermat’s relation 


ds 
ad Meee <ae. jp ie A 
ie (11) 


The wave theory does not differ from geometrical optics in predicting 
that light will travel along a different set of lines. It denies that light 
energy travels along lines at all. According to wave optics, light is 
diffracted, and any attempt to confine it to precise lines by means of 
slits and diaphragms must be unsuccessful. The wave theory predicts 
that nearly all the energy travels very near to certain lines, provided 
that the wavelength is small in relation to the dimensions of the appa- 
ratus. These lines are found to coincide with the rays of geometrical 
optics. Thus all these results which can be correctly calculated by 
geometrical optics are also predictions of the wave theory. 


18.10.—According to classical mechanics, particles move along 
lines. The position of these lines may be calculated from Newton’s 
laws of motion, which we may now regard as analogous to the laws 
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of reflection and refraction in geometrical optics. Hamilton showed 
that the laws of classical mechanics could be summarized in the varia- 
tional relation 


8 [Ldt =0, ee tia) 


where L is the difference of the kinetic and potential energy. It was 
shown by Maupertuis that, for self-contained systems which obey 
the conservation laws, this relation may be replaced by 


8 [pds =0, ee SSD: 


where p is the momentum. Experiment has shown that the wave- 
length of material particles is inversely proportional to the momentum. 
Inserting the experimental relation 18(1) into 18(11) we obtain 18(126). 
Thus the trajectories of material particles calculated from 18(120) 
are exactly the same as “rays”’ calculated from 18(11). The rays of 
geometrical optics are rectilinear when the refractive index is constant, 
and are curved when the medium is heterogeneous. Similarly, the 
paths of particles are straight lines in free space, but become curved 
when the particle enters a field of force. The close analogy between 
equation 18(12b) and equation 18(11) suggests that there may be a 
wave equation for mechanics and that this equation will be similar in 
some ways to the wave equation for optics. In the next paragraph 
this analogy is used as a guide to obtain the fundamental equation of 
wave mechanics. 


18.11.—The wave equation of optics may be written 


2 o2" 
Vit See Se Sn, eee 
ee 18(13) 
If we put ee «at ee eae ORLA) 
where # is a function of x, ¥, 2, but not of t, we obtain 
2 n? 
V2 + = wb = 0 oe aL Bthba) 
c 
or Vb + n2Kxyb = 0, i Bee IE 


where x, is the wavelength constant in vacuo. The wave theory [based 
on 18(13) and 18(15)] leads to rays [determined by 18(11)] when 
the approximations of geometrical optics are valid. We now wish to 
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find an equation, analogous to 18(15), from which we may deduce 
18(126) by introducing corresponding approximations. In order to 
determine the constants of this equation, we have the following re- 
quirements: 

(a) The new equation must be dimensionally correct. 

(0) The wavelength of a particle in free space must be equal to h/p. 

(c) Since nxq is proportional to 1/A, it follows that nx, must be 
proportional to p. 

We shall now use these requirements to help to find the new 
equation, and then make it the starting point of the new theory. 

From (c) we have 


n? coc mv? cc m(W — JV), ee Lo) 


where W is the total energy and V is the potential energy. 
The following equation, proposed by Schrédinger, satisfies these 


conditions: m2 
e V2 +o mie =f Ee Vie ote 


This equation is of the same mathematical form as 18(15). 
When V = 0, the equation reduces to 


Agr? 
V2 + 5a pb = 0), eee ols) 


This corresponds to a wavelength h/p for a free particle. The equation 
18(17) implies 
a2) WV ae ee 19) 


provided that Ky = 2amo/h = 2ap/h. 

We must not expect that the %-waves will have all the properties 
of optical waves. For the immediate problem this is not of great 
importance. The constant in the second term of 18(17) is propor- 
tional to m(W — V), and this guarantees that condition (c) is satisfied. 


18.12.—The relation between the wave equation in a heterogeneous medium 
(n varying from point to point) and certain problems in classical mechanics may 
be discussed in the following way. Suppose that 


) = Aci? = A exp ink,(la + my +z). . . . 18(20) 


If A and n are constants, then | represents a plane wave in a homogeneous 
medium. Now let us suppose that m varies from point to point, but so slowly 
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that the variation in a distance of one wavelength is small. Then A becomes a 
slowly varying function of x, y, z, and the derivatives of A are small compared 


with x). We then have 
cue (& de id) ot 
Ox 0x Ox 


or, approximately, since 0f/@x is of the same order of magnitude as Kp, 


OV a 
Ox Ox 


and, to the same approximation, 


wade) (ee 


Ox? Ox 
Equation 18(15b) then becomes 


CY Gree 


This is a fundamental equation in ray optics. In isotropic (but not necessarily 
homogeneous) media, rays may be taken to be orthogonal trajectories of the family 
of surfaces 6 =c. For certain problems in dynamics, it is usual to introduce a 
function § (known as Jacobi’s function) defined by 


gb os Py, ete. tp aay 4 be ee tee LO (22) 
Ox 
For a single particle we have 
as\? , (as? ay 
oe sts =} == 27 (Wo) V)), eee mes (2c) 
3) . 7) a (S om ) s) 


This equation is identical with 18(21) if we substitute for n from 18(19) and identify 
the phase $ of the wave with h/2z times Jacobi’s function S from dynamics. 
We see that: 


(i) The fundamental equation 18(21) of ray optics in a heterogeneous medium 
can be deduced from the wave equation. 

(ii) This equation is directly analogous to the equation 18(23) which applies 
to a particle moving in a field which varies from point to point. 


Thus the equation of motion of such a particle can be deduced from 18(17) by 
inserting the approximations appropriate to geometrical optics.* 


18.13.—Kquation 18(17) is generally known as the wave equation 
or as Schrédinger’s equation. It will be noticed that it is not a complete 


* For a detailed discussion of the relation between wave and ray optics on the one 
hand, and wave and classical mechanics on the other, see Reference 18.2. Note that 
in the references the constant ky = 27/h and is not equal to our xy; there is also a 
corresponding difference in the definition of n. The method used in this book is 
intended to give the most direct analogy between mechanics and optics. 
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wave equation, since it does not contain the time. It is analogous to 
the reduced wave equation of optics which gives the variation of 
amplitude from one place to another. The quantity % is generally 
smplitudestuncontusses pM Oe 

We shall discuss the physical interpretation of the wave functions 
later. We now wish to show how the wave equation may be used to 
calculate the energies of stationary states. In doing this we assume 
that the only solutions of the equation which have physical significance 
are continuous, single-valued, and finite at all points in the space 
considered, and on the boundary. This assumption is formally a new 
postulate, but one which is inherently very reasonable. When this 
condition is applied to the wave equation, it is found that under most 
conditions only certain values of the energy are permitted. The equa- 
tion gives satisfactory solutions only when the constant W has one of 
these values. The solutions so obtained are called “ proper functions ”’ 
(eigenfunctions) and the associated values of W are called “ proper 
values ’’ (eigenvalues). 

The situation is similar to the boundary problems which arise with 
sound waves and light waves. Vibrations of any frequency may be 
transmitted along a string of unlimited length. The mechanical proper- 
ties of the material determine the speed of propagation, but not the 
frequency. When boundary conditions are imposed (e.g. if we assume 
that two points on the string are fixed so that the displacement is zero 
at these points), then the system vibrates with its fundamental fre- 
quency, or with one or more of the harmonics. In a similar way, the 
electromagnetic theory allows us to calculate the velocity of light in a 
vacuum. Any frequency is possible until we impose a boundary con- 
dition. In a space of finite size, standing waves are set up and these 
have frequencies determined by the boundary conditions (Chapter III 
and Appendix XIII A). 


18.14. Application of the Wave Equation to Free Particles. 


Let us consider a free particle under no forces. We put V = 0 in 
the wave equation [18(17)] and we obtain 


2 
V2b = — —_ mWs = — rai mvp . . 18(24) 


Consider the solution appropriate to plane waves travelling along the 
z axis. We have 
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yb = Ae + Be, Pea es(25) 
2 2 
where c= oS mW = a mv, he ae OPO) 


We see that as long as « is real (W positive) the solution satisfies the 
condition. Thus any positive value of W is permitted. Since W is equal 
to the kinetic energy (}mv2), « is equal to 2amv/h, and the associated 
wavelength is that given by 18(1). Equation 18(25) corresponds to 
plane waves travelling in the direction of the axis. There is no re- 
striction on the wavelength or the velocity of the particle. 


18.15. Particle in a Box. 


Let us now consider a particle in a box of finite size. Suppose that 
the x co-ordinate of any point in the box is between 0 and a,, the y 
co-ordinate between 0 and a, and the z co-ordinate between 0 and as. 
The value of % must be zero whenever z >a, or y > dy OF 2 > As. 
These are the conditions which we should apply to an optical wave 
function to find the frequencies of the standing waves in the box.* The 
wave functions which satisfy the boundary conditions are 


x = sin (2% et s) sin (2 me y) sin (2 x “) 18(27) 
Ua Ga Gs 


where 7,, %, %3 are any integers. 
The associated values of the wavelength constants are 


2 2 
Kp i ee ane 18(28) 
a As a3 
. 2 2 2 
leading to 12 = A? 2 +4 **). eae cey 
ay a, a 


The associated energies are 


h2 2 2 2 
W = (“+% +), . . . 18(30) 


21: \047 0 ea.” 


Thus, in a box, the particle can have one of a certain selected set of 
energies. Since the energy is all kinetic, this implies that only certain 
velocities are possible. The above discussion applies to any number 


* In Appendix XIII A we have considered waves in a cubical box. 
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of particles which do not exert forces upon one another. It thus applies 
to photons generally and to material particles when the effects of 
gravitational or electrical forces are neglected. 


18.16. The Simple Harmonic Oscillator. 


Let us now consider a simple harmonic oscillator as a dynamical 
system for which the potential energy is proportional to the square 
of the displacement of the particle from an equilibrium position. 
We have (see § 2.5) 


V=4a.-ma. ee oo) 
If we insert this expression for V in the wave equation, we obtain 
d? 872m 
a + ie (W me Sa2max") = 0. eve 18(32) 
To simplify the notation, we put 
__ 2rmwy 877? 
as jae eNee fey Ge) ye L883) 
dus 
so that St (B—o%)yp=0. . . . . 18(84) 
i ? 
(a —_ hr Vw ¢ ; 
We wish to find solutions of 18(34) which are single-valued, finite, and 
continuous throughout all space (ec = —oo tox=-+). We expect 


that such solutions will be obtained only for certain values of the para- 
meter 8, and we wish to find these proper values. The calculation is 
given below (in small type). It shows that the simple harmonic 
oscillator has discrete energy states and that the energies of successive 
states differ by hv. The lowest state has energy }hvp. 


We can write down one solution by inspection, namely 
UV = age wl, » eee Bey ERA) 


Differentiation shows that this is a solution if 8 has the value By = «. The solution 
satisfies all the necessary conditions, and 8, is one of the proper values. In order 
to find others, we try the expression 

b = ve an"/2, > 0 a 0 o o Tei) 


where v is some function of x to be determined. Inserting this expression for 
in 18(34) we obtain 
CUB ee (Bee ge ; 5 5 o o IEG) 
dx? dx 


20? (G 577) 
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We may further simplify the notation by introducing a new variablo( = 2Va 
mes 


and replacing v(x) by H(&), to which it is equal. Equation 18(36) beco 


PH 4,¢H | (B_ = Beit dcmadco gy 
ee eer 1) H 0. (37) 


We now take as a trial solution: 


H(E) =a) + aE +... +4,6" +... 
Sack eee gt ET Ce ee S(O8) 


n=0 


We insert this value in 18(37) and obtain on the left-hand side a power series, 
each of whose coefficients must vanish if 18(38) is a solution. Equating the coeffi- 
cient of —” to zero, we have 


(n +1) (m+ 2)dqi9 + (B/x —1—2n)a,=0, . . 18(39) 


or Sata at = Piet te eres.) 
a,  (n+1)(n +2) 

A power series whose coefficients satisfy these relations is a solution of 18(37), 

and by replacing & by x and using 18(35), we obtain a solution of the wave equation. 

This solution is not necessarily an acceptable solution. For large values of n, the 

ratio a, , 2/a, tends to the value 2/n. For large values of n, the ratio of successive 

terms in the expansion 


fo & ge 
Pe a Dae ct ain 9 OC _ . 18(41) 


tends to the same value. When & is very large, H(&) in general tends to increase 
in the same proportion as e*, because only the terms containing very high powers 
of & are then important. Now, from 18(35) we know that the wave function is 
proportional to e~§*/2H(&) and hence, for large values of &, to e~§*/2 . e&, i.e. to 
e*"/2, Since e§*/2 tends to infinity, the solution defined by 18(40) does not in 
general provide an acceptable solution of the wave equation. If, however, ® has 
the value 
B = a(2n + 1), ae yo eee lS (42) 


the numerator of 18(40) vanishes, and if n is even, the even-numbered terms of 
the power series [18(38)] terminate at the nth term. If, in addition, we have 
a, = 0, the odd-numbered terms are all zero. The series then terminates at the 
nth term and, although H(&) diverges for large values of &, the wave function 
) becomes zero for large values of x, because the exponential e~***/2 in 18(35) 
decreases more rapidly than any finite power of n increases. In a similar way, if 
n is odd and if a) = 0, the series also terminates at the nth term, and acceptable 
solutions are obtained when has one of the values defined by 18(42). To satisfy 
18(42) we must have 

81? 2rmoe, 

7 OM = (azo?) (2n + 1), 


h \ 
i.e. WH 5 (m+ Boo = (m+ Bh) 2... 18(43) 
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18.17. Rules of Interpretation. 


A new theory is essentially a new language designed to describe a 
set of experimental observations. The inventor of a new artificial 
language is entitled to define the rules of its grammar, and his rules 
need not be the same as those of any existing language, provided that 
they are logical and self-consistent. In the same way, the statement of 
a new theory must include rules by which the symbols which it uses 
are to be related to experimental observations. It must have a pro- 
cedure by which it provides a set of numbers which can be compared 
with experimental results. The wave mechanics provides one such 
set in its calculation of the energies of the stationary states by means 
of the proper values of the constant in the wave equation. In the 
preceding paragraphs we have applied it to three important cases— 
the free particle, the particle in a box, and the simple harmonic oscil- 
lator—and it has yielded results which are in agreement with a great 
deal of experimental evidence. The further application to atomic 
and molecular energy levels is outside the scope of this book. It may 
be sufficient to state that very large numbers of such calculations have 
been made, and none of the results is in conflict with experimental 
data. 


18.18. Completion of the Wave Equation. 


Another series of numbers suitable for comparison with experi- 
ment may be obtained by calculations based on the wave functions. 
Before considering these, we need to complete the wave equation by 
reintroducing the time. To do this we use the assumption, originally 
due to de Broglie, that the relation between the energy of a particle 
and the frequency for a material particle is the same as the correspond- 
ing relation for a photon; i.e. we have 


W =me = hv, ke eee) 
where m)is the relativistic mass, not the rest mass. We then have 
2ar 
ai Pie A, ce ee ter 18(40 
a aM (45) 
and hence we may write 
Y= $ exp @ We) meer =” 18(40) 


and eS pe i We exp @ We), > og a FIEND 
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since #% is independent of the time. From 18(46) we may also derive 
Vy = Vp exp ?= We). _.. 18(48) 


Substituting from 18(47) and 18(48) into 18(17), and re-arranging 
terms, we obtain 


Bley? hg Oe mT ce 
< Bain tt 2a oa od 
We may put eae exp is ni We) Sie COU) 


and hence (yreawe 3... . . 1861) 


We may note that the equation which has been obtained by reintro- 
ducing the time is not the same as the wave equation [18(13)] from 
which we started. Equation 18(49) is strictly speaking not a wave 
equation. It is a diffusion equation which possesses certain wave 
properties because the diffusion coefficient is imaginary. The fact that 
the equation is not a true wave equation does not matter. The im- 
portant question is whether the solutions (manipulated according to 
certain rules to be stated in §§$18.19 ff.) yield numbers which agree 
with those obtained from experiments. We shall see that by this 
criterion the theory is very successful. 


18.19.—Let us suppose that the wave equation corresponding to 
a certain physical problem (such as the harmonic oscillator or the 
hydrogen atom) has been solved. The proper values have been found 
and these lead to energies W,, W., . . . for the stationary states. Cor- 
responding to them, we have found a series of proper functions V,, 
Y',,.... We note that the form of the equation 18(49) is such that 
if any solution is multiplied by a constant, it is still a solution. 
Moreover, solutions are linearly additive, so that 


F=¢F,+6P,+e6P,;+..., -. . 18(52) 


where ¢,, Cj, etc., are constants, is also a solution. Let us now con- 
sider the solutions belonging to individual stationary states ($,, wp, 
etc.), and assume that each solution has been normalized to unity, 
i.e. that each solution has been multiplied by a suitable constant, so 
that 


[hoes dr = | tant Che == {l . . 18(53) 
where the integral is taken over the whole ay 
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18.20.—We can now make a square array or matrix of products 
of the solutions taken in pairs as follows: 


Patae ire YY 5* ears 

NE Woe Weel ap! be ee 

YP" Y5'P.* gts. ee sea 18(54) 
eRe talon PPS" aia aia 


or, substituting for each ¥ or ‘Y* from 18(46) or 18(50), 


Oni : 
bihi* Yive* exp (WW i- W.)t db3* exp Se (W,—W,}t... 
Oni 6 
dubs* exp—™ (W,— Wy) dodo" data* exp ne (W,—W,)l... 
18(55) 


Wé note that the diagonal members of the second matrix are all in- 
dependent of the time. Also they each depend on only one proper 
function. This suggests that they represent some property of the cor- 
responding stationary state. Let us assume that V,'‘Y',* dr (=y,yh,* dr) 
represents the probability of finding the particle in the small volume 
element dr, and hence that e'¥’,V,* represents an effective charge 
density in the volume. The normalized % functions are suitable for 
representing a probability in this way because relation 18(53) makes the 
total probability of finding the particle at some point in the space 
equal to unity. Calculations based on this assumption have been made 
to predict the results of experiments on electron scattering, crystal 
structure, etc., and have been found to yield results in agreement 
with experiment. 


18.21. Transition Probabilities. 


If eY,,Y,,* represents an electron density, it is reasonable to assume 
that e,,cV’,,* dz represents the x component of an electric dipole 
moment, and that the total component of an electric dipole moment in 
the direction of the co-ordinate @ is 


(Man)e = i eV, af ,* dr = ik ex, ap,* dr.  . 18(56) 
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This form has been used to calculate the’ dipole moment of certain 
molecules. The results of calculation which include this assumption 
agree with measurements of the dielectric constant. Let us now 
consider dipole moments of the type 


(Mm)o = € if (Poh +P, ce,*) dr.  . 18(57) 


We have (MU nla == e f Pn LPm® EXP (2711 amt) At 
+e f Pin Lin eXp (—2riV amt) dt. 18(58) 


This expression may be regarded as the x component of a dipole oscil- 
lator of frequency Vrm = (Wy, — Wm)/h. This moment is real, because 
the second term in 18(58) is the complex conjugate of the first. 


If a [neni dr = [bm® tq dr _ . 18(59) 


(note that 2, = Tmn*); 
(M nm) 2 = CLmn EXP (27tV amt) + CLinn® eXP (—2Z7Vymt); 18(60a) 


and if Zm, 1s real, 
(Me) 6 = 26 Linn COS 2UV pet ee ee Lek OUD) 


The mean value of (Myjm)_7 18 2€7%,,%. Similar expressions may be 
obtained for the y and z components. According to classical electro- 
magnetic theory [Appendix XIII B, equation 13(80)], the energy 
radiated per second by the dipole whose moment is given by 18(606) is 


4,2 462 
Foe Yom? + Yan? + Zant) = SE dy tat, 18(61) 
C 


It may be shown that a similar expression holds if the moduli of 
Digs Une BUC. Zan ATO inserted in 18(61), when 2m, etc., are complex. 
The Einstein coefficient /A,,,\is equal to the rate of radiation divided 
by hvym. Thus we have “ia 


(Tata?) meee SiG) 


i.e. the rate is that appropriate to an oscillator whose moment is 
Min == 2€Pmn COS 27tVnmts 2 2 SLS(620) 
where rise f{ Urlm* dr  . . . . . 18(62¢) 
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Using 17(53), we have 


3p2 
ee ee ee) 


18.22. Relation between Classical and Quantum Oscillators. 


The classical theory of dispersion includes the concept of dipole 
oscillators which can absorb, emit or scatter light. The f-value is 
the number of oscillators per atom or molecule. The quantum theory 
associates an “ oscillator” with each possible transition, and it is usual 
to_assign to each transition an oscillator strength or f-value. This 


quantity is defined to be the number of classical oscillators per atom 
which would absorb the same amount of radiation from a parallel 
beam of light [for which p(v) is nearly constant over the region of the 
absorption line]. The relation between f and B is given by equation 
17(58) and, using 18(63), we obtain the following relation between f 
and the matrix elements r,,,: 


| OFM am 


fa ttn sss 18064) 


Calculations of f based on this equation agree reasonably well with 
observed values (Table 18.1). 


TABLE 18.1 


EXPERIMENTAL AND THEORETICAL f-VALUES 


Element ae ikea Theoretical f-vales| 

Na 5893 0:9755 0-9796 

Na 3303 0-01403 0-01426 
Na 2853 0-00205 0-00221 
Na 2680 0-00063 0-00073 
Li 3233 0-00549 0-00551 
Li 2741 0-00478 0-00471 
Li 2563 0-00314 0-00253 


On classical theory it would be reasonable to expect that f would 
be a small integer. In fact the results of experiments show that / is 
usually less than unity, and is often a small fraction. This result 
is not surprising in quantum theory, because there is a general proof 
that the swm of the f-values for all transitions from a single state is 
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unity. This “f-sum rule ” is not valid for all states, but it applies under 
a very wide range of conditions.f 


18.23.—An atom may absorb radiation from a parallel beam but emits radia- 
tion in all directions. In classical dispersion theory the electron is free to move in 
any direction in response to the field. The oscillator of quantum theory is a directed 
oscillator with an axis whose direction is determined by the properties of the wave 
functions. If a parallel beam of plane-polarized light falls upon a directed oscil- 
lator, the dipole moment induced is proportional to cos 0, where 0 is the angle 
between the direction of polarization and the axis of the oscillator. The amount 
of absorption is proportional to the square of the induced moment, i.e. to cos? 0. 
When a parallel beam falls upon atoms oriented at random, the absorption is 
proportional to the mean value of cos? @ taken over a sphere. This implies that the 


is given by 18(62b). It has the value appropriate to an oscillator whose moment 
is given by 18(60d), i.e. to the component of M,,,, in the direction of polarization. 
18(64). The rate of radiation is that appropriate to an oscillator whose moment 
is given by 18(62b). We have shown in Appendix XIII B that a classical oscillator 
loses a fraction (yo) of its energy per second, where y, is given by 13(86). In con- 
sidering absorption from a parallel beam we associate an oscillator of strength f 
with a given transition. In considering emission we have to associate an 
oscillator of strength 3f with the same transition. The rate of radiation becomes 
64 m*e?v,_,4 


3/Yovnm =3 3 — Fane Pmrlmn* -1@ @ v= LS(Gb) 


in agreement with 18(61). This relation may be expressed in a slightly different 
way. Let!z)be the “life” of a classical oscillator of unit “Theat = the time 


required for its energy to fall to 1/e of the original value. Then‘t, = 1/y))and 
the quantum nearer given by { 


Tales 3. 5 scar 


It is possible to “ make a picture” by saying that the quantum theory associates 
three oscillators with moments proportional to #17; Ymn> mn With a given transi- 
tion, All three are effective for emission. Only one is effective for absorption 
from a parallel beam of plane-polarized light. This analogy helps to build up the 
quantum theory of scattering and of dispersion, but it should not be pressed too 
far. 


Since the product p,vy,,* is independent of the time, the corresponding rate 
of radiation is zero. We therefore conclude that, in the lowest stationary state, 
the atom does not radiate. This removes—at least formally—a difficulty inherent 
in the older quantum theory which viewed the atom as a dynamical system in 
which the electron revolved round the nucleus as a planet revolves round the 
sun. According to this theory the electron is always accelerated towards the 


f See p. 169 of Reference 19.3. 
$ When more than one pair of states is involved, equation 19(67c) must be used. 
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nucleus, so that it should radiate—and radiate so fast that stationary states could 
not exist long enough to be observed. On the present theory, the point electron 
is replaced by a charged cloud and, when the atom is in the lowest stationary 
state, the total radiation from all elements of this cloud is zero. 


18.24.—The method which we have outlined in the preceding 
paragraphs is consistent with our original assumptions concerning the 
interpretation of the % functions (§ 18.20). At a later stage we shall 
see that it is possible to give a more detailed account of the radiation 
process (§ 19.1). For the present let us accept it as a rule of calcu- 
lation and see if it yields correct results when applied to some optical 
problems. We may begin by considering the transition probabilities 
for the simple harmonic oscillator. From 18(35), 18(37), and 18(42) 
we see that the proper functions are of the form 


UeetCania iV 1, (2), ements 15(6() 
where #7, is the solution of the equation 
aH dH 
— — 2€—74+2nH, =0, . . . 18(68 
dé é ame © (68) 


and vis a constant chosen to normalize the % functions. Equation 
18(68) is obtained by inserting m 18(37) the proper value of f given 
by 18(42). Since the problem is a one-dimensional one, the r\of 18(62) 
is parallel to x and to €. From equation 18(61) we see that the tran- 


sition probabilities are proportional to the square of a,,,,, where 


ites +0 ; 
tan =f Yatthn do Male f° Hye" E dé, 18468) 
=O) a —na 


since the wave functions are real. 
The factor(1/«)enters through the change of the variable to be 
integrated. From the known mathematical properties of these func- 


tions (§ lle of Reference 18.3), we find that 


= nm+1\_ |(n+1)h 18(70 
ee) yi ee 
n nh 
= oo ee 2 Oe anal 
én =|] Vee ( —<=— 


and that z,,==0 when m=+(n+1). Thus the transition _prob- 


abilities are zero except for transitions to adjacent states. Transitions 


604 QUANTUM THEORY OF RADIATION 


whose probabilities are zero are said to be forbidden, others are said 


to be permitted. The probabilities for transitions to adjacent states 
are obtained by substituting from 18(70) and 18(71) into 18(62). Sub- 
stituting from 18(71) into 18(62) gives directly the probability for 
spontaneous transitions from state m to state (n — 1). There are no 
spontaneous transitions from state n to state (m + 1). Equation 
18(70) gives the Einstein A for transitions from state (m+ 1) to 
state n, and, by means of the relations 17(57) and 17(53), it gives 
the probability of induced transitions from state n to state (n + 1) 
(i.e. the Einstein B’s) and the coefficient for the absorption of light. 
No atomic system behaves exactly like a simple harmonic oscillator 
but, as an approximation, a diatomic molecule may be pictured as two 
masses attached by a spring. For small vibrations the restoring force 
is proportional to the displacement but for larger displacements the 
force is no longer proportional to the displacement. The system there- 
fore behaves like a simple harmonic oscillator for small displacements. 
It is found that there is a series of stationary states with nearly con- 
stant energy differences between successive states in the region corre- 
sponding to small amplitudes of vibration. It is also found that, in 
this region, transitions take place only between adjacent vibrational 
states. The absolute values of the transition probability can be ob- 
tained by measuring the absorption coefficient and the result is in 
agreement with the calculation. More elaborate calculations are 
needed to take account of the deviations from the linear law of force 
and displacement, and also to include effects due to rotational energy. 
The results of these calculations agree with the observed values over 
the wider range of conditions to which they apply (see Chapter X of 
Reference 18.3). 


18.25. Quantization of the Electromagnetic Field. 


We have seen that the quantum mechanics provides a method of 
calculation which, when applied to the simple harmonic oscillator, 
gives both the energies of the stationary states and the probabilities 
of transitions between the states. The results obtained from these 
calculations, and from similar calculations on the frequency and 
amount of radiation emitted from atoms and molecules, are in good 
agreement with experimental data. We may therefore regard this 
most important aspect of the interaction between radiation and matter 
as satisfactorily brought within the theory and made amenable to 
calculation. We now wish to see what account the theory can give of 
the radiation itself. How can it simultaneously describe the wave and 
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particle properties of light? How can the radiation field be quantized 
and yet retain its characteristic wave properties? In order to apply 
the quantum mechanics, we have to regard the radiation as a me- 
chanical system. We have seen that Rayleigh and Jeans were able to 
derive the classical radiation laws in this way. We now wish to obtain 
an expression for the energy of the radiation in the form which Hamil- 
ton derived for mechanical systems. When this has been done it is 
found that the expression for the energy is the same as that for a 
system of simple harmonic oscillators, and we are able to apply the 
quantum theory of harmonic oscillators to the radiation field. 

It is convenient to analyse the field energy by an extension of the 
method used in Appendix XIIIA. We represent the field of radiation 
enclosed in a cube of side L by the vector A which satisfies 13(59) and 


13(60). The scalar potential ¢ has been made equal to zero. We put 
A= >)¢,A, eee AB 72) 


where g,\is a function of ¢ (but not of position) which satisfies the 
relation 


peek ie es SICA) 


and A, is a vector function of position (but not of ¢) which satisfies 


13(62) and 13(63). We choose for A, the expression appropriate for 
standing waves: 


Ap=ec(S7L)Y2 sin (x; <2), 0h. LE(F4) 


where!x, is a vector of magnitude «, = w,/¢ whose direction is that of 
the wave normal. The components of x, satisfy 13(67). /e,)is a unit 
vector specifying the plane of polarization. Equation 18(74) is of the 


same form as 13(65); the multiplying factor has been chosen for 
reasons which will appear later. Using 13(60) we have 


NAD) ee. ACID) 
C C 
and hence E= >) E,, 
where E, = —e,9,(87L-*)¥? sin (x, . r). Se WEG) 


Applying the method of § 16.7 to 13(59) and 18(74), we have 
H, = cq,(87L-*)"/2 (x, X €,) cos (%, . r). . 18(77) 
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The energy W may be written 
Wad [P+ HP) dr, _.. 18(78) 


TT 


the integral being taken over the cube. We then have 


s+r 


i? — (a E,)* == DE? = papas E,E,. nae 18(79) 


Inserting the value of E, from 18(76) and using §2 of p. 104, we 
obtain 


[BP dr = 4nd, La ate eo eeRIB0) 
and, similarly, [EB,dr = 0, when s+ 7. chee LOS) 


Similarly, remembering that e, is a unit vector perpendicular to %,, 
so that the magnitude of x, X< e, is k,, we have 


[H2 dr = dnc dg? = drag? . . 18(82) 


Again, the integral of cross products H,H, is zero. Hence 
=) 
\ W= z (93 ae (5°). > - . . 18(83) 
po ee cree eee ee 
The expression for the energy is thus of the same form as that for a 
set of simple harmonic oscillators, each of unit mass. According to 
the method of Hamilton, we put ¢ = p,\and we have 


A= 4) (0,7 - &,70,;7) = >a. ee 1 S4a) 
On, ron, 
d AP cL ale ali om oe 
an a4, Pss op Ys» 18(845) 


since q, is a solution of 18(73). 


18.26.—The above analysis of the radiation field applies in detail only to 
standing waves. In the quantum theory we are often interested in progressive 
waves or in a mixture of standing waves and progressive waves. For these we 
replace 18(72) by the more general form 


A= % (gsAs + 9.* A,*). oes es T8285) 


A, E, and H are real but q,, A,, E,, H, are complex quantities. 

Let us choose q,, which is a solution of 18(73), to be proportional to exp i, 
and let us make A,, which is a solution of 13(62), proportional to exp (—ix,2). 
Then one pair of terms in the summation on the right-hand side of 18(85) is pro- 


§ 18.27 QUANTIZATION OF ELECTROMAGNETIC FIELD 607 
portional to cos (w,t — *,.r) and this represents a purely progressive wave. As 
before, the constant of proportionality is adjusted to obtain an expression for the 
energy in a suitable form and we write 
A, = e,c(4nL-5)/? exp(—ix,.r), . . . . 18(86) 

so that, instead of 18(76) and 18(77), we obtain 

E, = —e,g,(47L-*)/? exp (—ix, .r) 5 co 6 IEG) 
and H, = cq,(4nL-*)"/2(%, x @,) exp (—ix, . 2). . . 18(88) 


E* is now equal to (>) H, + H,*)? and terms like HZ, HH,* and H,#, vanish on 
integration. We then have 


i} Edt =>2 up E,E,* dv = 8x Doda,  . . 18(89) 


and, since the magnitude of (x, X e,) is kg = ,/c, J H? dt has an equal value and 


W=2Hosqae \. . . . . . 18(90) 


The co-ordinates q, in 18(85) do not obey Hamilton’s equations 18(83) and 18(84), 
but if we put g,,=4q,-+4,* we obtain co-ordinates for the progressive wave 
which satisfy these equations. 


18.27.The above analysis of the electromagnetic field energy as 
the sum of a series of terms each having the same form as the ex- 
pression for the energy of a simple harmonic oscillator is based on 
Maxwell’s electromagnetic theory. We now introduce the quantum 
theory by assuming that what has been proved concerning the quan- 
tum mechanics of a linear harmonic oscillator applies to these oscil- 
lators (or modes of vibration) which represent the radiation field, i.e. 
the g, variables obey a wave equation. 

Since the equivalent oscillators have unit mass, 


Od 8x2 
ot a a (W — tug?) =0. . . . 18(91) 


We insert ¢ instead of % because we shall later need to distinguish the 


wave equation for the radiation field from the equation for an atom. 
The equation implies that each mode possesses a series of stationary 
states. The energy difference between successive states is hv, and the 
only permitted transitions are those between adjacent states, Le. 
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those which involve emission or absorption of energy hv. Thus Planck’s 
original postulate that a single quantum is interchanged in each 
emission or absorption has been incorporated into the theory without 
abandoning the wave concept. 


18.28.—The energy of the radiation field is the sum of the energies 
of the individual oscillators. It has a stationary state corresponding 
to every possible combination of stationary states of the oscillators. 
Its lowest state will be that corresponding to all the oscillators being 
in their lowest states. If each oscillator has energy hv, and there is 


an infinite number of oscillators, then the lowest possible energy of 
the field would be infinite. This conclusion, which seems at first sight 
absurd, need not occasion any serious difficulty. The energy involved 
in almost any problem in dynamics can be made infinite by a suitable 
choice of the zero for potential energy. We are concerned with changes 
of energy, and an infinite energy which can never become available 
does not generally affect the result of a calculation, though it may 
make the calculation difficult. In the particular case at issue it is 
found, as a result of detailed considerations,* that we are not forced 
to accept the view that the lowest state of energy is $hv. It is possible 
to choose our variables in such a way that the energy of the lowest 
state is zero. The distribution of radiation energy with frequency 
then follows Planck’s law [17(43)]. 


In early attempts to apply the quantum theory to the electromagnetic 
field, it was sometimes thought that only one quantum of a given frequency and 
plane of polarization could be present}in a closed space, i.e. that each oscillator 
possessed only two stationary states of energies, zero and hy. The quantum 
mechanics which we are now considering predicts that each mode of vibration 
may have energy nhy. The earlier theory was in conflict with the principle of 
superposition. When two equal beams of radiation of the same frequency illumi- 
nate the same space, the resulting radiation has the same frequency and, taking 
the space as a whole, twice as much energy as one of the beams. If each original 
beam has one quantum of energy hy, the resultant beam must have two. The 
idea that the field could have only one quantum of a given frequency is directly 
in conflict with experimental data on radio waves, whose frequency is 10° times 
lower than that of light. The energy in one quantum is extremely low. We know 
that it is possible to produce beams with sharply defined frequency and with 
considerable energy. These must be represented by stationary states in which 


n is very large—large enough to make the product nhy large even when y is 
relatively small. = ————— 


* See p. 60 of Reference 18.4. 
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18.29. Analysis of the Momentum of the Field. 


In a beam of progressive electromagnetic waves, the energy cross- 
ing unit area in unit time is c times the energy per unit volume. The 
momentum crossing unit area in unit time is equal to the energy per 
unit volume [equation 17(15)]. The momentum per unit volume is 
thus equal to 1/c times the energy per unit volume and to 1/c? times 
the energy crossing unit area in unit time. Thus if P is the total mo- 


mentum and G is the Poynting vector, then 


1 1 
P=_— |Gdad=—-——_ ; hes 2 
5 i T= 7 i [E x H]dr 18(92) 


Using equations 18(87) and 18(88), the momentum of progressive 
waves may be expressed in the form P = >) P,, where 


4ncP, = f{ (E, + E,*)(H, + H,*)dr, . . 18(93) 


since E, 1s perpendicular to H,. 

Referring to the discussion in § 18.26, we see that the only non- 
zero terms on the right-hand side of 18(93) are [(H,H,* + E,*H,) dr. 
Substituting from 18(87) and 18(88) we obtain 


(A IANO Leben t LS(94) 
Hence P, is 1/c times the energy of the mode of vibration associated 


_with A, and A,*. It may be shown that P, is in the same direction as 
x, so that the direction of the momentum is normal to the wavefront. 
Thus, if the energy associated with a particular mode of vibration is 
n,v,, then the momentum associated is n,hv,/c. The mode behaves 
like a set of n particles each with energy hv and momentum hy/c 
(directed along the wave normal), and any single process of emission 
or absorption will alter n by unity. We may describe this change by 
saying that a new particle will appear or a particle will disappear. The 
quantized wave behaves in its energy and momentum relations like a 
set of n photons (with the properties originally postulated by Einstein). 
It still retains the ordinary wave properties of interference and diffrac- 


tion. 


The momentum of the photon representing a standing wave calculated from 
18(76) and 18(77) is zero. This is in accordance with the experimental fact that 
the pressure of standing waves on the box which contains them is a , purely hydro- 
static pressure and does not transfer any momentum to the box. In wave theory, 
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a system of standing waves may be regarded as the superposition of two sets of 
progressive waves travelling in opposite directions. When the energy associated 
with any mode of vibration is large compared with hy, a similar analysis may be 
made in quantum theory. The standing wave may then be represented by a group 
of photons, each possessing momentum, but with the total momentum for the ~ 
group equal to zero. 


18.30. Indeterminism in Relation to the Wave Equation. 


In Chapters IV and VI we considered the theory of wave groups 
and it was shown that a pure simple-harmonic plane wave must fill 
the whole of space and time. If the wave is restricted in the direction 
of propagation, then it ceases to be to be of one frequency, and there is a 


frequency distribution. If it is restricted in the perpendicular direction, 


the plane wave is diffracted and becomes a group of waves travelling 
in slightly different directions. We have seen that, according to quan- 


tum mechanics, the momentum is proportional to the frequency (and 


hence to the wave number x). Thus the relations we discussed in 
Chapters IV and VI may now be regarded as aspects of the uncertainty 
relation. The probability of an atom at a given point absorbing a. 
quantum is proportional to the square of the amplitude * of the wave 
(€)) at that point. In a similar way the square of the amplitude a(x) is 
proportional to the probability that any one of the photons repre- 
sented by the given system of waves will have the wave number x, 
and the corresponding values of frequency and momentum. If &, 
differs from zero only for a comparatively small range of a co-ordinate 
measured in the direction of propagation, the corresponding wave 
train will be short. This implies that the total momentum (which is 
the same as the co- -ordinate of momentum in the direction of _propa- 


in a direction perpendicular to the direction of propagation (e.g. by 
passing it through a narrow slit) the co-ordinate in that direction 
becomes well defined. At the same time the direction of propagation 


of waves which have passed 1 the slit is ill defined, and hence the com- 
ponent of the momentum in the direction perpen dicular to propa- 
gation becomes ill defined. In each situation any method whereby 
a co-ordinate specifying the space extension of the wave is determined 
or controlled leads inevitably to an uncertainty in the corresponding 
component of momentum. Also, if a beam of light is represented by 

a short train of quantized electromagnetic waves, the time when the 


light energy passes a given point can be measured accurately but, 


* Or the square of the modulus if the amplitude is complex. 
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because the train is short, there is a large uncertainty in the frequency, 
and hence in the energy. This is in agreement with 18(10) and in- 
directly with 18(9). 

It is possible to discuss the uncertainty principle in relation to 
photons by assuming that €,? represents the “ probability of finding 
the photon at a given point”’. The discussion then becomes closely 
parallel with the corresponding discussion for material particles. This 
way of discussing the problem is convenient for some purposes but 
leads to serious difficulties. It carries the undesirable suggestion that 


the photon can, in general, be regarded as a particle localized at a 


point. In quantum mechanics, a photon is a quantized wave. Every 


a particle only in that it can deliver up all its energy and momentum 
to a single atom. We therefore do not use the term “ position of the 


photon”. 

18.31—The discussion of the preceding paragraph shows that 
qualitatively the uncertainty principle is included in the theory of 
quantized waves. This is so because the theory is a wave theory and 
yet gives the relations between momentum and wavelength and the 
interaction energy required by the relations A = h/p and W = hv. Thus 
the three points mentioned at the end of § 18.5 are included. It remains 
to use the quantum theory to formulate the uncertainty principle in 
a more precise way than that given by 18(6) and 18(10). 


Consider the function g(p) defined by 
ih ppuse Qt 
KP) =; i (gq) exp (- = pa) dq =. « - 18(95) 


Apart from multiplicative constants which are inserted to take account of nor- 
malization, this equation gives a relation between g(p) and $(q) which is similar 
to the one between a(x) and &(x) given by 4(60). By Fourier’s theorem, 18(95) 
implies 


v(q) = il wo) exp (= pa) dp. - - + 18(96) 


It will be in agreement with our previous discussion if we assume that hg(p)g*(p)dp 
is the probability that the momentum of the photon is between p and (p + dp), 
the factor h being required for normalization. For example, let us suppose that 
a certain measurement has determined the co-ordinate gy with a Gaussian distri- 


bution of error; then 
VDY(g) =e", 8. 2 2... «18(97) 
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where the most probable value of q is chosen as origin and q,/V2 is the root- 
mean-square error. This implies that 


$(q) = exp (—497/g,7) e'°, - ss ae 18(98) 


where Q is a suitable function of g. In the simplest case we may take it to be 
proportional to q, i.e. we write 


Y(q) = exp [- sat Pot Pee AY a eres 


where p, is a constant having the dimensions of a momentum. Inserting this 
function for ) in 18(95), we obtain 


_ V2n _ (P — Po)? 18(100 
g(p) = 5 ae q; ©xp [ 2p? fe 2) foes ( ) 


The calculation is exactly similar to that by which 4(98) is derived (see Appendix 
IV B, p. 112). p,/V 2 is the R.M.S. error of p and we have 


Deo ON tae es ee oT 


Thus the product of the R.M.S. errors is of the order of 4. Further calculation 
shows that when (g))*(q) has any other form than a Gaussian error function,f 
the product of the uncertainties is larger than that given by 18(101). Thus we 
have generally f Se 


i 
‘} Apag> oe eerie] 
4m > 
where Ap and Ag are the R.MLS. errors. 


18.32. The Quantum State. 


In classical dynamics the result of a measurement gives the exact 
values of two quantities which are used in the form of initial con- 
ditions as the basis for further calculation. We know that actual 
experiments give only probabilities, and we have seen that the wave 
equation is of such a form that it can use probable values as its initial 
conditions and derive probable values as a result of its calculation. 
It is not necessary that the result of a measurement should lead to 
probable values of the position and momentum. By suitable trans- 
formations the wave equation can use probable values of any two 
variables which are suitable for the calculations of generalized dynamics. 
Let us suppose that we know the general properties of a system. The 
wave equation has been solved, so that the energies of the stationary 
states and the corresponding wave functions are known. Usually 


t For proof of the inequality, see Reference 18.5. 
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the result of an experiment will tell us that a system is in a certain 
state specified by a solution of the wave equation of the form of wae 
ie. It will determine the coefficients C1, Cy, ete, of this equation, c,? 
being the probability that the system is in the first stationary state, 
cy” that it is in the second, and so on. In this case the two variables 
involved are the energy and the time. When the time becomes long 
compared with any of the natural periods involved in the problem, 
it may happen that the system has a very high probability of being in 
one particular stationary state. One of the coefficients is nearly unity, 
and the rest are near zero. This is the exceptional case. As a rule 
the states determined as the result of experiment are formed by the 
superposition of stationary states. 


18.33. Quantum Statistics. 


In the classical kinetic theory, a gas is regarded as an assembly 
of particles, each of which has a definite position and momentum. 
Statistical methods are used to determine the most probable distri- 
bution in space and the most probable distribution of momentum. The 
corresponding calculation in quantum theory is concerned not with 
possible positions and momenta of particles, but with possible states of 
the assembly. The calculation is essentially a counting of states which 
are physically distinguishable. It is therefore essential to know which 
of the states which can be formed by superposition of stationary states 
are physically distinguishable. 

We know that photons are themselves physically indistinguishable 
since two waves of the same frequency and phase travelling in the 
same direction cannot be distinguished by any experiment. Further, 
if we have two photons a and 6 of the same frequency travelling in 
directions A and B respectively, the state of the system as a whole is 
physically indistinguishable from one in which photon 6 travels in 
direction A, and photon a in direction B. We have no means of attach- 
ing to photons labels which have physical significance. In a similar 
way we know that electrons are physically indistinguishable. These 
experimental facts must appear in the theory. 


18.34.—Consider the ) functions for two similar particles. First of all imagine 
that they are in two different boxes, and that g is a co-ordinate in one box and 
7 in the other. Then Y(d )b,*(q)dq is the probability that particle 1 is in the range 
q to (¢ + dq) and ¢,(9’).*(q’)dq’ is the probability that 2 is in the range q’ 
to (q’ + dq’). The Pree oy that both these events occur simultaneously is 
(g)44*(q)bo(9’)Y2*(q’) dqdq’, since the events do not influence one another. We 
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could have derived this value for the joint probability by forming a wave function 
for the system as a whole, this function being 


bia(90') = Yathe- - + + + « « 18(103) 


This method may be extended to give the wave function for an assembly of 
photons in the same space, provided that the interaction between them 1s negligible. 


Let us now consider a number of particles which, for the moment, we call 
particle 1, particle 2, etc., and let the wave functions for the stationary states be 
Vas Vp etc. Then, when particle 1 is in state a, particle 2 in state b, etc., the wave 
function for the whole system is 


Wane... = 1Vaats se -- 2° ea a 18@04) 


If the first and second particles change places, we obtain a second solution of the 
wave equation, namely 


UU es ase Va 1p ae Or Capen) SO 18(105) 


These two wave functions may be superposed in the way discussed in § 18.19 to 
form a wave function 


VQ) = C7y%a aby Yo + Cobain sc-++ > - . 18(106) 
The most general form of {(q) will be 
Yq) = ~ Cp Va 2p ao+++> Pape Oe) 


where the symbol © dicates that the summation is to be taken over all possible 


permutations of the left-hand subscript, each permutation having its own coeffi- 
cient. 


18.35.—We now have to introduce the assumption that nothing which we can 
observe changes when one particle is exchanged with another. This means that 
-) y* must be unchanged by a permutation which merely expresses the fact that 
two particles have changed places. This implies that either } does not change at 
all (symmetrical case), or that | remains the same in magnitude but changes 
sign (antisymmetrical case). For the symmetrical case the coefficients are all 
equal; and for the antisymmetrical case they are equal in magnitude but alternate 
in sign. It is easily shown that, when there is no interaction, the transitions 


between an antisymmetrical and a symmetrical state have zero transition prob- 
ability. This is confirmed by experimental evidence from atomic spectra. Thus 
an assembly must exist in either symmetrical or antisymmetrical states, but 
not sometimes in one and sometimes in the other. 

Consider two particles among an assembly which is represented by an anti- 
symmetrical wave function. Taking any positive term in the summation of 
equation 18(107), there exists a negative term differing only in that the two par- 
ticles in which we are interested have been exchanged. If the two particles have 
the same quantum numbers (and hence the same wave functions), each positive 
term will be equal in magnitude to the corresponding negative term, and the wave 
function will vanish. Thus we see that antisymmetrical states of an assembly 
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for which two particles have the same quantum numbers do not exist. On the 


other hand, two particles in a symmetrical state can have the same quantum 
numbers. The experimental data summarized in the Pauli principle, which states 


that two electrons in an atom or molecule never have the same set of quantum 
numbers, imply that the electrons, in addition to being indistinguishable, are 
able to exist only in antisymmetrical states. Onthe other hand, we know that 
large numbers of photons can exist simultaneously in the same state, and hence 
we deduce that the states are symmetrical. We have also deduced that, since 
the coefficients in 18(107) are all equal, all accessible states, i.e. all symmetrical 
states, are equally probable. 


18.36.—Using the results that photons are indistinguishable in the 
sense defined in § 18.33, and that any number may exist in a given 
quantum state, we may apply ordinary statistical methods to deter- 
mine the distribution of energy among photons of different frequencies 
in a state of temperature equilibrium. Consider the radiation in a 
volume V; the number of states corresponding to energies between 

hv and h(v + Av) given by 13(69) is 
mom 


Nya eee 8(TOS) 


s 


Let us suppose that there os ae in this energy range. These 
have to be distributed among the g, states. If the photons and the 
states were distinguishable, the total number of possible arrangements 
would be * 

g(9s+m,— 1)! . . . . . 18(109) 


The photons are indistinguishable, and the states are indistinguish- 
able, so the total number of arrangements is 


eet =a \t 
Gs Semanal ae 2) ee (Joints Moe) Sr g(4 10) 
9s! Ns! (9g 1)! ng! 


To take a simple example, suppose there are 100 states and 5000 
photons. An arrangement in which 100 photons are found in each of 
50 states, and none in the other states, is different from one in which 
100 photons are found in each of 49 states, 50 photons are in each 
of 2 states, and no photons in the remaining states; but with either 


* This permutation formula may be deduced by the following argument given in 
p. 208 of Reference 18.5. Denote the cells by 2, %, etc. Denote the photons by a, 
a, .... Write down a series of letters, €.g. 2,4 ,Ae%p%%gUq5 +--+ » with the understanding 
that the photons standing between two 2’s are in the cell to the left. We obtain all 
arrangements by first choosing a z to set at the left (which can be done in g, ways) and 
then choosing z’s or a’s to fill the remaining (g, + », — 1) places [which can be done 


in (g, + m, — 1)! ways]. 


616 QUANTUM THEORY OF RADIATION 


arrangement it does not matter which states are the ones with 100 
photons, nor does it matter which photons go to make up a group 
of 100. 

18.37.—Using 18(110) we obtain for the probability of a given 
distribution among all ranges of frequency the expression 


(Jo + %s — 1)! -. 18(111 
IT (Ce ok ee) 


Using the usual method of statistical theory in which the maximum 
probability is obtained by the method of undetermined multipliers, 
the most probable value of n, is found to be 


ne ee ery 


@vlkt Saal 


for the number of photons in the range v to (v-+ dv). Hence, using 
the value of g, given by 18(108), and putting p(v) = n,hv, we obtain 


87rhv3 il 
ie 18(113) 


for the energy per unit volume and unit frequency range. The statis- 
tical theory applied to photons, assumed to be indistinguishable 
particles of which any number can be in one state, leads to the radia- 
tion law, which we have found to be in accord with experiment. 


18.38.—It may seem remarkable that Planck’s law can be obtained in two ways 
so very different as those given in §§ 17.32 and 18.37. Actually both these deduc- 
tions are in accord with quantum mechanics and with the general principles of 
statistical mechanics. In § 17.32 we considered the partition of energy among the 
different modes of electromagnetic vibration, i.e. the different stationary waves 
which could be formed in the enclosure. These modes of vibration are physically 
distinguishable. Both the frequency and direction of propagation are available 
to identify one of the modes. Since the statistical elements are distinguishable 
we may apply the Maxwell-Boltzmann method of statistics. This we did in using 
Boltzmann’s theorem. In § 18.37 we dealt with photons which, according to 
statistical mechanics, are indistinguishable. By modifying the statistical cal- 
culation to take account of the indistinguishability, we obtain the same result. 
This problem is one of many problems in quantum mechanics which can be 
started either from a wave or from a particle standpoint. The two methods yield 
the same result precisely, because the theory is internally consistent and does 
take account effectively of both the wave and the particle properties of light. 


18.39.—Both the deductions of Planck’s law mentioned in the 
preceding paragraph may be derived by applying quantum mechanics 
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to the radiation. A third deduction can be given by applying quantum 
mechanics in detail * to the processes of emission and absorption by 
mechanical systems (Appendix XIX A) In this way it is possible to 
compute the relations 17(53a) and 17(53b) between the Einstein 
coefficients. Using the principle of detailed balance, it is then possible 
to use the relations between the coefficients to deduce Planck’s law, 
instead of using Planck’s law to derive the relations. The fact that this 
is possible shows that the quantum mechanics is self-consistent in its 
description of the emission and absorption of radiation. The same 
result is obtained whether we start the calculation from the side of 
the radiation or from that of the atom. 


18.40. The Relation between Photons and Material Particles. 


In this chapter we have stressed the similarity between the be- 
haviour of photons and the behaviour of material particles. The 
quantum mechanics applies the same fundamental quantum ideas— 
originally due to Planck and Einstein—both to matter and to the 
electromagnetic field. The results of its calculations for the two prob- 
lems show the degree of similarity required by the experimental re- 
sults. It thus provides a formal description of matter and radiation, 
both in their wave and particle aspects. The similarity between the 
behaviour of matter and radiation is so striking that the reader may 
feel that there are no important differences—apart from differences of 
scale, such as those due to the fact that the electron wavelengths 
usually encountered in practical problems are much shorter than 
optical wavelengths. It is therefore important to discuss the relation 
between matter and radiation in such a way as to bring out the dif-_ 
ferences as W well as the similarities, and to show that the theory includes 
these differences. 


18.41.—The three relations 


Wie nc= hve ee 1S(114) 
eee eae earn 115) 
W?2 = m,2c* + op, Fhe ag te ARO KG)) 


apply both to electromagnetic radiation and to material particles, 
provided that we assume that a photon is a particle of zero rest mass. 


In 18(16) and in the subsequent discussion the relatwistic energy 1 


involved. The relation 


Pn ee eer 2 18(117) 


* Reference 18.4. 
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wher¢ bjs the phase velocity, applies to y waves as well as to electro- 
magnetic waves. It leads to the result 


Cc 
bas Se es iccis) 
Vv 


for the phase velocity of the 4 waves associated with a particle of 
velocity v. It is easily shown that the group velocity of the waves 
associated with the free particle is v, i.e. it is, as we should expect, 
the actual observed velocity. The photon thus appears as a particle 
whose phase velocity is equal to the group velocity (% vacuo) and hence 
to the particle velocity. In these relations, which apply both to radia- 
tion and to matter, the photon appears as a limiting case. 


18.42.—Despite these similarities, the classical theory of radiation 
is a wave theory, and the classical theory of matter is a particle theory. 
This is more than a historical accident. A particle must be able to 
change its energy in order to be observed, and there must be a corre- 
sponding change of momentum in order to obey the conservation laws. 
Under usual laboratory conditions, material particles change their 
energy by changing their velocity, photons by changing their mass 
(i.e. their frequency). Very high-energy material particles whose 
velocities are near to c change their energy by changing their mass, 
and are very like high-energy photons. They are little deflected by 
electric, magnetic or gravitational fields and have a very high power 
of penetrating matter. At low energies, on the contrary, the 
differences become very marked because the energy of a material 
particle tends to a minimum value determined by the rest mass— 
whereas the photon energy can become indefinitely near to zero. 
Thus, at low energies, the material particle remains an easily observ- 
able unit. It is indeed more easily observable at low energies than 
at high energies, because the velocity is conveniently low and 
changes of velocity can be observed in the course of experiment. At 
low energies the photon becomes more and more difficult to observe, 
because one photon is unable to affect our apparatus, and also because 
it is still moving with velocity c. At high energies the “track” of a 
photon may be rendered visible in a Wilson chamber by noting the 
points at which electrons have been accelerated by it. No corre- 
sponding experiment is possible at low frequencies, and it is not 
possible to attach any meaning to the phrases “position of the 
photon” or “ probability of the position of the photon”. The reader 
should note that the q’s introduced in equation 18(73), etc., are 
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dynamical co-ordinates specifying the radiation field, but they do not 
stand for the “position of a photon at time ¢”. The theory of radiation 
at low frequencies is thus a theory of fluctuating fields, and passes 
naturally into a static field theory when the frequency (and therefore 
energy of the photon) tends to zero.* Thus the natural limiting 
theory for matter is a particle theory, and the limiting theory for 
radiation is a wave theory. 


REFERENCES 


18.1. HetsenBERG: The Physical Principles of the Quantum Theory (University 
of Chicago Press). 


18.2. Dz Broan, L.: Wave Mechanics (Methuen). 

18.3. Pautine and Witson: Introduction to Quantum Mechanics (McGraw-Hill). 
18.4. HErrLeR: Quantum Theory of Radiation (Oxford University Press). 

18.5. Born: Atomic Physics (Blackie). 


* It can be shown (p. 64 of Reference 18.4) that when the wave functions are sym- 
metrical, the theory passes easily to a field theory as »->0. With antisymmetrical 
functions there is no obvious passage to a classical field theory. 


21 (G 577) 


CHAPTER XIX 


Interaction Processes in Relation to 
Quantum Mechanics 


19.1. Absorption and Emission of Radiation. 


In § 18.21 an expression for the rate of emission of light by excited 
atoms was derived using the assumption that an excited atom is 
equivalent to an oscillating dipole whose moment is given by 18(57). 
This calculation gives the Hinstein coefficient A,,, directly, and the 
coefficients B,,,, (for induced emission) and B,,,, (for absorption) may 
be obtained by applying equations 17(53). We shall now discuss a 
theory of the processes of emission and absorption. 

This detailed theory of the exchange of energy between radiation 
and matter is due to Dirac. He applies the fundamental principles of 
quantum mechanics to a system consisting of an atom placed in a 
field of electromagnetic radiation. The energy of this system consists 
of three parts: (a) the energy (“%,) which the atom would possess in 
the absence of the radiation, (6) the energy (%) of the radiation, and 
(c) an interaction energy (%;). In principle the wave equation can be 
solved, and the eigenvalues and transition probabilities can be calcu- 
lated. In practice the equations are too difficult for exact solutions, 
and it is necessary to resort to approximations which use the fact that 
HA, is small compared with (#,+ #). Even with these approxi- 
mations the mathematics is fairly difficult. In the following para- 
graphs we give an outline of the process and state the results. A 
mathematical account of some of the more important parts of the 
theory is given in Appendix XIX A. 


19.2.—Consider a system of atoms and radiation in a box and, 
for the moment, let us disregard the interaction energy. The wave 
equation will be 
(32, Pea eer ces 19(1) 
Qa ot 
i.e. the left-hand side is the sum of all terms in the corresponding 


equation for the atoms and all terms in the wave equation for the 
620 
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radiation. Let us assume that the wave functions for the atoms have 
been found by the usual methods of approximate computation. The 
wave functions for the radiation have been discussed in § 18.24 ff., 
where it is shown that they are similar to those for a system of simple 
harmonic oscillators. If the dimensions of the box are very large com- 
pared with the wavelengths in which we are interested, the frequencies 
of the oscillators are so close that they form an effectively continuous 
spectrum. An energy nhv (where n is an integer) is associated with 
each “ oscillator’, i.e. with each quantized wave. It has been shown 
in § 18.34 that any wave function for a system of two parts (which do 
not interact) is the product of a wave function for the first system 
and a wave function for the second system. Thus the solutions of 
19(1) are obtained by combining solutions for the atoms alone with 
solutions for the radiation alone. 


19.3.—The interaction energy (regarded as a small “ pertur- 
bation ’’) is then taken into account, and it is found that the system 
(atom plus radiation) undergoes transitions in which the atom changes 
from one stationary state to another, and at the same time the appro- 
priate quantized wave changes its energy by one quantum, so that 
(in the system as a whole) energy is conserved within the accuracy of 
measurement (§ 18.7). Only processes which comply with this con- 
dition have an appreciable transition probability. The theory further 
shows that the probability of absorption of radiation leading to a tran- 
sition from a state m to a state n is proportional to Um»Umn*, where 


Unn =f tn Hip, dr. com nus 0851 9(2) 


The calculation of the energy of interaction between the electrons in 
the atoms and the high-frequency electromagnetic field is complicated, 
but it may be shown that the expression given by elementary electro- 
statics is correct to a first approximation. This expression is 


Sheet pe ere es ee ae LOCO) 
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where e, is the charge and 7, the displacement of one of the particles, 
i.e. H, is proportional to the dipole moment. Since from 19(2) and 
19(3) UmnUmn* is proportional to #?, the theory predicts that the 
transition probability is proportional to the energy density of the 
radiation. The fact that the interaction energy is proportional to the 
dipole moment means that UmnUmn™ is proportional to MingMnn™ 
(§ 18.21). In order to find the constant of proportionality it is neces- 
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sary to integrate the probability of transitions for all possible orienta- 
tions of the atom relative to the electric vector of the radiation field. 
It is also necessary to integrate over a range of energies corresponding 
to the finite width of the absorption line. When this is done, it is 
found that the Dirac theory gives an expression for the transition 
probability which is equivalent to 18(61). 


19.3.—It may appear at first sight that the detailed theory is only 
a rather roundabout way of obtaining a result which is given directly 
by the method of § 18.21. It should, however, be understood that 
§ 18.21 starts from an assumption based on an analogy with the 
classical theory of a Hertzian dipole. It was necessary to use this 
analogy before the quantum mechanics had been developed in a form 
suitable for application to the radiation field. Dirac’s theory of ab- 
sorption of radiation is an essential part of a formal quantum theory 
which includes both matter and radiation. By means of the Dirac 
theory it is possible to calculate each of the Einstein coefficients sepa- 
rately, and to show that the relations 17(53) are satisfied. It is also 
possible to obtain further important results by extensions of the Dirac 
method to Rayleigh scattering, dispersion theory, etc. 


19.4. Selection Rules. 


From the experimental side the accurate measurement of the 
relative strengths of lines in a spectrum is technically difficult, espe- 
cially when there is an appreciable wavelength difference. When this 
is so, it is not possible to assume that the sensitivity of a selective 
receptor, such as the eye, photocell, or a photographic plate, is the 
same for both lines. Until comparatively recently the available non- 
selective receptors, such as thermopiles, were very insensitive. Thus, 
in the early days of the quantum theory, there were few measurements 
of absolute transition probabilities, or even of the relative values 
when the lines involved were not members of close multiplets. It was, 
however, well known that certain transitions occurred with a high 
probability of order 10® per second, whereas transitions between 
certain other states either did not occur at all or else occurred with 
very much lower probability (e.g. 10? per second). 

The spectroscopists gradually drew up a classification of terms. 
This classification started as an empirical one rather like early botanical 
classifications. Then, as the theory progressed, the classification was 
referred to the quantum numbers of the states. Transitions were 
divided into “ permitted” transitions and “forbidden” transitions. 
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Selection rules, which made it possible to predict whether a transition 
would occur with high probability or not, were invented. At an early 
stage the quantum theory was able to give some account of these rules 
by showing that the functions U,,, are necessarily zero for certain 
types of transitions. For example, one important empirical rule is that 
a quantum number J can change only by 0 or +1. The theory shows 
that all transition probabilities which do not obey this rule vanish (to 
first order). It also shows that the permitted transitions involve changes 
in the angular momentum of the atom by 0 or +h/27. It is found that 
the field can change its angular momentum by these amounts, and 
the empirical “ AJ selection rule” is then seen to be an expression of 
the law of conservation of angular momentum. Other selection rules 
can be referred to symmetry conditions. 


19.5. Forbidden Lines. 


As the number and range of spectroscopic observations increased, 
it became clear that many lines which are theoretically forbidden 
(i.e. for which the function U,,,, 1s zero) are actually observed. Usually 
these lines are rather weak when observed in the laboratory. Most of 
them are observed only in emission, but some (e.g. the mercury line 
\ = 2270 A.) are observed in absorption at fairly low pressures. Many 
lines which are observed in the laboratory with very great difficulty are 
quite prominent in the spectra of nebulz or of the upper atmosphere. 
The auroral green line (A = 5577 A.) is now known to be a forbidden 
line of oxygen. The reason why lines of this type appear in aurore or 
nebule is explained in the following way. 

Suppose that all the downward radiative transitions from a given 
state have extremely low probability. Then the “ radiative life” of 
the state will be very long. If atoms are transferred to this state by 
collisions with atoms, or with electrons, or by radiative transition from 
a higher state and then left undisturbed, they remain in this state for 
relatively long periods (10-2 second or more). Such states are said 
to be metastable. In an ordinary discharge tube, atoms in a metastable 
state lose their energy by collision with other atoms, or with the wall 
of the tube. In the nebule and in the upper atmosphere pressures are 
very low, and the mean time between collisions is very long, so the 
atoms have time to radiate, even though the radiative transition 
probability is very low. In collisions with rare gases, the non-radiative 
transition processes have a very low probability. They also have 
low probability on the wall of a discharge tube which has been treated 
in certain ways, Thus by carefully adjusting experimental conditions, 


624 INTERACTION PROCESSES 


it is possible to obtain in the laboratory forbidden lines which originate 
on metastable states. 


19.6. Theory of Forbidden Lines. 


Since many hundreds of “forbidden” lines have now been ob- 
served, it is important to see whether they can be included in the 
theory. It is found that they fall into two important classes. In the 
first class the emission is due to some secondary effect which distorts 
the atom, so that the appropriate dipole moment (M,,,) is not quite 
zero. For example, an external electric field may cause the emission 
of lines which, in the absence of the electric field, would have zero 
transition probability. The interaction with the electric field enables 
angular momentum to be conserved, even when AJ is not 0 or +1. 
In a similar way, internal interaction between the magnetic moments 
of the electrons and the intrinsic moments of the electrons causes the 
emission or absorption of some lines, and interaction between the 
magnetic moment of the nucleus and the orbits causes the emission or 
absorption of other lines. Under suitable conditions the formation of 
extremely weakly bound (and short-lived) molecules may cause the 
emission or absorption of atomic lines which would normally be called 
forbidden. In all these cases a recalculation of the transition prob- 
ability, taking account of some secondary effect, shows that U,,, is 
not zero. The radiation emitted is ordinary electric dipole radiation, 
corresponding to a transition whose probability is zero in a first ap- 
proximation, but not zero when the secondary effect is included. The 
origin of these lines may be verified by observing the alteration of 
intensity when some experimental condition is varied. For example, 
the intensity of a line due to an external electric field should depend 
on the strength of the field; the intensity of a line due to “ temporary 
molecules ” should depend on temperature, since the number of these 
molecules is sensitive to change of temperature. 


19.7. Multipole Radiation. 


There are certain forbidden lines whose presence cannot be ex- 
plained by any process of the type we have just discussed. These lines 
may be included in the theory by developing the expressions given 
by Dirac to a higher order of approximation. The essential difference 
is that in the first approximation it is assumed that the wavelength 
of the radiation is so large compared with the diameter of the atom 
that phase differences between light from different parts of the atom 
are negligible, ie, the time for light to cross the atom is taken as zero, 


§ 19.8 TWO-QUANTUM PROCESSES 625 


A similar assumption is usually made in the classical theory of a 
Hertzian oscillator.* Ifthe resulting dipole radiation is accurately zero, 
it is necessary to use a higher approximation. Higher-order terms 
involving products of the type (ex)? instead of (ex)? then have to be 
considered. This second-order term was at first called “electric quadri- 
pole radiation”, but it is now recognized that part of it should be 
called “ magnetic dipole radiation”. When the higher approximation 
is calculated, it is found that the transition probability for a typical 
electric quadripole radiation is less than that for a typical dipole in the 
ratio (a/A)?, where a is the atomic radius and A is the wavelength of 
light. Since A is of order 6000 A. and a is of order 2 A., the factor 
is of the order 10-’, which is in accord with observed transition 
probabilities of 107 to 10° per second for dipole radiation, and 0-1 to 
10? per second for quadripole radiation. It is, of course, possible that 
the second-order matrix element may also vanish, in which case the 
quadripole radiation is also “forbidden”. Thus, quadripole lines 
have their own selection rules. The Zeeman effect (§ 19.14) for quadri- 
pole lines is different from that for dipole lnmes. By these and similar 
tests, the auroral line 5577 A. is shown to be an electric quadripole 
line. 


The transition probabilities for magnetic dipole radiation in the optical region 
are less than those for the corresponding electric dipole radiation in the ratio 
10-*: 1. Magnetic dipole radiation should, therefore, be stronger than electric 
quadripole radiation. It is found that, in many cases, the matrix elements cor- 
responding to magnetic dipole radiation vanish, so that very few lines of this type 
are actually observed. Some lines are jointly due to electric quadripole and mag- 
netic dipole radiation. In principle, terms of higher order than the second (electric 
octopole, etc.) should exist, but the factor (a/A)*, which is of order 10~“, appears 
in the expression for the transition probabilities, so that it is very unlikely that 
they will be observed in the optical region. 


19.8. Interactions between Radiation and Matter involving two Quanta 
per Process. 


Absorption of light takes place when the incident radiation fulfils 
the Bohr frequency condition within the accuracy required by the 
uncertainty principle. In each individual process of absorption, one 
quantum of energy is transferred from the radiation field to the atom. 
One interaction energy (U,,, for dipole radiation) occurs to the second 
power in the expression for the transition probability. This expres- 

* See Appendix XIII B (p. 413). 


+ For further treatment of forbidden lines and multipole radiation see Reference 
19.1. 
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sion * therefore contains the factor e%. We now consider what pro- 
cesses may occur when an atom interacts with radiation whose fre- 
quency is relatively far from that of an absorption line. On the ex- 
perimental side we know that the light may be scattered without 
change of wavelength (Rayleigh scattering) or with change of wave- 
length (Raman effect).t Also the presence of the atoms causes an 
effective change in the phase velocity of the light, and this velocity 
depends on the frequency, i.e. we have dispersion. We have shown in 
§ 15.45 that the change of velocity is closely related to the scattering 
of light. 


19.9.—The Dirac theory of the interaction of radiation and matter 
gives the following general account of the scattering of light. When 
the frequency is remote from that of an absorption line, a quantum of 
energy may still pass from the radiation field to an atom, which makes 
a transition to another stationary state called “the intermediate 
state’. The atom may then make a transition from the intermediate 
state back to the initial state, emitting radiation of the same wave- 
length as the incident radiation, but not entirely in the same direction 
(in the simplest case the incident wave is plane and the emitted wave 
is spherical). This is the fundamental process giving rise to Rayleigh 
scattering and to dispersion. Under suitable conditions the atom may 
make a transition from the intermediate state to a final state which 
is different from the initial state. The emitted light will then differ 
from the incident light in frequency as well as in direction, as is ob- 
served in the Raman effect.{ In these processes the total energy and 
momentum at the end is the same as at the beginning. As a rule, 
energy and momentum are not conserved in the intermediate stages. 
These are not observable and, indeed, their introduction is essentially 
part of the mathematical process of calculation. 


19.10.—The probability of a process of this type occurring is pro- 
portional to the product of probabilities of the transition from the 
initial to the intermediate state, and of the transition from the inter- 
mediate to the final state, so that the probability for a scattering 
process always includes e* as a factor. The transition probability for 
a Raman process involves the square of the product of two interaction 


* The same power of e occurs in expressions for the probabilities of quadripole 
radiation. 


t See § 19.21. 
t With X-rays, a change of wavelength associated with scattering by “free” 


electrons (Compton effect) is also observed (see § 17,23). This also is a two-quantum 
process, 
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energies. In the Rayleigh scattering, one interaction energy is involved 
twice, and thus appears to the fourth power.* For extremely short 
wavelengths (y-rays) transitions involving three quanta may be ob- 
served, but they are of no importance in the optical region. 


19.11. Dispersion Theory in Quantum Mechanics. 


The relation between refractive index and Rayleigh scattering 
given in 15(97), and the main lines of the analysis by which it was 
derived, is accepted in quantum mechanics. Thus, when the prob- 
ability of two-stage transitions in which one of the radiation oscil- 
lators (corresponding to a given direction) loses a quantum, and another 
(corresponding to the same frequency but a different direction) gains 
a quantum, has been calculated, the dispersion formula follows. We 
obtain (when the effect of damping is neglected) 

2 
Pe 27re2N y Is 
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n—l 


> 19(4a) 
where w is the circular frequency of the incident light and w, a natural 
frequency of the atom. This equation is the same as equation 15(63) 
which was derived from the classical electromagnetic theory. In both 
theories the formula is valid when w is not too near to w,. While the 
equation is the same in both theories, there is a difference of inter- 
pretation. As Kramers first pointed out, in classical theory the values 
of w, are those corresponding to absorption lines. In quantum theory 
the values of w, are proportional to the energy differences for possible 
transitions. If an atom is in an excited state, the possibility of down- 
ward transitions must be taken into account. The terms corresponding 
to these transitions are negative, so that the formula becomes 


n—1= "Ny fe =a, 19(4b) 


m a Wa —wr ~ wA—w 


where f,, w, stand for upward transitions and f,, w, stand for down- 
ward transitions. According to quantum theory there should be added 
also a term to allow for transitions which ionize the atom, i.e. tran: 
sitions to a continuous state. This term and a second additional term 
(considered in § 20 of Appendix XIX A, p. 660) contribute very little 
to optical dispersion. For most substances at room temperature the 
atoms are nearly all in the normal state, so that the quantum theory 


* In the final dispersion formula it appears only to the second power, because the 
scattering coefficient is proportional to (n — 1)? [see equation 15(97)]. 
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formula becomes identical with the classical one. Ladenburg and his 
collaborators have measured the dispersion of electrically excited 
gases, and have shown that at high current densities the negative terms 
in the formula become important.* Their apparatus is shown in fig. 
aie 


Spectrog raph 


Fig. 19.1.—Apparatus for investigation of dispersion in electrically excited 
gases, using a Jamin refractometer (cf. fig. 9.13) 


19.12. Calculated and Observed /-Values. 


The quantum theory of dispersion provides a method of calcu- 
lating the f-value. It also gives a relation between an f-value (f,) and 
the associated damping coefficient [y, in equation 15(53)]. As explained 
above, the absolute measurement of f-values was, at one time, rather 
difficult, and the calculation by lengthy methods of successive approxi- 
mation was very laborious. During the past twenty years, ways of 
measuring f-values have been improved and new ones have been 
devised. The increasing use of calculating machines has greatly 
reduced the labour of calculation and considerable numbers of f-values 


* Reference 19.4. 
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have been calculated. It is thus now possible to compare theory with 
experiment and a good agreement is obtained (Table 18.1, § 18.22). 
The theory gives certain general rules for the sum of the f-values for 
certain groups of lines. The simplest one is that the sum of the f-values 
for all transitions starting from a single state (including the transitions 
leading to the photo-ionization) is unity. This rule is fairly well veri- 
fied for transitions of the valence electrons of sodium and lithium. 


19.13. Resonance Radiation. 


In § 17.14 we saw that an atom of a gas (e.g. mercury vapour) could absorb 
radiation and make a transition to an excited state. The excited atom could then 
emit radiation and return to the normal state. This radiation was called resonance 
radiation. In the quantum theory this phenomenon is regarded as two separate 
processes—first the absorption, then the re-emission. The transition probabilities 
for the processes are calculated independently. The radiation absorbed from a 
parallel beam is re-emitted in all directions, yet we do not speak of this as a Ray- 
leigh scattering process. The essential difference is that the re-emitted radiation 
is non-coherent with the incident beam, and cannot combine with the incident 
wave in the way discussed in § 15.45. It thus appears that we apply one theory 
(the two-stage process with the intermediate state) to obtain the dispersion 
equation [19(4)], and another theory (two successive processes—absorption 
followed by re-emission) when we consider “resonance”. There is no real incon- 
sistency. In dispersion theory we want a variation of the index n with frequency. 
We consider the frequency as given exactly. This implies irradiation with very 
homogeneous light. In order to measure the variation of n with m as we pass 
through an absorption line (i.e. to obtain a curve such as fig. 15.5), we must use 
radiation which is confined to a frequency region which is narrow compared with 
the absorption line. This implies a steady illumination with a pure sine wave of 
constant amplitude for a period which is long compared with the natural life of 
the excited state. The single two-stage process then operates even in the absorp- 
tion line, and the scattered radiation is coherent with the incident wave. When 
the gas is irradiated with light whose frequency distribution covers the absorption 
line, the main effect is the double process (resonance radiation). The re-emitted 
radiation is not coherent. The exploration of effects in the centre and at the 
edges of an absorption line presents some interesting problems. In making 
calculations on the absorption, scattering, etc., in or very near an absorption line, 
it is not possible to use approximate formule such as 19(4). 


19.14. Zeeman Effect. 


It has long been known that when a source of light is placed in a 
magnetic field, each line in the spectrum splits into a number of com- 
ponents. The wavelength differences are of order 1 A. for 20,000 
oersteds. The light emitted is usually polarized, and the polarization 
depends on the relation between the direction of observation and the 
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direction of the field. There are corresponding effects on the absorption 
spectrum and on the dispersion in the neighbourhood of the absorption 
lines. The first theory of this effect was based on classical electro- 
magnetism and on the Lorentz theory of the electron. It was shown 
that electrons tend to rotate about the lines of force in a magnetic 
field under the action of the forces described by 13(11). An electron, 
which in the absence of the field would undergo simple harmonic 
motion along a line, will move in a rosette-shaped orbit in the field 


Fig. 19.2 


(fig. 19.2). There will then be two frequencies involved, the original 
frequency and the frequency of rotation. The classical theory pre- 
dicts the emission of three lines: one corresponding to the original 
frequency, one to the sum, and one to the difference of the frequencies. 
In weak fields, the simple effects predicted by the classical theory are 
obtained with only a few types of spectra. All spectra show the simple 
arrangement of components when the field is very strong. This is 
known as the Paschen-Bach effect. 


19.15.—The quantum theory considers the problem of the atom in 
a magnetic field in a rather different way. New terms have to be 
added to the wave equation to take account of the energy of inter- 
action between the atom and the field. As a rule these terms are suffi- 
ciently small to be treated as perturbations. It is found that there are 
more eigenvalues of the wave equation when the perturbation is 
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included, i.e. there is a larger number of stationary states, and conse- 
quently a larger number of spectral terms. In the early quantum 
theory it was said that the states observed in the absence of the field 
were “ degenerate ”, and that in the field they split into a number of 
“non-degenerate” states. In this book we recognize only single states 
(see $17.8). In the absence of a field, several states may have the 
same energy, and these states may differ in energy when the field is 
applied. The number of states is thus the same with or without the 
field. 


19.16. Vector Model. 


The light emitted in the magnetic field is due to transitions between 
the stationary states of the perturbed atom. The theory gives cor- 
rectly the number of components, the relative intensities, the polariza- 
tion, and the variation with field strength.* This part of the quantum 
theory is part of the theory of the atom and is outside the scope of 
this book. One important result of the calculation may be stated. It 
is found that, under a wide range of conditions (though not under all 
conditions), an atom behaves as though it were a magnetic top, i.e. as 
though it possessed a magnetic moment and mechanical angular 
momentum. The vector which defines the magnetic moment is not, 
in general, collinear with the vector which defines the angular momen- 
tum. The magnitude of the angular momentum can be calculated by 
taking the vector sum of: 

(a) An angular momentum which, on classical theory, is due to 
motion of the electrons around the nucleus of the atom. 

(6) An intrinsic moment of the electron (called “ electronic spin ”’). 

(c) An intrinsic moment of the nucleus (called “nuclear spin ”’). 


The magnetic moment of the atom as a whole is obtained from the 
vector sum of three similar terms: 

(a) The magnetic moment due to the orbit. 

(b) An intrinsic moment of the electron. 

(c) An intrinsic moment of the nucleus. 


In the early years of the quantum theory the wave numbers of 
spectral terms were calculated without taking account of spin, and 
many puzzling differences between theory and experiment were ob. 
tained. Then the “spin”? was introduced as an ad hoc hypothesis. 


* For intermediate field strengths, calculations are sometimes very difficult and 
only approximations can be obtained. 
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Finally Dirac showed that the spin property can be derived by apply- 
ing the methods of quantum mechanics to a relativistic wave equation 
of an electron. 


It is found that, in very weak fields, the top precesses about the lines of force, 
but that the relative orientations of the three angular momentum vectors (qa), 
(b), (c) remain unaffected. In very strong fields, the internal coupling of the differ- 
ent vectors breaks down and each electron precesses independently, so that we 
have an approach to classical conditions. The intermediate condition is obviously 
very complicated. The relation between the magnetic moment and the angular 
momentum of the atom can be investigated directly by means of an experiment 
due to Gerlach and Stern. A beam of atoms is passed through a strong non-homo- 
geneous field. According to quantum theory, the atoms in a given state should 
orient themselves in one of a small number of angles to the field. From the deflec- 
tions observed, the relation between angular momentum and magnetic moment 
can be measured. Although the information obtained is not very detailed, it is 
important to have this direct determination of the relation. 


19.17. Stark Effect. 


It is found that the spectrum lines are broadened and split when 
the source of light is in a strong electric field. This is known as the 
Stark effect. According to classical theory, the natural frequency of a 
dipole oscillator is unaffected by a steady electric field. The quantum 
theory treats the interaction energy as a perturbation, and the fre- 
quency, intensity, polarization, etc., are calculated as for the Zeeman 
effect. It predicts correctly that the separations in moderate fields are 
usually proportional to the square of the field strength. The calcu- 
lations are more difficult than the corresponding calculations for 
Zeeman effect, and the results are less useful in the classification of 
spectra. On the experimental side, the technique of maintaining and 
measuring a strong electric field across a light source is difficult. For 
these reasons less work has been done on the Stark effect than on the 
Zeeman effect. Nevertheless, there is sufficient to provide an impor- 
tant additional check on the theory of the emission and absorption 
of light. 


19.18. The Polarization of Resonance Radiation. 


It is found that resonance radiation is partially polarized. The 
polarization depends upon the polarization of the incident light, and 
upon the direction of observation. If a magnetic field is present, it also 
depends upon the direction and magnitude of the field. The polariza- 
tion can be calculated when all the data are known. The calculation 
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is fairly complicated. In preliminary calculations of the Zeeman effect 
it is possible to neglect the nuclear moment. In the early calculations 
on the polarization of resonance radiation the nuclear moments (which 
were then imperfectly understood) were not included, and the results 
obtained did not give a satisfactory agreement with experiment. The 
present theory is in reasonably good agreement with experiment. 
We shall now discuss one effect which leads to a determination of 
the life of the excited atom and thus provides a datum which can be 
compared with values obtained from dispersion measurements and 
absorption lines. Suppose that mercury vapour is illuminated with 
polarized radiation of wavelength 2537 A., so that this resonance line 


Electric 
Vector 


A = 2537 A 


Fig. 19.3 


is excited and that a magnetic field is applied perpendicular to the 
electric vector and to the direction of the illuminating beam (fig. 19.3). 
It is then found that the emitted light is partially polarized and there 
is a plane of maximum polarization of the emitted light. As the field 
is increased from zero, two effects are observed. In the first place the 
plane of maximum polarization rotates and, secondly, the percentage 
of polarization decreases. The theory gives the following account of 
these eflects. 

In an extremely weak field the emitting atoms are oriented in a 
certain way and precess very slowly, so that they all emit their radia- 
tion before they have turned through any appreciable angle. At 
higher fields, the majority of the atoms precess through a certain angle 
before emitting radiation, and this angle determines the plane of 
maximum polarization. This angle is, however, only a mean angle, as 
atoms rotate for different times (and hence through different angles) 
after excitation before emitting radiation. Thus there is a depolarizing 
effect. This description of the phenomenon is confirmed by an experi- 
ment of Fermi and Rasetti, who applied rapidly alternating magnetic 
fields. They showed that when the frequency is much higher than 
that of the atomic precession (so that the atoms merely oscillate 
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through a small angle), the polarization is the same as that obtained 
in the absence of the field. 


19.19.—The relation between the life of the excited atom and quantities 
which can be determined by experiment is given by the following calculation. 

The light emitted at any time t comes from atoms which have been excited at 
various earlier times. Consider a particular group of N, atoms which were excited 
at time t= 0. Let t be the mean life of the excited atom and let 4,,,, (equal 
to 1/t) be the transition probability [see eqn. 18(62a)]. The number of atoms 
which are still excited at time ¢ is 


N—N, oxp(=A,.. 2 ee) 


The energy emitted between ¢ and (¢ + dt) is 

dL = hbvA,,,,N dt = bWvAymNo exp (—A pm) dt. eel o(G) 
Let gw be the angular velocity of precession for a magnetic “top”? when the 
ratio of the resultant magnetic to the resultant mechanical moment is g. Then 


the angle $, through which the above group of atoms have rotated between excita- 
tion and emission, is 


baxgogt Vos eee OCr) 


Consider the light emitted in the positive direction of Z and suppose that, in the 
absence of the field, the electric vector * is along OX. Then the energy of the light 
whose electric vector is parallel to OX becomes, in the field, 


dL, = hvN yA nm eXP (—Ajmt) cos? > dt 
= B cos? 6 dt. aJisigues |_s aun” fae ame O(S) 
The component with electric vector in a direction which makes an angle 0 with OX is 


dL, = Bcos(9—)dit, .. . . . 19(9a) 


and the component with E perpendicular to this direction is 


dL, = B sin? (0 — 6) dt. Mere en ES) 


After substituting for > from 19(7), and for B from 19(8), and integrating, we 
have 


ee ee 


Py = pie 
L,+L, @+4 


(a cos 20 + 2 sin 20), . . 19(10) 


where Py is the degree of polarization for the direction @ and 1/a = goyqt. This 
ratio has a maximum value when 


tan 20 = 2gwyT, eo 8 6 op TRON 


and the maximum value is given by 
oe 1 
1 + 49% 720? 


™m 


19(12) 


* For mercury 2537 A, the electric vector of the resonance radiation is nearly in 
the same direction as that of the incident light when H = 0. 
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for the case when the radiation is completely polarized in the absence of the 
field. When # is small and 0 is small, the angle of maximum polarization is 
g®y7, i.e. the angle through which the atom rotates during its average life in the 
excited state. When JZ is large, P,,, tends to zero. Most of the atoms have then 
rotated through angles large compared with 27 before emitting any appreciable 
amount of radiation. The value of t may be deduced from the experimental 
measurements of 0 and P,,, using 19(11) and 19(12). 


19.20. Effect of Foreign Gas on Resonance Radiation. 


We have seen in § 17.15 that resonance radiation may be 
“quenched ” by the presence of a foreign gas. This effect is ascribed 
to collisions of the second type. If every collision (within the atomic 
radius derived by applying kinetic theory to measurements of vis- 
cosity, ete.) were a collision of the second type, then experiments on 
this effect would lead to a value of 7. If, is the ratio of the energy of 
resonance radiation emitted in the presence of a foreign gas (at a 
pressure which makes the time between collisions equal to 7) to the 
energy emitted in the absence of the gas, then we should expect 


ret, oe Sak ee ALOK LO) 


Hence, knowing r and 7, we could calculate 7. The values of 7 obtained 
by this method differ widely; this shows that not every kinetic-theory 
collision is a collision of the second type, so that we cannot determine 
7 in this way. We may then assume that we know 7 from other 
measurements (§ 17.41) and use 19(13) to determine the frequency 
of collisions of the second type. It is found that with excited mercury 
and oxygen, there are more collisions of the second type than the 
number calculated, by kinetic theory, for the total number of collisions. 
We must assume that the effective collision-radius of the excited mer- 
cury atom for collisions of the second type with oxygen is larger than 
the kinetic-theory radius of the normal atom. On the other hand, the 
collisions of the second type between mercury and helium are very 
rare (certainly less than one per cent of the kinetic-theory collisions). 
The interaction between the excited atom and the atom or molecule 
of the foreign gas has been investigated theoretically by the methods 
of quantum mechanics. It is found that the probability of the transfer 
of energy of excitation from one atom to another is high only when 
the energies of excitation for the two atoms are nearly equal. This is 
in accordance with experimental results. The excitation energy for 
mercury 2537 is 4-9 electron volts; oxygen has an excitation energy of 
4-86 electron volts, and the nearest value for helium is 19-75 electron 
volts. 
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19.21. Raman Effect. 


In 1923 Smekal suggested that energy might be interchanged be- 
tween radiation and matter during the scattering of light. The atom 
or molecule would change from state ” to state l, and the frequency 
of the quantum would increase or decrease by v,; so as to conserve 
energy. In 1928 C. V. Raman discovered that scattered radiation of 
this type is obtained with solids and 
liquids, and with gases under high 
pressure.* The displaced radiation had 
Binskenedue ot been observed previously because 
it is very weak, and the probability of 
scattering without change of wavelength 
is much higher (Rayleigh scattering). 
Apparatus for the study of the Raman 
Light from effect. is shown in fig. 19.4. Typical 
annular ring Raman spectra are shown in Plate 
discharge Va,b,c,d. The frequency differences in- 

tube volved in some of the Raman transitions 

are quite large, so that the difference of 

wavelength between the Raman radia- 

Window tion and light scattered by the Rayleigh 

process is several hundred Angstrom 

units. With others the corresponding 

difference is only a few Angstrom units. 

The line due to Rayleigh scattering is 

Spectrograph always heavily over-exposed when the 

Fig. 10.4.—-Apparétua for observa. C2 POSUEe is sufficient to show the Raman 

tion of Raman spectra. A mercury- lines. It is therefore necessary to use a 
vapour discharge between the walls . 

of the double-walled quartz tube Spectrograph of moderately good dis- 

radiation leaves through the window  Petsion as well as of high light-gathering 

and is examined with a spectrograph. power. It is also very desirable to use a 

monochromatic, or nearly monochro- 

matic, source in order to prevent the Raman lines being masked by 

Rayleigh scattering of lines (other than the exciting line) in the source. 


19.22.—When all the atoms or molecules are in the normal state, 
the only possible Raman transitions are those in which the scattered 
light is of lower frequency than the incident light. These are called 
the Stokes lines. This name is given because they obey the general 


horn 


* Landsberg and Mandelstamm discovered the effect independently in the same 
year. 
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(e) Microphotometer trace of sodium absorption spectrum. 


(f), (g) Patterns due to Fresnel diffraction of electrons by very small obstacles. 


(h) Patterns due to Fraunhofer diffraction (1) Pattern due to Fraunhofer diffraction of 
of electrons by many small crystals. electrons by a single crystal. 
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law, due to G. G. Stokes, that the fluorescent radiation is not of higher 
frequency than the incident light. Even at room temperature, sub- 
stances like water have some molecules in states other than the normal 
state, and Raman lines of frequency higher than that of the incident 
light are obtained (Plate Vd). The strength of these “anti-Stokes lines” 
increases when the temperature is raised, because more molecules of 
the scattering substance pass into states of higher energy. The energy 
exchanged between radiation and matter in the Raman process is 
equal to the difference of energy between two stationary states of the 
scattering atom or molecule. If direct transition between these states 
could be produced, the resulting emission or absorption line would 
usually lie in the far infra-red region. It is found that, in some cases, 
a line can be observed in the infra-red spectrum, and a Raman line 
with the corresponding frequency difference is also found. On the 
other hand, many Raman lines are seen when the corresponding 
infra-red lines are forbidden. Some infra-red lines are observed and 
the cerresponding Raman lines do not appear. The quantum-mechani- 
cal theory is able to account for this result in a satisfactory way. The 
transition probability for direct transition between two states, n and 
1, depends on the interaction energy U,, [equation 19(2)]. The 
Raman process is a two-quantum process and involves two inter- 
action energies U,,, and Uj, ., where m is the “ intermediate level” 
mentioned in § 19.9. The Raman process thus depends on two inter- 
action energies, neither of which is the same as that involved in the 
calculation of the probability of a direct transition. Thus the selection 
rules for a Raman process are quite different from the corresponding 
selection rules for the direct transition. The Raman process takes place 
if there is an intermediate level * which combines both with the level 
n and with the level J, even though these states do not combine with 
one another. The Raman effect is of great theoretical interest in that 
it forms an important confirmation of the general theory of the inter- 
action of radiation and matter. It is also of importance as a tool in 
exploring molecular structure. It enables the energies of levels which 
would not otherwise be accessible to be measured. The relative 
strengths of the different Raman lines also give information concern- 
ing the structure of the molecule. 


* There must be at least one intermediate level. Very often more than one inter. 
mediate level is involved in the production of a given Raman line. 
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19.23. Quantum Theory of Polarized Light. 


In earlier discussions of Huygens’ principle and the theory of dif- 
fraction, we showed that one and the same disturbance may be 
analysed in terms of a series of plane waves (by the usual Fourier 
method), or in a series of spherical waves (method of Huygens and 
Kirchhoff). In applying the quantum principles to the electromag- 
netic field, we analysed it into a series of plane waves polarized in two 
mutually perpendicular directions. This method gives the quantiza- 
tion of energy and of momentum. It shows that, in regard to exchanges 
of energy and momentum, an electromagnetic wave behaves like a set 
of particles, each with energy hy and momentum hv/c. Application 
of the same method to an electromagnetic field analysed in terms of 
spherical waves leads to the quantization of the angular momentum 
of the field. The spherical waves are spherically symmetrical about 
a certain point. The field strengths are given by expressions of the 
form 

Py (cos @)e™, gt Win are Ot ea) 


i.e. by spherical harmonics. The first harmonic gives the distribution 
corresponding to a dipole*; two higher harmonics enter into the dis- 
tribution for quadripole radiation, and so on. We have seen that the 
problem of the application of quantum mechanics to the plane wave 
is mathematically similar to the problem of the simple harmonic 
oscillator. In a similar way, the application to the spherical wave is 
similar to quantization of angular momentum in the hydrogen atom. 
It is found that the z component of momentum for a single photon is 
given by 
Me = Se ee ee) 


Qa 


and the total momentum M (/ and m being integers) by 


h2 
LS 
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19.24.—Experimentally we can detect angular momentum of a 
parallel beam of circularly polarized light in a “ macroscopic’ ex- 
periment.f In a less direct way, it can be shown that the angular 
momentum of the spherical wave as given above is just sufficient to 
allow conservation of angular momentum when radiation is emitted 


* Cf. Appendix XIII B (p. 413). T § 17.24, 
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or absorbed by matter. These results suggest a very simple “ picture ”, 
in which photons are of two kinds—one without spin representing 
plane-polarized light, the other with either right- or left-hand spin 
representing circularly polarized light. This picture is adequate for 
the discussion of a number of the problems we have considered above, 
but it cannot be accepted as more than a convenient way of remem- 
bering certain groups of experimental results. An examination of its 
defects is worth while, because it forms a suitable starting point for 
the discussion of some important features of the quantum-mechanical 
theory of light. 


19.25. Superposition of States. 


We saw in Chapter XII that a circularly polarized wave can be 
regarded as the resultant of two waves plane-polarized in mutually 
perpendicular planes and with a phase difference of 7/2. In a similar 
way, a beam of plane-polarized light can be regarded as the resultant 
of two kinds of circularly polarized light, or of two beams of light 
plane-polarized, but in other planes. The classical wave theory, which 
includes this “‘ equivalence’, describes in an adequate way all the 
experiments on the analysis of plane-polarized, circularly polarized, 
and elliptically polarized light by means of combinations of quarter- 
wave plates and Nicol prisms. Therefore it must be included in any 
satisfactory theory of light. It is included in the theory of the radia- 
tion field given in Chapter XVIII. According to this theory, the 
electromagnetic radiation field has all the properties of classical waves 
in relation to its analysis into components by polarizers, etc., as well 
as in relation to interference and diffraction—within the limitations 
of the uncertainty relation. The quantization of the energy and mo- 
mentum does not affect the wave properties, except that it recognizes 
the unavoidable errors in the experimental data. The quantum- 
mechanical rules limit the number of possible ways in which the energy 
may be distributed between the different simple harmonic waves into 
which, on purely classical principles, the field can be analysed. 


19.26.—While this “ resolution”’ of waves occasions no difficulty 
in the mathematical formulation of quantum mechanics, it shows the 
inadequacy of the simple concept suggested in § 19.24. If circularly 
polarized light “ consists ” of particles with spin, it cannot be regarded 
as a mixture of two sets of particles neither of which has any spin. In 
a similar way, if a photon corresponding to plane-polarized light is 
essentially a particle with some axis which defines its plane of polariza- 
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tion, it cannot be regarded as the “ resultant ” of two particles which 
have their axes in different planes. These and many similar considera- 
tions show that the word picture suggested in § 19.24 does not com- 
pletely correspond with the situation described in the mathematical 
equations. In § 18.19 we saw that solutions of the wave equation can 
be superposed to form new solutions according to the equation 


bm cae Cp, = Coy ee OR “+ Cnn, : . 19(17) 


where the coefficients ¢,, ¢,, etc., must be adjusted so that the function 
as a whole is normalized. We may describe this superposition in the 
following way. 

Suppose that, as a result of an observation, we know that a system 
is in the state m. This means that we have the right to predict the 
probable result of certain types of experiments. Kquation 19(17) says 
that our prediction for the state m is the same as that which we should 
make if there were a chance c,? of the system being in state 1, a chance 
Cc)” of it being in state 2, etc. In fact the state m implies the sum of all 
the possibilities represented by the states 1, 2, ...m, each being cor- 
rectly weighted. In this sense, the state m is a superposition of the 
states 1,2,...m. For example, suppose that a beam of light has been 
passed through a Nicol prism A, (fig. 19.5) and is plane-polarized in 


Fig. 19.5 


a plane defined by 6=0. Then we can say that the photons in the 
beam are waves plane-polarized in the plane 6 = 0. If now the beam is 
passed through a Rochon prism (R), it may be divided into two beams. 
By inserting two Nicols B, and B,, we may find the planes of polari- 
zation of the beams. For one angular position of the Rochon prism 
R these may be « and « + 7/2. It will then be found from the readings 
of thermocouples T, and T, that the numbers of photons in the beams 
are in the ratio cos? « to sin? «. We cannot, however, take a simple 
particle view by saying that some of the photons in the beam which 
emerged from A were polarized parallel to the direction 6 = « and 
others parallel to 6 = « + 7/2, and that the Rochon prism separated 
these groups. This would immediately be in conflict with the observation 
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that all the photons would pass a Nicol A, (fig. 19.6) with its principal 
plane set parallel to 6 = 0, provided that it was inserted before the 
Rochon prism. This difficulty does not appear if we say that the result 
of passing the light through the first Nicol prism A, is to prepare a 
state. The state so prepared is defined by the property that any one 
of the photons has a unit chance (i.e. a certainty) of passing a second 


ile ae Sia Nae 
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Fig. 19.6 


Nicol A, placed immediately after the first and set with its plane at 
6—0. This state, which we may call state 0, is represented by a 
certain wave function %. If we call 4, the wave function for a photon 
which is certain to pass a Nicol which is set with its plane at 6 = a, 
we have 

Py = cosa. + sin a. bas n/2): Sel O18) 


Thus when we say that the photon is in the state 0 we mean that it is 
certain to pass a Nicol at an angle 6 = 0, and has chance cos? « of 
passing a Nicol oriented at «. This is the same thing as saying that 
it has chance cos? « of being in state «, which is by definition a state 
in which it is certain to pass the second Nicol oriented at 0 = a. 


19.27.—That this method of representation is consistent is shown by the 
following discussion. By the same argument as that which led to 19(18) we may 
show that 
by = cosa. vy + sina. vay > « « JME) 


and V(o,+.2/2) == 63 Vo + cos a. Va/2e er es 19(20) 


Hence, substituting in 19(18), 
by = (cos? + sin? a)}>) + (sin « cos a — sin % cos &)bnj2 = Yo +0. Png. 19(21) 


Thus, when a particle has a chance cos?« of being in state «, and sin? of being in 
state (a + 7/2), it has a total chance 1 of being in state 0, and a total chance 0 
of being in state 7/2, i.e. the state 0 is formed by a suitably weighted superposition 
of states («) and (a + 7/2). 


19.28.—The superposition of states, and the associated superposition 
of wave functions, must be clearly distinguished from the superposition 
of waves first discussed in Chapter II. When two equal waves are 
superposed, the resultant is a wave of twice the initial amplitude and 
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four times the initial energy at points where they are in phase, and 
zero energy when they are out of phase. When a quantum-mechanical 
state is superposed upon itself, we are only saying the same thing 
twice. We may write 


bo = to + 5 Yu Peery mE 7! 


‘ 


but this is only a trivial equation which says “ when the system is 
certainly in state 0 it has a } probability of being in the state 0 plus 
a } probability of being in state 0”. The normalization condition 
always secures that in this sort of situation the theory gives the correct 
—though unimportant—answer. It follows that the absolute amplitude 
of the % wave does not give the number of photons present. The 
quantum-mechanical equation determines the relative probabilities 
of certain results of experiments. The total energy determines the 
number of quanta. 


19.29. Empirical and Non-Empirical Questions. 


There is a certain type of question to which the quantum theory 
gives no direct answer, because the question is not related to experi- 
ment and possible observation. Let us consider two examples. First 
let us ask what happens to a photon of right-handed circularly polarized 
light as it passes through a half-wave plate. We know that it emerges 
as a photon of left-handed circularly polarized light, and the wave 
theory gives an account of the progress of the wave through the bire- 
frmgent medium. If, however, we try to visualize the photon as a 
particle and ask for a mental picture of the way in which this particle 
alters as it passes through the plate, we come up against a blank wall. 
The theory has nothing to say unless we alter the question and propose 
an experiment designed to tell us what happens to the photon as it 
passes through the plate. Then the theory will predict the result of 
the experiment. Suppose we split the half-wave plate in two and pass 
the light through half of it, and then pass the light through a Nicol 
prism. The theory predicts that, if the Nicol has a certain orientation, 
the photon will certainly pass through. If it has another orientation 
making an angle « with the first one, there is a chance cos? « that the 
photon will pass through, i.e. if N trials each with a single photon are 
made successively, then the photon will pass through on very approxi- 
mately NV cos* « occasions (provided N is very large).* Also if a large 


* The theory also gives the statistical fluctuation when N is not large, 
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number of photons is used in one trial, the fraction passing is 
N cos? «/N = cos? a. Thus the theory gives a prediction of the result 
of the experiment of cutting the plate—either that a particular result 
is certain, or that a specified distribution of results will be obtained if 
trials are made with a large number of photons. It answers the original 
question im so far as it can be reduced to a series of experimental tests. 


19.30.—As another question let us consider a photon incident on 
the dividing mirror (M, in fig. 4.1) of a Michelson interferometer. Let 
us ask by which path through the apparatus a particular photon 
reaches the point in the system of interference fringes at which it is 
detected. If we know there is just one photon in the incident beam, 
then the uncertainty relation in the form given in equation 18(9) 
states that we can know nothing about the phase of the incident beam. 


Needle Photographic 


plate 


Slit “Dark 
filter 


Fig. 19.7.—G. I. Taylor’s experiment showing the production of inter- 
ference patterns by successive light quanta 


After the photons have passed the dividing mirror we can know the 
relative phases of the two beams, and calculation shows that they 
interfere to produce a certain pattern of interference fringes. A single 
photon can, of course, be detected at only one point; to obtain the 
pattern as a whole we must use a large number of photons, either all 
at once or one after another. The fact that they can be sent one after 
another and still produce interference is shown by an experiment due 
to G. I. Taylor. He set up an arrangement for photographing the 
diffraction pattern and reduced the illumination by interposing dark 
filters until very long exposures were needed to give the pattern (fig. 
19.7). The chance of two or more energy quanta passing through the 
apparatus simultaneously was made very small, but the diffraction 
pattern was just the same as that obtained with a strong source of 


light.* 


* The corresponding experiment with an interferometer has been made in the 
course of researches primarily designed for other objectives; for example, the night 
sky is an extremely feeble source of the sodium D lines, but perfectly clear interferg- 
metric patterns have been obtained, 
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19.31.—So long as we do not attempt to find out by which path 
each individual photon reaches the point of detection, we obtain the 
interference pattern. If we try to find the path of a given photon 
(e.g. by measuring the momentum transferred to one or other of the 
mirrors M, or M,), the frequencies of the two beams are no longer 
quite the same (because the mirror must be free to move) and the 
interference pattern disappears. We can examine the particle property 
of the light only by altering the conditions of the experiment so that 
the wave property is no longer in evidence. If we attempt to evade this 
difficulty by successive experiments on particle and wave properties, 
we never reach a situation in which the question stated at the beginning 
of § 19.30 can be answered. It should, however, be pointed out that 
in the usual experiments on interference the number of quanta is very 
large. A one-per-cent error in the energy corresponds to an enormous 
value of AN, and we can then know phase relations very accurately 
without infringing the uncertainty relation 18(9). 


19.32.—The type of question we have just discussed does not arise 
if we have full regard to the uncertainty relation and the associated 
principle of superposition of states. We have seen that the theory can 
answer any question which relates to an experiment, but not other 
questions. We can say that the photon is not a particle but a quan- 
tized wave. When asked what is a quantized wave, the theory replies 
by giving an account of its behaviour in all possible experiments, and 
this account is a correct and complete theory of optics. At first the 
reader will be tempted to say, “I know that light behaves sometimes 
like waves and sometimes like particles. Does the quantum mechanics 
say more than this? If not, what is the use of the elaborate mathe- 
matics?”? The answer is that the simple statement that light behaves 
sometimes like particles and sometimes like waves does not enable 
us to predict the results of experiments. We need a way of saying 
when and how far light behaves like particles and when and how far it 
behaves like waves. Ifthe theory is a formalism, it is a formalism so 
logical and so exactly suited to its purpose that it predicts the results 
of all optical experiments. The uncertainty relation is not a device 
invented by quantum physicists for the purpose of evading those diffi- 
cult questions which concern the wave-particle conflict. It is directly 
deduced from observation. It must be included in any theory. The 
quantum mechanics includes it by the conjunction of the concept of 


a wave group with the hypothesis of a finite exchange of energy in 
measurement, | 
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19.33. Historical Development of the Quantum Theory. 


As stated at the beginning of Chapter XVII, our discussion of the 
quantum theory of radiation has followed an order chosen for ease 
of exposition and is not the historical order. We shall now state the 
historical order, partly in order to complete the outline of the history 
of the theory of light given in Chapter I, and partly because this may 
form a convenient recapitulation of the essential hypotheses. 

At the beginning of the nineteenth century the wave theory was 
well established. During that century many beautiful experiments 
on interference, diffraction and polarized light were carried out. A 
corresponding advance in elegance of exposition reached its climax 
in the work of Rayleigh. It was perhaps inevitable that he, having the 
most complete understanding of the wave theory, should expose its 
limitations in the most fundamental way. In 1900 Rayleigh showed 
that the classical theory could not yield a correct radiation law.* 
Soon afterwards Planck introduced the quantum hypothesis that 
a fixed amount of energy (# = hv) must be exchanged whenever an 
atom interacts with the radiation field. Planck wished to leave the 
wave theory of the radiation field undisturbed and to confine his 
hypothesis to the interaction process. Einsteim (about 1905) showed 
that many experimental results could be most easily described by a 
theory of photons. The Einstem photons were essentially light par- 
ticles; they were localized concentrations of mass, momentum and 
energy. The years 1905-25 saw little advance in the theory of light 
except for the theory of the experiments described in Chapter XI 
(relativistic optics). In this period the quantum theory was applied 
in a tentative way to the atom. The most important advance was 
Bohr’s concept of stationary states. About 1925 the ideas of wave 
mechanics began to appear, and by 1930 it had been shown that this 
theory gave a satisfactory account of most problems of atomic struc- 
ture. 

The theory of light was still in confusion. There appeared to be no 
possible reconciliation between the wave theory and the Einstem 
photons. Indeed there was no reconciliation until the understanding 
of the uncertainty principle (first stated by Heisenberg in 1927) had 
forced a modification of both wave and particle concepts. The next 
logical advance in the theory of radiation was, to a considerable 
extent, due to Dirac. In its developed form this theory: 


* The complete proof was given by Jeans in 1909, 
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1. Expresses the energy of an electromagnetic radiation field in 
a form which is similar to the Hamiltonian energy function for a set of 
harmonic oscillators. 

2. Applies the quantum theory of harmonic oscillators to this 
energy function and hence to the field. This gives a theory of quan- 
tized waves. These quantized waves are often called photons, but 
they do not have all the properties of the Einstein photons any more 
than they have all the properties of Maxwell’s electromagnetic waves. 

3. The photons are shown to have the properties of indistinguish- 
ability, etc., discussed in § 18.34. These properties are very closely 
related to the fundamental concepts of the superposition of quantum 
states and to the limitations implied in the recognition of the un- 
certainty principle. 

4. When the theory has been applied to the radiation field it is 
possible to extend it to a system of radiation plus atoms. It is found 
that the radiation induces transitions corresponding to emission, 
absorption and the various types of scattering. This part of the 
theory can be joined to the classical theory by a concept of “ equiva- 
lent oscillators” with “f-values”’. In this way it is able to include 
that part of the wave theory which is in agreement with experiments 
on emission, absorption, scattering, and dispersion. 


19.34.—We have said that the quantum mechanics is a complete 
theory of light and, apart from the difficulty of certain calculations, 
gives correct answers to all questions. We must be careful, however, 
not to claim that nothing lies beyond the present theory—that would 
be to repeat the mistake of some physicists of fifty years ago who were 
sure that the wave theory was perfect. Even now it is clear that the 
quantum mechanics, in its present form, has difficulty with the pro- 
perties of material particles of extremely high energy and probably 
with very high-frequency radiation. It appears to the writer that, in 
the future, defects in the theory will be revealed and further progress 
engendered, not by laboratory experiments on optics, but by astrono- 
mical observations on effects like the nebular red shift or by experiments 
on high-energy photons. Yet even this prediction is only an opinion. 
Future experiments may reveal some purely optical phenomenon en- 
tirely different from anything which has so far been discovered. 
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APPENDIX XIX A 
Quantum THEORY oF DISPERSION 


1. Interaction of Radiation and Matter. 


This appendix deals with the Dirac theory of the interaction between radia- 
tion and matter in its application to the absorption, emission and scattering of 
light, and the related problem of dispersion. Let us consider first the absorption 
and emission of light. The theory is discussed in two stages. In the first stage, 
the atoms are regarded as a quantum-mechanical system which is subject to a 
small disturbance due to the energy of interaction between the atoms and the 
electromagnetic field which represents the radiation. The disturbance is called a 
“ perturbation ” and this part of the theory is an extension of the perturbation 
theory which had previously been used to calculate the stationary states of atoms 
in steady magnetic and electric fields. The perturbation due to the radiation 
field has a high-frequency variation with time, and it is shown that this kind of 
perturbation leads to transitions between the stationary states of the atoms, 
provided that the Bohr frequency condition [equation 17(7)] is satisfied. The 
theory yields formule from which the numbers of transitions per unit time can be 
calculated, so that we obtain B,,, and B,,,, directly, and A,,, by applying 17(53). 
The formule agree with those obtained in § 18.21 and this part of the calculation 
may be regarded as justifying the assumption stated there. 

In the second stage of the Dirac theory, the atom and the radiation are re- 
garded as one quantum-mechanical system. Transitions then involve transfer of 
energy from one part of the system to another, but there is no change in the energy 
of the system as a whole. Each of the coefficients t Ajm, Bay Bryn is calculated 
independently. This second stage is suitable for extension to many other im- 
portant problems including Rayleigh scattering, dispersion theory and Raman 
effect. In both parts of the theory it is assumed that the perturbation is small 
and the whole theory is an approximation based on this assumption. 


2. Radiation as a Perturbation. 
Let us suppose that the wave equation for an unperturbed atom is 
th oF 


agrees 19(23 
2 Gt oad 


HA (¥) = — 


+ If m is the state of higher energy, Amn replaces Anm. 
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where (‘1’) stands for all the terms on the left-hand side of 18(49). We assume 
that solutions ’,, ¥’,, etc. corresponding to stationary states of the unperturbed 
atom have been found. A suitable physical measurement on the atom will either 
show that it is in one stationary state or will give a series of probabilities: P, that 
it is in state 1, P, that it is in state 2, and so on. In general, we may express the 
result of our measurement by saying that the state of the atom is represented 
by a solution ’ of the wave equation and that t 


ae testi Opis - . « I19(24) 
l 
where P, = ¢¢;*. on ees eee LOD) 


The expansion 19(24) is always mathematically valid because ‘V’;, ‘’,, etc. form an 
orthogonal set of functions.t The physical interpretation of this expansion we 
have given above is in accordance with the general principles of quantum me- 
chanics (§§ 18.19, 18.33, and 18.35). Now, suppose that the atom is subject to an 
external field, so that the wave equation becomes 


ih a 


HAE) = (Ao + Fes a 


19(26) 
The symbol U stands for new terms in the wave equation. These may involve 
q, 0/dq, and t. It is assumed that all new terms are small compared with corre- 
sponding terms in the wave equation for the unperturbed atom [19(23)]. 


3.—The result of a measurement on the atom in the radiation field is repre- 
sented by a solution Y” of 19(26). We may express ‘YY’ 
either (i) a8 a sum of functions V,’, Y,’, etc. corresponding to the stationary 
states of the perturbed atom with constant coefficients c,’, c,’, etc.; 
or (ii) as a sum of terms based on V’), V,, etc. (i.e. on the stationary states of 
the unperturbed atom) but with a new set of coefficients a,, a), etc. instead 
of c,, co, etc. We shall see that these new coefficients have to be functions 
of ¢ in order to satisfy the wave equation. 
These two methods of expanding Y” are equally valid from the mathematical 
point of view, since the solutions of 19(23) and 19(26) each form an orthogonal 
set. The choice between them is a matter of convenience in relation to the problem 
under discussion. The first expansion is convenient when the atom is perturbed 
by a steady electric or magnetic field. The second is suitable for our present dis- 
cussion in which time variation is the essence of the problem. We therefore put 


YY oY) ee ee SOOT) 
U 


Substituting from 19(27) into 19(26) we obtain 


th 3 or 
La 6U, ya Uy,=—- ¥ (ay, ae ‘. 19(28) 
/ 1 20 l ot 
Since I’), '’,, etc. are solutions of 19(23), this reduces to 


< 270 
Uak; = ve > a,U¥. sm fee chee Sere Me 19(29) 
/ 


+ Compare equation 18(52). t See p. 375 of Reference 19.3 
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Multiplying both sides by ’,,* and integrating over all space (using the ortho- 
gonality condition), we have 


a = Ne a; [Yn *UY dt. tee 10180) 


4.—Suppose that an observation made at time ¢ = 0 has shown that the atom 
is in the nth state at time ¢ = 0. Then a, = 1 and all the other a’s are zero when 
t= 0. Suppose that the radiation field operates from t = 0 to t =’, and that a 
second observation is made immediately after the perturbation has ceased. Then 
the probability of finding (from the second observation) that the atom is in state 
m at time ?¢ is 

LAG) =O Mai UY ee eee 1931) 

If ¢’ is small and the radiation field is fairly weak, so that the probability of a 
transition is fairly small, we may put a, = 1 and a, = 0 (for all values of J except 
1 = n) in 19(30). The sum then reduces to a single term and we have 


tyes i WOU ds | 19182) 
and, integrating with respect to t, 
y QT 
a(t) = = | i. Cee merp ; ™ iW, —W,,)tdtdt.  19(33) 


The constant of integration is zero, since a,, = 0 when t =0. The probability of 
a transition in unit time is (1/t’)P,,(¢’). This number may be calculated by ob- 
taining a,, from 19(33) and substituting in 19(31), but before doing this it is 
convenient to derive an expression for U. 


5. Calculation of the Interaction Energy. 


Consider a parallel beam of plane-polarized light propagated along the z axis 
and with the electric vector along the x axis. Then at z = 0 we may put 


H= i, = 2H o, cos 2rvi = Eo,(e2* 4- e271), . 19(34) 


The mean value of Z,?, taken over a cycle, is 249,” since the mean value of 
cos?2rvt is 3. In free space the mean value of H? is equal to the mean value 
of #2. Therefore 


ee) Eon’ _. 19(35) 
81 
where op, is the energy per unit volume. 

We may now obtain an expression for U, using the assumption that the atom 
is small compared with the wavelength of the radiation. We regard the atom 
as an assembly of charges which are displaced by the field. An electric moment 
is created and its x component is 


We —— DC ;Lj, eae oe 2 ys 1 9(36) 


650 INTERACTION PROCESSES 
where 2; is the displacement of the jth charge from ‘the position which it has when 
the field is zero. The interaction energy U is Z,m,. In this simple case U may 
be regarded as an addition to the potential energy term (V) of the wave equation 
[18(17)]. In accordance with the notation of § 18.21, we put 

en = f ectittgh,dt, . - . « + 19(87) 
go that Pyar f be*bedes 2. te eS) 


6.—Substituting from 19(38) into 19(33) we have 


a Cn te E, exp =™ By —Wpy)tdt. . 19(39) 


We define a frequency y,,,, by the relation hy», = Wm— W,. Inserting this 
symbol in 19(39), and also substituting for #, from 19(34), we obtain 


d,,(f) = @ ennBon {exp 274(V — Vinn)t + exp —2rt(v + Ving i}dt, 19(40) 


and, on integration, 


eS CLmnHox E — exp —2rt(V-+ Vn)? — 1— exp 27t1(v — Vinn)t ] . 19(41) 
h Mae Van Y —Vinn 


From this expression we see that a,,(t’) oscillates about a value near zero unless 
(VY — Vmn) OF (V+ Vinn) is near zero. When we are considering absorption, W,, 
is greater than W,, and v,,,, is positive. The second term in 19(41) becomes large for 
a small group of frequencies near to the value v = v,,,, i.e. hy = Wy, — Wp. 
Thus the probability of a transition corresponding to an absorption is appreciable 
if, and only if, the Bohr frequency condition is obeyed approximately. In a similar 
way, when W,, is greater than W,,, the first term in 19(41) becomes large for 
frequencies near to the value v = —y,,,, and we have stimulated emission. Note 
that, in each case, one term of 19(41) is important and the other is negligible. 


7. The Absorption of Radiation from a Continuous Spectrum. 


The energy in a range dy of a continuous spectrum is e,(v)dv, and we assume 
that p,(v) is nearly constant in a range of frequencies which includes the absorp- 
tion line. Since v,,,, is positive, we consider only the second term in 19(41) and we 
have, for one frequency, 


j 4 
PLC) =G,4. = jae tmnt mn Boe 19(42a) 


Using 19(35) we have, for the range of frequencies, 
ee 8m oo os AO) SS Ves . 
lel ) acm roe Tmn& mn siaen ep(v (v dee ic) va n)t’ dy. 19(42b) 


We know that the contribution to this integral from frequencies which differ 
from Vv», by more than a few times the half-width of the line is small, and that 
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°,(¥) is nearly independent of v within this range. We may therefore take Op) 
outside the integral sign,t and we then have 


4 8x? , AY 
P(t) = ye © tmn® mn U on(v). eee ae LO(4 3) 


But BamPp(v)t’ is equal to the probability that a transition has taken place in 
time ?’ (§ 17.37) and is therefore equal to the probability P,,,(t’) of finding a given 
atom in the mth state at time ¢t’. Hence 


873 
B,, = Fa Ot mnM mn” Scie es | 1 9(440) 


In this equation 2,,,,%n* is proportional to the square of the electric moment 
im the direction of the electric vector of the light. We may regard this moment as a 
component of a moment proportional to r,,,,7m,* directed in some direction r. 
This direction is fixed with respect to the atom. If, for a given atom, it makes 
an angle 0 with the x axis, then %,2%mn* =Tmnlmn* 00829. In the absence of a 
steady magnetic field, the atoms are oriented at random and, since the mean 
value over a sphere of cos?0 = 4, we have 


19(440) 


The coefficient B,,, may be obtained by considering atoms initially in the state 
m (i.e. the state of higher energy). The first term in 19(41) then becomes im- 
portant and the value of B,,,, obtained is the same as that given by 19(44) for 
Bum: The coefficient A,,, may be obtained by applying 17(53). The formule 
are in agreement with 18(62) and 18(63). 


8.—It may appear, at first sight, that it should not be necessary to consider 
a range of frequencies and that we need only discuss the absorption for the fre- 
quency which satisfies the Bohr condition exactly. In any real experiment we 
could not use one frequency, because this would imply an infinite time of irradia- 
tion. If we used radiation which extended only over a range comparable with the 
width of the absorption line, the time of irradiation would be comparable with 
the life of the excited state and we should have to take account of re-emission and 
of other secondary processes which have been deliberately excluded from the 
above discussion by making ¢’ very short. We have seen previously (§ 18.7) that 
it is not necessary for the Bohr frequency condition to be obeyed exactly in order 
to give conservation of energy. Note that, in the last paragraph, we have assumed 
that the transition probability for a group of frequencies acting simultaneously 
is the sum of the transition probabilities for the single frequencies. This is correct 
because the waves of different frequency are necessarily non-coherent. If we 
assume that a,, for all frequencies is the sum of the a,,’s for each frequency, we 
should obtain (for P,,,) the term given in equation 19(42b), together with a set 
of terms whose mean value is zero (see § 5.2 for discussion of a similar problem). 


: © gin? x 4 
t Since if 7 dx = 7. See note following eqn. 15(73a). 
—@ 
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9. Theory of Emission and Absorption (Second Stage). 


The preceding theory, although a considerable improvement on the rather 
crude assumption of § 18.21, is not completely satisfactory, because the quantum 
theory is applied to the atoms but not to the radiation. The latter appears as a 
purely classical field which ‘‘ perturbs ” the atom, and the quantization of the 
radiation field discussed in Chapter XVIII is disregarded. We shall now treat 
the atoms and the radiation as a single mechanical system and apply the quantum 
theory. 

We consider an assembly of atoms and an isotropic field of radiation m an en- 
closure. There is no observable change in the energy of the system as a whole 
and no interaction with any external field. The system is not necessarily in 
thermodynamic equilibrium. We assume that, in the absence of the radiation, 
the atoms may be described by the wave equation 19(1). We take n as a typical 
quantum number for the atoms before transition and m as a typical* quantum 
number after transition. Corresponding numbers for the radiation are a and b. 
Let us suppose, for the moment, that the atoms and radiation do not interact. 
Then the wave equation for the combined system is 


th oF 


ALY) =(4,4+ 4)0 =———, 19(45) 
Qr at 


where %, stands for terms due to the atoms and .%, for terms due to the radia- 
tion. In accordance with the discussion of § 18.34, a wave function Y’,,, for two 
systems which do not interact is the product of the functions V,, and ®, for the 
separate systems, i.e. 


PIED WE eer ane ene) 


The wave function for the combined system with interaction is 


(Eb SOY me SAY a 5 6 © UE) 


where .%, is the interaction energy. 


10.—As a preliminary to our calculation, we need to derive an expression for 
HA, in terms of the vector potential A which is now used to describe the radiation.t 
Non-relativistic electromagnetic theory gives the following expression for the 
energy of a single electron in a field which is described by a vector potential A’ 
and a scalar potential y’: 


=~ (p—fa') tex SEs 19048) 


[the bracket represents the scalar product of (P — eA’ /c) with itself]. This expres- 
sion may be checked} by using it to calculate the forces acting on the electron, 
and showing that they agree with 13(11). The field acting on the electron is partly 
due to the atomic field, and partly due to the radiation. The latter contributes 


* Obviously very large numbers of quantum numbers ar 
; e needed, but 
consider only those which change. bitin: 


t See Appendix XIII A (p. 410). t See p. 39 of Reference 19.3. 
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only to the term A’, and not to ’ [see equations 13(59) and 13(60) of Appendix 
XIII Aj. We therefore put 


2 
ie PEA Me Ay arab 9490) 
me 2mc? 


Since e/c is small, we take as an approximation 


H=*p.a= = 35 PA,0os®,; . . . 19(498) 
me me 
©, is the angle between P and the unit vector e, (which defines the direction 
of polarization of the radiation). Substituting from 18(85) and 18(88), we have 


2er1/2 
KH, = 


Dy {4s exp (1*,.1r) + q,* exp (—7%, . r)}-P cos @,. 19(50) 
s 


Since the atoms contain many electrons, the interaction energy contains many 
terms similar to the right-hand side of 19(50). We need consider only one. 


11.—Now apply the procedure of §§ 2-8 to the joint system. Regard 19(45) 
as analogous to 19(23), and 19(47) as analogous to 19(26). We expand a solution of 
19(47) in terms of a series of functions which are solutions of 19(45), and proceed 
as in § 4 of this appendix. If the system is initially in a state (n, a), the probability 
that at time ¢ it will be in the state (m, b) is Pry = Amp4mp*, Where 


Dnt oe | Vier alel, Bdcdqdoet Soe 2y19(51) 


{compare equation 19(32)]. 

In 19(51) we have replaced the volume element dt by the element dx dq in 
order to indicate that the integration must be carried out both for co-ordinates 
of the physical space (a, y, z) and for the g-co-ordinates of the “ oscillators” which 
represent the radiation field. 

Separating the time factors in the wave functions, we have 


Qrt Qrt 


Amy = = Umn exp —— (Waa — Wan), > 9 9 HRY) 
where Def Ut Ing drdg 2, 2 19(68) 


and #%,’ stands for W%; without time factors. 


exp = (Wra — 70 | aa 
Hence Doi, B= lpr ee (O42) 


sin? (Waa eee Wio)t 


Pg, = Tre, ron : . . 19(55 
and mb mn Umn Win = ee (55) 


This equation shows that the probability has a sharp maximum corresponding to 
transitions for which energy is conserved. It also shows that transitions for which 
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energy is conserved, not exactly, but within the accuracy of measurement per- 
mitted by the uncertainty principle, must be included. It is necessary to take a sum 
corresponding to the integration of 19(42). Since the energy of the atom in the final 
state is always the same, the sum has to be taken over all oscillators whose fre- 
quencies are near the value which makes W,,, = Wy, i.e. near the frequency 
Ymn» and whose directions are within a solid angle dQ. Ifn(W) dW dQ is the num- 
ber of oscillators with a given direction of polarization and with energies between 
W and (W + dW), and if « is the number of transitions per second, 


a= f PyynW)dW.  . . . . . 19(56) 
0 


The variation of n(W) over the small range of energies for which P,,,, differs 
appreciably from zero may be ignored and n(W) taken outside the integral sign. 
By substituting from 19(55) into 19(56) and integrating,f we obtain 


4x? 
% = > — UmnUmn dQn(W). SS ee ee L957) 


We substitute from 19(50) into 19(53), taking out the time factor exp (271vt) 
included in q and exp(—2z77vt) in g*. Now we have already shown that only 
those transitions are permitted which approximately obey the conservation law. 
Therefore the term containing qg has a significant value only when W,, < W, 
(i.e. when the atom emits energy) and the term containing g* is negligible. 
Also only one oscillator changes its energy, so we take only one term in the 


summation. We then have, on substituting the first term of 19(50) into 19(53), 
and omitting the time factor, 


Dent 
eee oe cos © iy ba9,* dq jh Un*P exp (ix,.t)b, dt. — 19(58) 


The value of the first integral is given in § 18.24. It is zero unless b = a + 1. 
We are now considering emission so that b = a + 1, and the integral is given by 
putting 2zy,,,, for mow, in 18(70). Making this substitution we have 


+ 
Unn = < cos © (=) It [ UgtP exp (ix, . 1), dt. 19(59) 


TV nm 


The magnitude of x, is 27/A and the wave functions y,,* and ), have appreci- 
able values only when r is very small compared with 4 (i.e. within the radius of 
the atom). Hence, to a first approximation, we put the exponential { equal to 1. 
It is shown in textbooks on quantum mechanics that 


| if Yn®P Up Ot |? = 472M? Lmnlmn*» - - » 19(60) 


where I,,,, is defined by 18(61). Hence, for emission, 
(Ginn mn*)e = 27 MV ym (@ + 1) Pin linn*® C08? ©. . 19(61) 


f See footnote on p. 651. 


{ This is equivalent to expanding the exponential as a power series and taking only 
the first term. The second term corresponds to quadripole radiation, and higher 
terms are involved in the calculation of other types of multipole radiation. 
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eee Oe in 19(57), we obtain «, (the number of quanta emitted per second) 
Op = 80CVpm(@ + 1)n(W) 008? OfyanPmn* dQ.  . . 19(62) 
12.—From equation 18(108) we have f. 


y2 
mW) d= dO." . . . . . . 19(63) 


Now suppose that the radiation is isotropic and has energy density (vy) dy in 
the range v to (v-+ dv). Then 


atv) = 2 f n(v)ahv dQ = 8rhtan(W)y, . . . 19(64) 


the factor of 2 being required to include both types of polarization. (If the quan- 
tum numbers for the oscillators in the range are not all the same, the mean value 
of a must be used.) Now integrate 19(62) over the whole solid angle, taking both 
directions of polarization into account, and separate the two parts of the bracket 
(a + 1). In the first substitute from 19(64), and in the second from 19(63). Then 
we obtain for the total number of quanta emitted per second in all directions 


8x3 64774 
(e.)r = 3h2 eT rntinn PLY) ae ae CN Catane 
= Byme(v) + Anm: Pee Ee te = 19165) 


The calculation of a, (the number of transitions per second when radiation is 
being absorbed) differs t in that we use the term in g* in 19(40) and that we have 
b = a — 1 for one of the oscillators; consequently, we must use 18(71) instead of 
18(70), and obtain the factor a instead of (a + 1)? in 19(59), so that 


a 
og = Pang | Oey 19(66a) 
and, in view of 19(62), the total number of transitions per second when radiation 


is absorbed is 
8x3 


(%q)7 = an. Bh ik fae AG) 


3h 
= Bin). ee eee 0660) 


The theory thus gives the values of the Einstein coefficients independently, and 
the values obtained comply with equation 17(53). 


13.—It sometimes happens that certain groups of states have the same energy. 
Suppose that there is a group of g,, states each of energy W,, and another group of 


+ The equation quoted gives g,, which is the number of states (for both directions 
of polarization) with energies between v and (v + dy) and with directions varying over 
the whole sphere. If n(v)dv dQ, is the number corresponding to one direction of polari- 
zation and solid angle dQ, we have g, = 87n(v) and hn(W) = n(v). 

+ This leads to the factor exp (— 7, .r) instead of exp (+7%,.r), but this makes no 
difference in the approximation to which we are working. 
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Im States each of energy W,, and that W, > Wm. We have no means of knowing 
which members of the groups are involved. We assume that g, and g,, are known 
from other experiments (usually from observations of the Zeeman effect). Then 
let Byx» Buy, Ayu stand for the probabilities of transition which are obtained 
from observations, e.g. by measuring the integrated absorption and applying 
17(57), or by measuring + directly and applying 17(56b). Let Bram stand for the 
probability calculated for one particular pair of states from equation 19(42a). 
Then Bym gives the transition probability from one of the upper states to one of 


the lower states and ey Bo a a eT) 
Byy is the total probability for transition from all the upper states to all the lower 


states. The fact that there are g,, upper states does not affect the number of tran- 
sitions, because there are only 1/g, of the atoms in each of the upper states. 


Similarly Buy = InPinn eo GE) 

hee De Aye dA > se OL 
Tym 

so that InP xu = ImPun- ae te seamed LOCOS) 


Note that 19(68) agrees with 17(53), which is deduced from thermodynamic 
considerations. 
The f-value is related to observations by 17(59) or 17(60) and we have 


iE Innme* 
Se ETE GB ae eer er . 
812 v2e? Sr2y2e2 7 


if 19(69) 


Thus measured f-values may be compared with values calculated from the wave 
equation. The agreement obtained is satisfactory (§ 18.22). 


14. The Scattering of Light. 


Let us now consider the interaction between an atom and a photon when the 
Bohr condition (hv = W,, ~ W,,) is not even approximately obeyed. From the 
experimental side, we know that the photon can be: 

(a) scattered without change of wavelength (Rayleigh scattering); 

(0) scattered with a small change of wavelength (Compton effect); 

(c) scattered with a comparatively large change of wavelength (Raman effect). 

In processes (a) and (b) the atom does not change its state, though it may gain 
or lose small amounts of kinetic energy and momentum. In Raman scattering,* 
the atom changes its state, and if v, is the frequency of the incident and v, of the 
emitted quantum, we have W,,— W, =h(v;—,). We may describe the 
scattering of light by an atom as a process in which one of the oscillators which 
represent the radiation field loses a quantum and another oscillator gains a 
quantum. In Rayleigh scattering these two oscillators have the same frequency, 
but correspond to waves travelling in different directions, i.e. the vectors Ms 
and e, of § 18.25 are different. In the Compton and Raman scattering, the two 
oscillators differ in frequency as well as in the direction vectors. 


* The experiments on Raman scattering are described in § 19.21. 
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15. Rayleigh Scattering of Light. 


Let us now consider the scattering of light (without change of wavelength) 
from a parallel beam of light propagated in the OZ direction and with electric 
vector parallel to OX. The incident beam is represented by an oscillator s (quan- 
tum number initially a,). For this oscillator x, is parallel to OZ and e, to OX. 
The scattered beam corresponds to an oscillator r (quantum number a,, initially 
zero). It is convenient to assume that initially there is no radiation in the direction 
%, (i.e. we do not take account of secondary scattering). The scattering process 
is made up of two stages: 

(1) The oscillator s loses energy hy and the atom changes from state n to state 
m (but v,.., is not even approximately equal to y). 

(2) The oscillator r gains energy hy and the atom changes from state m to 
state n. 

Energy is not even approximately conserved in either stage taken by itself, but 
it is conserved in the process as a whole. This is all that we need require, since the 
intermediate stage is not observable. Suppose that the initial state of the system 
(atom plus radiation) is denoted by f, the intermediate state by g, and the final 
state by 4. Then, applying the discussion of § 4 of this appendix to the two-stage 
process, 


ae =e a,U yy XP a8 (eee eee ee ESC702) 
: 20 27 
and Oy = = Un Da (iG = Weis 0 oc MAY aKtla) 


If ¢ is small, we put a, = 1, integrate 19(70a) (using the initial condition a, = 0 
when ¢t = 0) and substitute in 19(70b) to obtain 


exp (W, — W,)t — exp — (Wy — Wy)t]. 19(71) 


__ 2nt U,z,U,, : 27 200 
lis WW h 


Integrating the second term + in 19(71) we obtain 


sin? (W, — W,)t 


jo, == MONG 5 so a 3 TGR) 
‘ (Wats)? 
(hy AU 
(Of rs ay ee ee OTS) 
where ww, 


We are interested in the possibility that a quantum of energy may be taken from 
one particular oscillator s and that an oscillator r (which corresponds to a direc- 
tion included in the solid angle dQ and to a small range of frequencies round the 
frequency for which W; = W),) may gain a quantum of energy. Since 19(72) is 
like 19(55), we may use 19(57) and, substituting for n(W) from 19(63), we obtain 


Pe esi ae eed ik 19(74) 


h? c3 


+ Since W; is not even approximately equal to W,, the term omitted contributes 
only a negligible oscillatory term to P),, 
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16.—The calculation of U,, and U,, is similar to the calculation of Unm [see 
equation 19(61) and equations leading thereto], but we have to allow for the fact 
that the incident beam is now a plane-polarized beam whereas 19(61), etc., apply 
to isotropic radiation. Since e, is parallel to OX we may substitute P,, for P cos 0, 
in 19(49b). Carrying this change forward, we obtain for the first interaction 
product 
DU rg* = 2KC WV ye A LnnX mn se tee aL O(7TS) 


This expression should be compared with 19(61). It contains a, instead of (a + 1), 
because we are considering an absorption process, and 2,,,, instead of r,,,, for the 
reasons stated above. When we consider the emission process, we have to remem- 
ber that the “ oscillator ” excited by the incident beam is parallel to OX. If the 
scattered radiation is emitted in some direction which makes an angle y with OX 
(i.e. with the electric vector of the incident beam), then the interaction energy 
corresponding to 19(49b) is proportional to P, sin y (the sine appearing instead 
of the cosine because the electric vector is perpendicular to the direction of the 
scattered beam). We then obtain 


UgnUon® = 2RO WV pin (by + Vl aehnn® HTX . = 19(76) 
Putting a, = 0, and substituting from 19(75) and 19(76) into 19(73), we have 


4retv, ne : 
= eine (Gi ene) SIN. ere O(cs0)) 
nm 


UU* 


If the atoms or molecules are oriented at random, we have 


LmnBmn* =F mn! mn: ee pe 78) 


Inserting this in 19(77) and substituting the result in 19(74), we have 


= 10 rete vm ViGe Gey Ot cindy dC eT TO) 


Cs = eee 
9 hacky —v,,,)2 

This gives the number of quanta scattered per second per atom when a,c quanta 

are incident per second. As explained in § 15.44, the scattered energy is non- 

coherent. Therefore the ratio of scattered to incident energy for N atoms is 


p16 Tet VN 
9 hect(y — y,,,,)° 


Mi (mn? mn*)? sine ydQ. . ~. + 19(80) 


17.—In addition to the two stages considered above, the following two-stage 
process produces the same final result: 

(1) The atom moves from state n to state m, and the oscillator r gains a 
quantum. 

(2) The atom reverts to state n and the oscillator s loses a quantum. 

This two-stage process, in which the scattered quantum appears “ before” 
the incident one has been absorbed, appears very “artificial” —if we attempt to 
separate the two stages; but, considering the equations for the two-stage process 
as a whole, we see that it must be taken into account. The calculation proceeds 
as before, except that W, — W, is now equal to h(v + Ynm): We have to add the 
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term for this process to a, (not to P,,) because the transition probabilities belong 
to the same wave (see § 19.8). Adding it in this way, we obtain 


»  l6rfet4v2y 2N : 1 2 
k’ = mm (ptmn®)? sin® x [ ee | 22, 19(81) 


2n4 
9h?c Vv — Yam Vv + Yam 


and, integrating over the whole solid angle, 


A GPC I ON 
27 hPc* (Yam? — v?)? 


k 


Pee Peete » 9 o AMER 4) 


The relation between dispersion and scattering in the quantum theory is, for 
present purposes, the same as in classical theory and, using 15(97), we have 


2 
ene 4re?V, mV * 
n Se ? 
32 Van? — V2) mn’ mn 
nm 


19(83) 


or, if f is given by 18(64), 


19(84) 


This agrees with 15(63). Note that in obtaining 15(63) it is assumed that (n — 1) 
is small compared with 1. 

If several transitions are possible, the right-hand side of 19(84) is replaced by 
a summation. Equation 19(4a) of § 19.11 follows if we put w, = 2rv,,,,. Equation 
19(46) follows if some of the transitions involved are to lower states. Equation 
19(84) is related to the classical equation 15(63) in the way explained in § 19.11. 


18.—The above discussion shows that the quantum theory of scattering 
leads to a dispersion formula identical in form with that given by the classical 
theory. There are two important differences in application: (a) in classical theory 
f is a constant to be determined by experiment, whereas in quantum theory it 
can be calculated and (6) the quantum theory gives the “negative terms” dis- 
cussed in § 19.11. Both quantum theory and classical theory give an extra term 
which is discussed in the following paragraph. The magnitude of this term is 
small in the optical region but it is very important at shorter wavelengths. It 
may be seen that 19(84) does not contain the damping term y? in the denominator. 
This is because, in order to reduce the mathematical complexity, we have neglected 
the effect of damping in this appendix. We did this when we puta,, = 1 in § 3 
and at corresponding points in other paragraphs. To improve on this approxi- 
mation, we should put a,, = exp(—vyt/2). With this substitution we obtain a 
dispersion equation which agrees exactly with the classical dispersion equation 
with damping. The classical theory gives the value shown in equation 13(86). 
This value is not in agreement with experiment. The quantum theory makes y 
equal to the Einstein A, so that it is calculable in terms of the functions 7,717 y*- 
The values so calculated agree with the results of measurements on line widths. 


19. Relative Orders of Magnitude of Transition Probabilities. 


The function U which appears in 19(72) is the product of two interaction 
energies. Each contains e?, so that 19(82) contains e* as a factor. The transition 
22* (G 577) 


660 INTERACTION PROCESSES 


probability derived from 19(72) is therefore of a much lower order of magnitude 
than the usual values of transition probabilities for absorption and emission 
obtained from 19(55), which depends on one interaction energy and contains ¢? 
as a factor. This is in accord with experimental observation. The absorption of 
resonance radiation by a column of mercury vapour one centimetre long at 10° 
atmosphere pressure is easily measurable. The Rayleigh scattering (i.e. scattering 
in a region remote from an absorption line) is very small even at a pressure of 
one atmosphere. In a corresponding way the value of (n — 1) for a gas at 10~° 
atmosphere is of the order 10~!° except near an absorption line. Thus for a 
medium in which the number of molecules per cubic centimetre is of order 101%, 
single-quantum transition processes are readily observable, but processes involving 
two quanta are not. 


20. Seattering by Free Electrons. 


Since the probabilities for two quantum processes are of low order, it is neces- 
sary to reconsider the approximations of the preceding theory. The term e?A*/2mc? 
which was omitted from 19(49) may need to be included, since we are now dis- 
cussing terms containing e4. This term leads to a probability for direct transition 
from state n to state 1 without intermediate states, and hence to an addition to 
the rate of scattering. Using 18(85) we have 


Aa= pa (9.974,4, SU Op a, ae ais q5°%,4,°A, + 997° AA ,*]. 19(85) 
rs 


Note that this term does not contain P. Let us call the additional term in the 
interaction energy #%, and the corresponding function U,,;’.. The case in which 
the rth oscillator loses a quantum and the sth oscillator gains a quantum corre- 
sponds to the g,q,* term in 19(85). Substituting from 18(88), we have 


A? = e,e,4nc7q,*g, exp i(*, — %,).¥. eee O(SO) 
If © is the angle of scattering and if the wavelength is great compared with the 
radius of the scattering particle, 


A* = 4rc?q,*q, cos ©. eee ee LOS) 


The contribution to the interaction energy is 


IQre2 
Hi =~ 9,44, 008 @. oe Rerun BCS) 


The function U,,;’ (corresponding to a direct transition from n to 1) is obtained by 
substituting from 18(70) for a transition in which the quantum number a, for the 
sth oscillator increases by 1, and the number a, decreases by 1. We have 

eh 


TMNY 


Uae 5 (a, + 1)? a, cos 0 fod, dt, ee LO(So) 

if vy, = v, = v. A factor of 2 enters in 19(89) for reasons discussed in Reference 19.2. 
n and J are states of the atom and are the same for the process considered. The 
value of the integral is therefore unity. We are interested in the number of transi- 


tions per second from a given state r (light going in one direction) to a set of 
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states s, which includes a range of frequencies and also a solid angle dQ. This 


rate is given by 19(57). Using 19(57) and 19(89), we obtain the number of transi- 
tions per second. Calling this number «’, we have 


Ce S 


= n(W) (a, + 1)a, cos? © dQ. eee L990) 


m 
Putting a, = 0 as before, and substituting from 19(63) for n(W), we have 


ae ae 
4 en cos? © dQ. jee 2 9(91) 


The number of quanta scattered per second divided by the number of incident 
quanta is then 


4 
cost @ dQ. ee ee ee ee (92) 
m*c4 


Integrating over all values of ©, we have f 


k= A 
3m?ct 


19(93) 


21.—According to quantum mechanics, the scattering process discussed in 
the preceding paragraph applies to all electrons—not merely to free electrons. 
It is therefore necessary to add a term inside the square bracket in equation 
19(81). In practice this term is of no importance in the scattering and dispersion 
of radiation of visible wavelengths. This type of scattering is very important 
at X-ray wavelengths and 19(93) is confirmed by the experimental data on X-ray 
scattering, in agreement with 13(97), which was derived from classical electro. 
magnetic theory. 


+ A similar integration is given on p. 106 of Reference 19.2. 


LIST OF SYMBOLS 


The paragraph numbers indicate the places where symbols are intro- 
duced or defined. Use of various symbols as auxiliary constants (e.g. « 
in § 18.16) is not included in the list. 


A,a Real amplitude or Fourier coefficient, 2.4, 2.6, 4.17. 
Amn Bmn, etc. Einstein coefficients, 17.37. 
Fourier coefficient, 2.6. 
Phase velocity in a material medium, 2.9, 2.11, 4.30. 
Velocity of light in vacuum, ch. X. 
Relative energy, 2.18, 5.2. 
(i) Charge of the electron. 
(ui) Thickness of a film, 5.13. 
j-value, 15.22. 
Ray velocity, 16.9. 
Energy (Hamiltonian function), 2.7, 18.25. 
Planck’s constant, 17.1. 
Boltzmann’s constant, 17.30. 
Number of dipoles per unit volume, 15.21. 
Number of molecules per unit volume, 15.22. 
(i) Order of spectrum, 6.31. 
(ii) Mass; relativistic mass, 11.32. 
Rest mass, 11.32. 
Index of refraction to vacuum, 3.11. 
Complex index, 15.5. 
(i) Complex amplitude, 2.26. 
(ii) Relativistic momentum, 11.34. 
(i) Momentum. 
(ii) Order of interference, 4.9. 
Co-ordinate, 2.3, 18.4. 
(i) Period, 2.4. 
(ii) Absolute temperature, 17.27. 
Group velocity, 4.29. 
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Un  lnteraction energy, 19.3. 
V_ Potential energy, 2.4. 
v Velocity of a material body, 2.22. 
W Total energy (especially of e.m. field), 13.13. 
U,W Special functions, 6.27-8. 
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GREEK LETTERS 


(i) Relativity constant = (1 — v?/c?)!/?, 11.12. 
(ii) Angle between E and D in crystal, 16.7. 
(iii) Constant of Gaussian curve, 4.21. 
(iv) 2a = Absorption coefficient, 15.5. 
Damping constant, 4.25, 15.20. 
Phase difference, 2.4. 
Dielectric constant, 13.7, 16.2. 
Principal angle of incidence, 15.10. 
(1) Angle of reflection in a thin film, 5.13. 
Angle of incidence in medium (1), 3.13, 14.5. 
6,’ Angle of reflection in medium (1), 3.13, 14.5. 
6, Angle of refraction in medium (2), 3.13, 14.5. 
«x Wavelength constant, 2.11. 
x Extinction coefficient, 15.5. 
x, Wave vector, 18.25. 
A Wavelength in the medium,* 2.11. 
uw Refractive index to air, 3.11. 
v Frequency, 2.11. 
€ Disturbance or fluctuation, 2.9. 
p (i) Reflection coefficient, 5.26. 
p (ii) Energy density in e.m. field, 17.19. 
e (i) Current density, 13.5. 
e (u) Unit vector in ray direction, 16.5. 
Co 
oO 
- 
¢ 
$ 
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(i) Electrical conductivity, 13.5. 
(u) Stefan’s constant, 17.27. 
Life of an excited state, 17.38. 
(i) Phase, 2.4, 4.30. 
(u) Scalar potential, Appendix XTITa. 
(iii) Wave functions for e.m. field, 18.27, Appendix XIX a, 9. 
x Scalar potential, Appendix XIITa. 
% (i) Azimuth, 12.10, 15.11. 
Y (i) Principal azimuth, 15.11. 
y (ii) Wave function without time, 18.11. 
My 
WwW 
Q 


(u) Wave function with time, 18.18. 
Circular (or angular) frequency, 2.4. 
Angular momentum, 17.24. 


* In Chap. VIII, is used for wavelength in air and ’ for wavelength in medium 
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VECTORS 


Small letters stand for unit vectors (see §§ 13.3, 16.5), except for vy, 
j. and @ (ii) in Chap. XIII. 


Vector potential, Appendix XIITa. 
Electric displacement, 13.6. 
Electric field, 13.4. 

Mechanical force, 13.4. 

Poynting vector, 13.14. 

Magnetic field, 13.5. 

Current, 13.5. 

Unit vectors, 13.3. 

Wave vector, 18.25. 

Dipole moment, Appendix XIIIs. 
(i) Electrical polarization, 13.6. 
(ii) Momentum, 17.21, 18.29. 
Hertzian vector, Appendix XIITa. 
(i) Ray direction, 16.5. 

(ii) Current density, 13.5. 

Wave normal, 16.5. 

Group velocity, 4.29. 

Velocity, 13.14, 13.16. 
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TABLE OF CONSTANTS 


e velocity of light im vacuo = 


(optical measurements to 1945) 299,773 km. sec.-} 
(radio measurements and Bergstrand’s method) 299,792-5 km. sec.—! 


h_ Planck’s constant = 6-62 x 10-?" erg. sec. 
e electronic charge = 4-802 x 10-1 e.s.u. 
m electronic mass = 9-106 x 10-8 g. 
e/m electronic charge-mass ratio = 5-274 x 10" e.s.u.g.-} 
m, mass of H atom = 1-673 x 10-*4¢. 
R, Rydberg constant (for hydrogen) = 109,677-58 cm.-} 
Avogadro’s number = 6-023 x 107% mole-} 
c, second radiation constant (see § 17.32) = 1-438 cm. deg. 
k Boltzmann’s constant = 1-380 x 10-16 erg deg. 
o Stefan’s constant = 5-672 x 10-5 erg. cm.—* deg.—* sec.-! 


Wavelength of the Cd red line in dry air at 760 mm. pressure and 
15° C. = 6438-4696 A. 


Energy of 1 electron-volt = 1-602 x 10-! ergs. 


The energy associated with a photon of wavelength 12,394 A. is 
1 electron-volt. Hence we obtain the following mnemonic for deriving 
the quantum energy associated with a given wavelength (correct to 
1 per cent): 

Divide the number 12,345 by the wavelength (in A.) to find the 
energy (in electron-volts). 
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INDEX 


References are to paragraphs.—References in heavy type either 
give the definition of a quantity or are more important than other 
references under the same heading. 


Abbe, theory of the microscope, 8.21-6. 

Aberration, astronomical, 11.14; 11.19. 

— of lenses, 3.19; 8.12. 

Absorbing media, Chap. XV. 

Absorption and dispersion, 
Appendix XTXa. 

—and emission processes, Chap. XIX; 
Appendix XTXa. 

—and f-value, 15.27-29; 17.41. 

— and life of an excited atom, 17.41. 

—and scattering, 15.4; 15.42; Appen- 
dix XTX. 

—and transition probabilities, 
Appendix XIXa. 

— at limit of a spectral series, 17.12. 

— coefficient, 15.5. 

— electromagnetic theory of, 15.5 ff. 

— in gases, 15.24-5. 

— in liquids and solids, 15.31. 

— in metals, 15.33-41. 

— lines, 15.27. 

— of resonance radiation, 19.13. 

— photo-electric, 17.12-3. 

— quantum theory of, Appendix XTX. 

— spectra, 4.5. 

Achromatic fringes, 5.3440. 

— lines, 16.37; 16.39. 

Activity, optical, 12.35-40; 16.43; 16.49. 

—— induced by magnetic field, 16.50. 

Aelotropic, 3.127. 

Aether, 11.2. 

Airy, G. B., on aberration of light, 
11.19. 

— on achromatic fringes, 5.39. 

—on diffraction at a circular aperture, 
6.16; 8.1. 

— on Talbot’s bands, 8.38. 

Allogyric birefringence, 12.36. 

Amplitude, real, 2.4; complex, 
3.6. 

Analyser, 12.2. 


15.2441; 


18.22; 


2.26; 
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Anderson, 10.11; 10,13. 

Angstrém unit, 1.15. 

Angular momentum, 
19.23. 

— relations between D, E, H, etc., 16.7-8. 

Anisotropic media, Chap XVI. 

— plate, 12.22-26. 

Anisotropy, 3.12; electrical 16.2—4. 

— natural optical, 16.5-42; 16.44; 16.58; 
relation to crystal structure, 16.45-8; 
dispersion of, 12.38; 16.46. 

—optical, induced by electric field, 
16,51-4; by magnetic field, 16.55; by 
mechanical strain, 16.56-7; by move- 
ment of liquid, 16.58. 

— relation to molecular structure, 16.4.7; 
16.60. 

Anomalous dispersion, 3.18; 15.27; 15.29; 
17.41. 

Antinode, 3.21. 

Anti-reflecting films, 5.22. 

Aperture, see diffraction. 

— numerical, 8.24. 

Arago, 12.15. 

Atomic energy states, see states. 

— oscillators, 4.6; 18.16; 18.21-4; 19.1; 
19.7. 

Axes of single ray velocity, 16.15. 

— optic (single wave - velocity), 16.6; 
16.17. 


17.24-6; 19.4; 


— — relation to crystal structure, 
16.45-6. 
Babinet, theorem, 6.21; compensator, 


12.33. 
Balance, principle of detailed, 17.35. 
Balmer series, 17.4. 
Band spectrum, 4.3. 
Banded (or channelled) spectrum, 5.30; 
12.39; 12.41-2. 
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Bands, Talbot's, 8.36. 

Barrel, 9.44-9. 

Bartolinus, 1.13. 

Beats, 12.48—50. 

Bending of light rays in gravitational 
field, 11.23. 

Benoit, 5.33; 9.382; 9.3845. 

Bergstrand, measurement of ¢, 10.16. 

Beth, 17.24 (and Ref. 17.7). 

Biaxial crystals, 16.22-30; 16.38-9. 

Billet split lens, 5.9. 

Biprism, Fresnel’s, 5.9; 5.38; 9.2. 

Biquartz, 12.44. 


Birefringence, 1.13; 12.8-9; 12.20-1; 
16.20-30. 
Black-body radiation, see temperature 
radiation. 


* Blaze ” grating, 6.37. 

“ Blooming ”’, 5.22. 

Bohr, N., 17.6; 17.43; 18-1; 
19.33; Appendix XIXA, 1, 6, 8. 

Boltzmann (Maxwell-Boltzmann §statis- 
tics), 17.34; 18.38. 

— theory of temperature radiation, 17.28. 

Boltzmann’s constant, 17.30; 17.33. 

— law, 17.30; 17.35. 

Born, M., 3.2; calculation of bire- 
fringence, 16.48. 

Bothe and Geiger, 17.23. 

Boundary conditions, 6.5; 14.1; 18.13. 

Brackett, 6.36; Brackett series, 17.4. 

Bradley, 11.19. 

Bragg, W. L., theory of birefringence, 
16.48. 

Breadth of spectral lines, see width. 

Brewster, D., fringes of superposition, 
5.82; 9.41; 9.45. 

—law of the polarizing angle, 12.4; 
14.8; 14.17. 

— photo-elastic effect, 16.56. 

Brightness, 2.21. . 

Brushes, 16.31; 16.37. 

Buisson, 5.32. 


19.8; 


Cabannes, 15.46. 

Calcite, 12.7. 

Carvallo’s paradox, 4.34. 

Cauchy, dispersion formula, 3.18. 

Channelled spectra, 5.30; 12.39; 12.41-2. 

Childs, 9.34; 9.37. 

Circularly polarized light, 12.1; 
14.15; 16.41-2; 17,24; 19.246. 

Coblentz, 17.27. 


12.18; 


INDEX 


Coefficient, see absorption, Einstein, ex- 
tinction, reflection. 

Coherence, 5.3. 

— in relation to Rayleigh scattering, 15.44. 

— — — — resonance radiation, 19.13. 

Collisions, effect on width of spectral 
lines, 4.25. 

— excitation and ionization by, 17.11. 

— of second type, 17.15. 

Colour related to wavelength, 1.13. 

Colours, complementary hue, 12.897; 
12.42. 

— of thin films in white light, 5.12; 5.22; 
5.24. 

— of thin plates in polarized light, 12.38; 
12.41; 16.3143. 

Compensator, Babinet, 12.33. 

— Jamin, 9.25. 

— Michelson, 4.8. 

Complementary hues, 12.897; 12.42. 

— screens, 6.21. 

Complex amplitude, 2.26; 3.6. 

Compton effect, 17.23; 18.4; Appendix 
XVIla; XTXa, 14. 

Concave grating, Appendix VIs. 

Conical refraction, 16.24-30. 

Conservation of energy in absorption and 
emission of light, 1.9; 2.18; 17.6; 
18.7; Appendix XTXa, 6, 11. 

Contact, optical, 6.40. 

Continuity, equation of, 13.14. 

Continuous spectrum, 4.2; 17.13. 

Contour fringes, theory, 5.18; 
tions, 9.6-20. 

Cornu spiral, 7.17. 

— measurement of the velocity of light, 
10.6. 

Cornu-Jellet prism, 12.46. 

Corona, or halo, formed by diffraction, 
6.22-3. 

Corpuscular theory, 1.10; 3.31-4. 

Corrugations, 8.26. 

Cotton-Mouton effect, 16.55. 

Counter, photon, 17.18. 

Critical angle, 14.15. 

— potentials, 17.11. 

Crystals, biaxial, 16.22-30; 
16.45-8. 

— colours of thin crystal plates, 12.38; 
12.41; 16.31-43. 


applica- 


16.38—40; 


— double refraction of, 1.13; 12.8-9; 
12.20-1; 16.20-30. 
— optical activity of, 12.35-40; 16.43; 


16.49. 


INDEX 


Crystals, structure related to optical 
anisotropy, 16.45. 
— uniaxial, 12.20-1; 16.19; 16.36—7. 


Damped harmonic wave, 
Appendix IVs, 13. 

Damping, natural, 4.25. 

Davisson and Germer, 18.2. 

De Broglie, L., 18.1; 18.18. 

Density, optical, 3.11. 

Detailed balance, principle of, 17.35-7. 

Dielectric, propagation of e.m. waves in, 
18.8-10; 15.18-32. 

— constant, 13.6; in relation to refractive 
index, 13.9; e-quadric, 16.4. 

Diffraction, 1.12; 6.1; Chaps. VI and 
VII; Kirchhoff’s formula, Appendix 
VIa; St. Venant’s hypothesis, 6.13. 

— Fraunhofer, Chap. VI. 

——pby a circular aperture, 6.16; cir- 
cular obstacle, 6.22. 

—-— by a number of similar apertures, 
6.18. 

— — by a rectangular aperture, 6.15. 

— — by aslit aperture, 6.3. 

— — by grating, 6.27. 

— — in optical instruments, Chap. VIII. 

—-—Hin relation to Babinet’s theorem, 
6.21. 

—-— in relation to rectilinear propaga- 
tion, 6.26. 

——Zin relation to the 
Principle, 18.5. 

— — in relation to wave-groups, 6.10. 

— — with a reflecting screen, 6.24. 

— — with a slit source, 6.17. 

Diffraction, Fresnel, Chap. VII. 

—— by circular aperture, 7.7; circular 
obstacle, 7.8. 

—-— in relation to rectilinear propaga- 
tion, 7.22-30. 

— — slit aperture, 6.3; 7.18 ff. 

— — straight-edge, 7.21. 

Diffraction grating, 6.33—7. 

—— concave, Appendix VIB. 

— — echellette, 6.36; echelon, 6.39. 

—w—plane, 6.33; reflecting echelon, 
6.40. 

— of electrons, 18.2. 

Dipoles, induced by electric field, 13.6. 

~-in quantum mechanics, 18.21; 19.3; 
19.6-12; 19.23. 

— radiation from, Appendix XIITs. 

— see also oscillators. 


Uncertainty 
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Dirac, 19.1; 19.3; 
Appendix X1TXa. 

Dispersion, 3.17. 

— anomalous, 3.18; 15.27. 

— electro-magnetic theory of, 15.18-47. 

— in dielectrics, 15.18. 

— in electrically excited gases, 19.11. 

— in metals, 15.33. 

—of birefringence, 12.88; 12.43; 16.1; 
16.46. 

— of optical rotation, 12.38-9. 

— quantum theory of, 19.11; Appendix 
XxIXa. 

— relation to scattering, 15.42-7. 

Displacement current, 13.7. 

—interference methods of observing 
small displacements, 9.20. 

— of spectrum lines, see Doppler effect. 

— — — due to gravitational field, 11.24. 

Distance, optical, 3.30. 

Ditchburn, 8.14. 


19.9; 19.16; 19.33; 


Doppler-Fizeau effect, radial, 2.22-5; 
10:33 11.14; 11.63 Visi; 17.23% 
17.29; 17.42; effect on width of 


spectral lines, 4.25; 15.29. 

— — transverse, 11.14; 11.16. 

Dorsey, 10.9; 10.12-14. 

Double refraction, 1.13; 12.8-9; 12.20-1; 
16.20-30. 

Drude, 3.24; 15.12. 


Eagle mounting, Appendix VIz, 6. 
Echelette, 6.36. 

Echelon, 6.89-40; 9.50-4. 
Eddington, 11.17. 

Edser-Butler method, 5.31. 
EHichenwald, 14.19. 


Hinstein, coefficients, 17.87-8; 18.24; 
19.1-3; Appendix XTX. 

— photochemical law, 17.16. 

—photon theory, 1.16; 17.17; 18.29; 


18.40; 19.33. 
— relativity theory, 1.17; 11.8 ff. 
Elastic-solid theory, 1.14; 14.7. 
Electric field vector, 13.4. 
Electrical units, ratio of, 10.14. 
Electromagnetic field, quantum theory 
of, 18.25. 
— representation by potentials, Ap- 
pendix XIIIa; 18.25-6. 
Electromagnetic theory of light, 1.14; 
Chaps. XITI-XV. 
— spectrum, 1.15. 
— waves, 13.10. 
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Electrons, diffraction of, 8.31; 18.2. 

Electro-optical effect, 16.514. 

Elliptically polarized light, 12.18—9. 

Emission of light, Einstein coefficients of, 
17.37. 

—-—- quantum theory of, Appendix 
XIXa. 

—- spectra, 4.1. 

-- theory of light, 1.6. 

Empty magnification, 8.8. 

Energy, conservation of, 1.9; 2.18; 
17.6; 18.7; Appendix XTX, 6, 11. 

—— density (¢), 17.27. 

— flux or rate of flow, 2.19; 2.21; 13.14. 

— of a photon, 1.16; 11.84; 17.1; 17.17. 

— of interaction (radiation and matter), 
19.1-8; 19.8; 19.22. 

—of the electromagnetic field, 13.13; 
18.25-6. 

— relative, 2.18; 2.21. 

— relation to mass, 11.32. 

—-— to Uncertainty Principle, 18.7. 

Epoch angle (¢), 2.4. 

e-quadric, or index ellipsoid, 16.4. 

Eriometer, 6.23. 

Essen, 10.15. 

Etalon, Fabry and Pérot, 5.28; 
9.31-6; 9.50-5. 

Ewald, 16.48. 

Exact fractions, 9.32-6. 

Excited states of atoms, 17.8; 17.38—40. 

Extinction coefficient, 15.5. 

Eye, limit of resolution, 8.7. 


9,2; 


Fabry and Pérot, 5.32; 5.33; etalon, 
5.28; 9.2; 9.31-6; 9.50-5; two 
etalons in series, 9.52; interferometer, 
5.28; 9.50; relation of wavelength to 
metre, 9.3845. 

Faraday, 13.1; effect, 16.50. 

Fast and slow directions for crystal 
slice, 12.23. 

Fermat’s principle, 7.28 ff.; 8.1; 
18.9. 

Fermi, 19.18. 

Figuring, 9.7. 

Film, interference in thin, 4.8n; 5.12 ff. 

— non-reflecting (oranti-reflecting), 5.22- 
3; 5.25. 

— reflecting film of nigh efficiency, 5.24. 

FitzGerald-Lorentz contraction, 11.7. 

Fizeau, 2.22-5; testing of surfaces, 
9.11-8; 9.15; measure of thermal 


16.5; 
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expansion, 9.20; velocity of light, 
10.1; 10.3; 10.6; (in moving medium, 
11.20). 

Fizeau-Doppler effect, see Doppler. 

Flat, optical, 9.12-14. 

Fluorescence, 17.14-5. 

Flux, 2.21. 

Focus, change of phase at, 7.26. 

Forbes, 10.6. 

Forbidden lines, 19.5-6. 

— transitions, 18.24; 19.4-5. 

Foucault, 11.25; velocity of light, 10.3; 
10.7-8; 10.18; polarizing prism, 12.12. 

Fourier, 4.15-23; 4.34; 8.26-9; 8.33; 
8.38; integrals, Appendix IVs, 4.19; 
series, 4.17-23; Appendix IVB, 8.27. 

Fox Talbot’s bands, 8.36-9. 

Fractions, exact, 9.32-6. 

Fraunhofer diffraction, Chap. 
diffraction); 6.3; 8.1; 8.21. 

— lines, 4.5; 11.29. 

Frequency, 2.4; circular, 2.4; angular, 
2.4. 

Fresnel, 3.9. 

— biprism, 5.9; 5.38; 9.3. 

— convection coefficient, 11.20. 

— diffraction, Chap. VII (see diffraction), 
3.9; 6.3-7. 

— equation, 16.6. 

— integrals, 7.15. 

— interference of polarized light, 12.15. 

— mirrors, 5.9; 9.2. 

— reflection formule, 14.7. 

—rhomb, 14.15. 

— zones, 7.2 ff.; 16.5; zone plate, 7.11. 

Fringes, interference, see interference 
fringes and diffraction. 

f-sum rule, 18.22. 

f-value, 15.22; 15.27-9; 17.40-3; 18.22; 
19.12; 19.33. 


NZ! (see 


Gaussian wave group, 4.21; 
IVs, 14. 

Gehrcke (and Lummer) plate, 5.29; 9.52; 
9.54, 

Geiger and Bothe, 17.23. 

Gerlach and Stern experiment, 17.26; 
19.16. 

Gibbs, 17.30. 

Glan-Thompson prism, 12.12. 

Glazebrook, 12.21. 

Gouy’s experiment, 7.26; 9.4. 

Grating, diffraction, see diffraction grating. 
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INDEX 


Gravitational field, displacement of spec- 
tral lines, 11.24. 

— — refraction of rays, 11.23. 

Grimaldi, 1.12; 5.7. 

Group velocity, 4.29-31; 10.13. 

—wave, 49; 4.32; 5.39; 
8.37-9. 

— — dispersion of, Appendix IVs, 15. 

—-—relation to Uncertainty Principle, 
18.30. 


8.32-4; 


Hagen (and Rubens), 15.12. 

Haidinger fringes, 5.17; conical refrac- 
tion, 16.27. 

Half-period zones, '7.2-4; 7.7-14; 7.27. 

Half-wave plate, 12.25. 

Half-width of spectrum line, 4.18; 4.25; 
17.42; half-value width, 4.13n. 

Halos formed by diffraction, 6.22-3. 

Hamilton equations, 2.7; 11.32; 17.30; 
18.25; 19.33. 

— principle of least action, 18.10. 

— theory of conical refraction, 16.24. 

Hansen, 8.18. 

Harmonic motion, Chap. II. 

— oscillator, see oscillator. 

Hartmann, 3.18. 

Havelock’s law, 16.51. 

Heisenberg’s Uncertainty Principle, 
18.4-8; 19.33. 

Hertz, 13.1; 19.3; 19.7. 

High-efficiency reflecting films, 5.24. 

Hilger and Watts, 9.22; 9.25; (see also 
Preface). 

History of theory of light, Chap. I (for 
summary see fig. 1.6), 19.33-4. 

Hoek, 11.19. 

Hooke, 5.19. 

Houston, R. A., measurement of c, 10.16. 

Houston, W. V., use of etalons in series, 
9.52. 

Hubble’s law of the red-shift, 11.29. 

Hue, 12.89”; 12.42. 

Hiittel, 10.11. 

Huygens, early ideas on wave theory, 1.13. 

— elimination of reverse wave, 7.6. 

—wave surface for crystals, 12.20-1; 
16.19-30. 

Huygens’ construction, 3.8; 7.1; principle, 
3.8; 19.23. 

— — applied to lens, 3.16; mirror, 3.14. 

— — applied to reflection and refraction, 
3.11; 3.13. 

Hyperfine structure, 9.50. 
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Iceland spar (calcite), 12.7. 
Ilingworth, 11.6. 
Illumination of surface, 2.21. 
Image formation by lens, 7.25; 8.1; 


8.21. 

Imaizumi, 9.44—5. 

Inclination factor, 3.9; 7.2; 7.5. 

Incoherent radiation, see coherence. 

Indeterminism, 18.8; 18.29-31. 

Index of refraction, see refractive index. 

Induction, electric, 13.6. 

Infra-red radiation, fig. 1.5; 4.4; 15.16~ 
7; 15.31. 

Insulating medium, waves in, 18.8-10; 
15.18-32. 

Intensity of source, 2.21. 

— of spectral lines, see f-value. 

Interaction, energy, 19.1-3; 19.8; 19.22; 
Appendix XITXa, 5, 10-12. 

— of independent sources of light, 5.2. 

— of polarized light, 12.15. 

— of radiation and matter, Chaps. XVII, 
XVIII. 

— process in quantum mechanics, Chap. 
XIX. 

Interference, 1.12; theory, 
applications, Chap. IX. 

— conditions for, 5.6; 12.15. 

— in a rotating system, 11.25. 

— of finite wave-trains, 4.33. 

— of polarized light, 12.15. 


Chap. V; 


— order of, 4.9. 
Interference fringes, 5.5; applications, 
Chap. IX. 


— — achromatic, 5.3440. 

— — Brewster, 5.32. 

— — conditions for observation of, 5.6. 

—— contour, 5.18; 9.6—20. 

—— Fabry and Pérot, 5.26; 5.28; 8.18. 

— — filters, 5.40. 

— —for thin films, 4.8n; 5.12 ff. 

— — for two sources side by side, 5.7. 

— — Haidinger, 5.17. 

— — localization of, 5.20. 

——multiple-beam (Fabry-Pérot), see 
above. 

— — —(Tolansky), 9.15. 

— — Newton’s rings, 1.12; 5.19; 5.40; 
9.20. \ 


| — — of constant inclination, 5.17. 


—— oof constant optical thickness, 
5,18. 
— — of constant path-difference, 5.16. 


— — of superposition, 5.82; 9.41; 9.45. 
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Interferometer, auxiliary apparatus for 
use with interferometers, 9.53. 

— classification of interferometers, 9.2—4. 

— Fabry-Pérot, 5.28% 9.31; 9.50. 

— Fizeau, 9.11; 9.20. 

— Lummer-Gehrcke, 
9.54. 

— Michelson, 4.8; Appendix IVa; 5.18; 
9.2; 9.3; 9.9; 9.19; 9.31; 9.38; 9.50. 

— overlapping of orders, 9.50—2. 

— resolving power of, 8.18; 9.50-2. 

— Twyman-Green, 9.6—10. 

Intermediate states, 19.9; 
XIXa, 15. 

Inverse photo-electric effect, 17.18. 

— square law, 2.20. 

Tonization potential 
limit, 17.11-3. 

Isochromatic lines, 16.35; surfaces, 16.34. 

Iso-clinic lines, 16.57. 

Isotropic, 3.12. 

Ives’ stationary light waves, 3.22. 

— transverse Doppler effect, 11.16. 


5.29; 9.3; 9.52; 
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related to series 


Jamin compensator, 9.25; refractometer 
(or interferometer), 9.29; 15.30. 

Jeans, 17.30; 18.25. 

Jellett prism, 12.46. 

Johnstone Stoney 
microscope, 8.25. 

Joos, 11.6. 

Joule, 13.14; 15.35. 


on theory of the 


Karolus, 10.11. 

Kennedy, 11.6. 

Kerr cell (or shutter), 16.53; applied to 
measure velocity of light, 10.11; 10.12; 
applied to measure life of excited state, 
17.39. 

— electro-optical effect and Kerr’s law, 
16.51. 

Kirchhoff formula, 6.1; Appendix VI; 
Ted Mets 

— law of reflection and emissivity, 15.16. 

Kramers’ dispersion formula, 19.11. 


Ladenburg, 19.11. 

Lambert’s law of absorption, 15.5. 

Landsberg, 19.21. 

Langevin, 11.28. 

Larmor, 17.22. 

Least action, Hamilton’s principle of, 
18.10. 
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Least time, Fermat’s principle of, 7.23 ff.; 
8.1; 16.5; 18.9. 

Length, interference test of end stan- 
dards, 9.16-8; 9.44-6. 

— optical and mechanical standards of, 
9.38; 9.38-49. 

Lens, action of an ideal, 7.25; 8.1; 8.21. 

— Huygens’ construction applied to a, 
3.16. 

— resolving power of, 8.5. 

Life of an excited state, 17.38—40. 

Limit of resolution, see resolving power. 

Line spectra, 4.6—7. 

Liquid crystals, 16.58. 

Lloyd’s experiment on conical refraction, 
16.24-7. 

— mirror, 5.9; 5.34; 5.38. 

Localization of fringes, 5.20. 

Lorentz, H. A., 10.12; 19.14. 

— correction to dispersion theory, 15.20. 

— relativistic contraction, 11.7. 

Lorenz, L., correction to dispersion 
theory, 15.20. 

Luminance, 2.21. 

Lummer, 5.17. 

Lummer-Gehrcke plate, 5.29; 9.3; 9.52; 
9.54. 

Lyman series, 17.4. 


Magnetic moment of atom, 19.16. 

Magneto-optics, 16.50; 16.55. 

Magnification, useful and empty, 8.8; 
optimum, 8.31. 

Malus’ experiment, 1.13; 12.2. 

— law, 12.10. 

Mandelstamm, 19.21. 

Mascart, 5.17. 

Mass and energy, 11.32. 

Mass of a photon, 11.84; 17.17; 18.41; 
19.33. 

Matrix elements, 18.20-4; 19.3. 

Maupertuis, 18.10. 

Maxima, principle and secondary, 6.29. 

Maxwell, electromagnetic theory, 1.14; 
Chaps. XIIJ-XVI; 18.27. 

— equations, 13.2; 18.7. 

— theory of the velocity of light, 1.14; 
10.1; 13.9. 

Maxwell-Boltzmann statistics, 
18.38. 

Metals, optical properties of, 15.1-17; 
15.33-41. 

— propagation of a refracted wave in a 
metal, Appendix XVa. 


17.34; 


INDEX 


Metre, relation between wavelength and 
metre, 9.38-49, 

Michelson, echelon and echellette grat- 
ings, 6.36; 6.89-40; 9.50-4. 

— experiment on the earth’s rotation, 
125371127, 

— interferometer, 4.8; 5.18; 9.2; 9.3; 
9.9; 9.19; 9.31; 9.50; 19.30. 

— — adjustment of, Appendix IVa. 

—relation between metre and wave- 
length, 9.38; 9.43-4. 

— velocity of light, 10.1; 10.8; 10.10; 
10.18. 

— visibility of fringes, 4.10-4; 4.23-5. 

Michelson-Morley experiment, 11.4; 11.17. 

Michelson-Williams reflecting echelon, 
6.40; 9.50-4. 

Microscope, electron, 8.31. 

Microscope, optical, formation of image 
by, 8.21. 

— objective, testing of, 9.10; 
formed in focal plane, 8.21. 
— optimum magnification, 8.31. 

— phase contrast, 8.29. 

— resolving power, 8,19-22. 

Millikan, 17.2. 

Mirror, Huygens’ construction for a 
spherical mirror, 3.14—-5. 

— Lloyd’s, 5.9; 5.34; 5.38. 

Mirrors, Fresnel’s, 5.9; 9.2. 

Mittaelstaedt, 10.11. 

Modulation of light wave, 10.2. 

Momentum of atom, 19.16. 

— of light, angular, 17.24-6; 19.234. 

— — linear, 11.34; 13.15; 17.12; 17.17; 
18.29. 

Monchromator, 4.7. 

Moseley, 17.5. 

Multiple-beam interference, 5.26; 9.15 ff. 

Multipole radiation, 19.7; 19.23; Appen- 
dix XIIIs, 12. 

Murphy, 14.17. 


spectra 


Nebular red-shift, 11.29. 

Newcomb, 10.8. 

Newton, discovery of spectrum colours, 
3.17. 

— opposition to wave theory, 1.11. 

Newtonian system of dynamics, 11.9; 
11.13. 

Newton’s rings, 1.12; 5.19; 9.20. 

Nicol prism, 12.12. 

Nodes, 3.20; 14.12. 
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Non-coherent illumination, 5.3; 8.19-20, 
Non-reflecting films, 5.22-3; 5.25. 
Nordmeyer, 11.7. 

Numerical aperture, 8.24. 


Objective of telescope, 8.5. 

Obliquity function (or inclination factor), 
BROS 1S Wiss 

Optic axes of crystal, 16.6; 16.17; 16.45 
6. 

Optical activity, natural, 12.85-40; 16.43; 
16.49; magnetic, 16.50. 

— components, testing of, 9.5. 

—constants of absorbing media, 15.5; 
of anisotropic media, 16.44. 

— contact, 6.40. 

— density of a medium, 3.11. 

— flat, 9.124. 

— path and path difference, 3.30. 

— standards of length, 9.38—48. 

Optimum magnification, 8.31. 

Order of interference, 4.9; of spectrum, 
6.31. 

— — overlapping of orders, 6.82; 9.50-5. 

Oscillator (simple harmonic), elementary 
theory, Chap. II; 4.6. 

— — — quantum theory, 18.16; 18.21-4; 
Isis iOs7e 

— — — in dispersion theory, 15.20 ff. 

— — — in theory of radiation, Appendix 
XIiIs; 18.25-9; 19.1-3; Appendix 
XIXa. 

Oscillators, atomic, 4.6. 

— electric, dipole or Hertzian, Appendix 
XIITs (see also above). 

—magnetic dipole, multipole, quadri- 
pole, etc., 19.7. 

Otting, 11.16. 


Paschen series, 17.4. 

Paschen-Bach effect, 19.14. 

Passage, tint of, 12.43. 

Path, optical, 3.30. 

Pauli, 18.35. 

Pearson, 10.10. 

Pease, 10.10. 

Period, 2.4. 

Pérot, see Fabry. 

Perturbation theory, 
XIXa, 2. 

Phase, change on reflection, 3.28. 

— contrast microscope, 8.29. 

— or phase angle, 2.4; 2.12. 


19.3; Appendix 


676 


Phase, reversal, 3.28. 

— velocity, 2.9; 2.16; 10.13. 

Photo-elasticity, 16.56. 

Photo-electric effect, 17.2-3; 17.13. 

— — inverse, 17.18. 

Photometric summation, 5.1. 

Photometry, 2.21. 

Photon, angular momentum of, 17.25; 
19.23-4. 

— concept due to Einstein, 1.16; 17.17. 

— counter, 17.18. 

— energy of, 11.34; 17.17; 18.27. 

— linear momentum of, 11.84; 17.17; 
Appendix XVII4; 18.1; 18.29; 18.40; 
19.23; 19.31. 

— mass of, 11.84; 17.17; 18.41; 19.33. 

— statistics of indistinguishable photons, 
17.34; 18.33-8. 

— theory of light pressure, 17.21. 

—— of photochemical action, 17.16. 

— — of photo-electricity, 17.3. 

Photons distinguished from corpuscles, 
17.17; 18.30; 18.40-2; 19.33. 

— related to Uncertainty Principle, 18.30. 

Physiological optics, 1.6-8. 

Planck’s constant, 1.16; 17.33. 

— law of temperature radiation, 17.32-7; 
18.28; 18.38-9. 

— quantum theory, 1.16; 
18.40; 19.33. 

Plane-polarized light, see polarized light. 

Plate, transmission of polarized light in a 
thin, 12.88; 12.41; 16.31-43. 

Poggendorf, 16,27. 

Polar molecules, 13.6. 

Polarization of a dielectric, 13.6. 

—of light, 12.1; by doubly refracting 
materials, 1.13; 12.6. 

— — by Nicol prism, etc. (see Nicol, etc.); 
IPRS ip ie4: 

— — by absorption, 12.13; by reflection, 
1.13; 12.2; 14.8-10; by transmission, 
12.5. 

— — degree of, 12.9. 

—-—rotation of plane of, 14.10; 
also optical activity). 

— of resonance radiation, 19.18—-9. 

Polarized light, analysis of, 12.27-8. 

— — circular, 12.1; 12.18; 14.15. 

— — coherence relations, 12.15. 

— — elliptical, 12.1; 12.18. 

— — interference of, 12.15. 

--— plane, 12.1; (definition of plane of 
polarization, 12.3). 
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(see 
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Polarized light plane (relation of plane 
to electric vector), 14.8-14. 

—— propagation in birefringent media, 
1.15; 12.22-6; Chap. XVI. 

—-—propagation in optically active 
media, 16.43. 

—— ways of producing, see polarization. 

Polarizer, 12.2. 

Polarizing devices, uses of, 12.14. 

Polaroid film, 12.13. 

Porter, 8.23. 

Potentials, scalar and vector, Appendix 
Xia. 

Poynting, 17.20. 

Poynting’s theorem, 13.14. 

— vector, 18.14; 14.16; 16.5. 

Pressure, broadening of spectral lines, 
4.25; 15.29. 

— of light, 17.19-22. 

Principal angle of incidence, 15.10. 

— axes of crystal symmetry, 12.7. 

— azimuth, 15.11. 

— dielectric constants, 16.4. 

— maxima for diffraction, 6.28. 

— phase velocities, 16.4; 16.6. 

— planes in crystal, 12.7. 

— refractive indices, 16.4. 

— stresses (photo-elasticity), 16.57. 

Prism, Fresnel’s biprism, 5.9; Foucault, 
12.12; Glan-Thompson, 12.12; Nicol, 
12.12; Rochon, 12.11; Wollaston, 12.11. 

— resolving power of, 8.9. 

Privileged directions of thin crystal slice, 
12.22. 

Profile, 2.9; 4.15; Appendix IVs. 

Propagation constant, 2.11. 

— equation of, 2.9. 

—in a dispersive medium, 4.28; Appen- 
dix IVs. A 

— in an absorbing medium (metals, etc.), 
Chap. XV. 

— in an anisotropic medium, Chap. XVI. 

— in an isotropic medium, Chap. IT. 

—of waves in one dimension, 2.9; in 
three dimensions, 2.13. 

Pulsance, 2.4m. 

Pulse, 4.6. 

Purity of a spectrum, 8.32. 


Quadripole radiation, 19.7; 19.23. 

Quantization of the electromagnetic field, 
18.25. 

Quantum, 1.16; 17.1. 

— state, 18.32. 
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Quantum statistics, 18.33-9. 

— theory of atomic oscillators, 18.21-2. 

— — historical development, 1.16; 19.33. 

——of dispersion, 19.11; Appendix 
XTXa. 

— — of light pressure, 17.21. 

— — of polarized light, 19.23. 

— — of radiation, Chap. XVIII. 

Quarter-wave plate, 12.25. 


Quartz, absorption of, 15.3; optical 
activity of, 12.35-8;  reststrahlen, 
15.32. 


Radar waves (or radio waves), velocity 
of, 10.15. 

Radiation, absorption of, Chap. XV; 
definition of intensity of source of, 2.21; 
density of, 17.27; by dipole, Appendix 
XIIIs; by multipole, Appendix XIIIz, 
12; emission o:, 1.16; quantum 
theory of, Chaps. XVIT and XVIII; 
pressure of, 17.19-22. 

— resonance, 15.7; 15.29; 1'7.14; 19.13; 
19.1820. 

— temperature (or black-body), 17.27-34. 

Radiometer effect, 17.19. 

Raman, 15.46. 

— effect, 15.48; 19.8-11; 
Appendix XTXa, 14. 

Rasetti, 19.18. 

Ray, definition of, 1.11; in an anisotropic 
medium, 16.5; 16.10; relation to 
wave theory, 7.27. 

— surface, 16.14. 

— velocity, 16.9. 

Rayleigh, 3rd Baron (J. W. Strutt), 4.12; 
HG ile Wis Wei Uke TS. 

Rayleigh criterion, 8.2; 8.20. 

— on aberration of lenses, 8.12. 

— on achromatic fringes, 5.39. 

— on action of a prism, 8.34. 

— on corrugated waves, 8.26. 

— on diffraction gratings, 6.34—5. 

— on group-velocity, 8.34. 

— on nature of white light, 4.84; 8.34. 

— on reflection coefficients, 14.17. 

— on resolving power, 8.2. 

— on temperature radiation, 17.380; 18.25; 
19.33. 

—on theory of the scattering of light, 
15.46. 

— refractometer, 9.3; 9.21-8; 9.29. 

—scattering, 15.46; 19.8-11; 19.13; 
19.21; Appendix XIX, 1, 14-9. 


19.21-2; 
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| Rayleigh, 4th Baron (R. J.) Strutt), on 
resonance radiation, 17.14; experi- 
ments on scattering of light, 15.46. 

Rectilinear propagation, 1.11; 6.26; 7.22. 

Red-shift in spectra of nebule, 11.29; 
19.34. 

Reference plane, 4.8. 

Reflecting power, 15.7. 

Reflection and refraction at surface of an 
absorbing medium, 15.6-17; Appendix 
XVa. 

——— of a transparent medium, 3.11; 
Chap. XIV. 

— — corpuscular theory of, 3.31-4. 

— — electromagnetic theory, Chaps. XIV, 
XV. 

— — Huygens’ wave theory of, 3.13. 

— — laws of, 3.11-2; 14.2. 

Reflection by a moving mirror, 11.18. 

— coefficient of 3.26; 14.8. 

— polarization by, 12.4; 14.8; 14.17. 

— see also films (non-reflecting and high 
efficiency) and reststrahlen. 

— total, 14.15-6. 

Refraction of rays in a gravitational 
field, 11.23. 

Refractive index, real, 3.11; complex, 
15.5; see also dispersion and refracto- 
meter. 

Refractivity, 3.18. 

— molecular, 15.26. 

Refractometer, Jamin, 9.29; 
9.3; 9.21-8; 9.29. 

Relative energy, 2.18; 2.21. 

— velocity, 11.2. 

Relativity, Chap. XI. 

— general theory, 11.21. 

— of simultaneity, 11.12. 

— special theory, 11.8. 

— velocity addition theorem, 11.12. 

Resolving power, (or limit of resolution), 
definition, 8.2; 8.14. 

—-— Fabry and Pérot etalon, 8.18. 

— — of eye, 8.7. 

— — of grating, 8.10. 

— — of interferometers, 9.50-—5. 

— — of microscope, 8.19. 

— — of prism, 8.9. 

— — of telescope, 8.5. 

—— Rayleigh criterion, 8.2. 

Resonance radiation, 15.7; 15.29; 17.14; 
19.13; 19.18-20. 

Reststrahlen, 15.32. 

Retina, 1.8. 


Rayleigh, 
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Rhomb, Fresnel’s, 14.15. 

Righi’s experiment, 12.48-50. 

Ritz, 17.5. 

Rochon prism, 12.11. 

Romer, 1.13; 10.1; 10.5. 

Roschdestvenski, 15.30. 

Rotation, natural, 12.85-40: 
16.49; magnetic, 16.50. 

Rotatory power, 12.35-7; dispersion of, 
12.38-40. 

Rowland circle, Appendix VIs, 3. 

—construction of diffraction gratings, 
6.35; mounting of gratings, Appendix 
Viz, 6. 

Rubens, 15.12; 15.16; 15.32. 

Rutherford, 17.6. 

Rydberg, 17.5. 


16.43; 


Saccharimetry, 12.45-7. 

Sagnac, 11.25-6. 

Saha, 17.9. 

St. Venant’s hypothesis, 6.13. 

Scattering, by atoms and molecules, 
15.42-8. 

— by bound electrons, Appendix XIII. 
ith 

— by free electrons, Appendix XIIIz. 
10; Appendix XIXa, 20. 

— coherent and non-coherent, 19.13. 

— experiments on, 15.46. 


— Raman, 15.48; 19.8-11; 19.21-2; 
Appendix X1Xa, 14. 
— Rayleigh, 15.46; 19.8-11; 19.13; 


19.21; Appendix XIX, 1, 14-9. 
— relation to dispersion theory, 15.45-7. 
— Tyndall, 15.48. 
Schrédinger, 3.2; 18.13. 
Schuster, 4.34. 
Searle, 5.21. 
Sears, 9.44-9. 
Selection rules, 19.4. 
Sellmeier, 15.24. 
Sensitized fluorescence, 17.15. 
Series, Lyman, Balmer, etc., 17.4. 
Series limit, 17.12. 
Simple harmonic motion, 2.3 ff. 
— — — addition of, 3.3 ff. 
— — oscillator, see oscillator. 
Sky, blue colour of, 15.46. 
Smekal, 19.21. 
Sommerfeld, 6.5. 
Space, relativistic contraction of, 11.12. 
Spectra, 4.1. 
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Spectra, absorption, 4.5; 17.8. 

— band, 4.3. 

—banded or channelled, 5.30; 
12.41-2. 

— continuous, 4.2; 4.6—7. 

— emission, 4.2; 17.8. 

— excitation of, 17.10. 

— formed in focal plane of microscope 
objective, 8.21. 

— infra-red and ultra-violet, 4.4. 

— line, 4.2; 17.4-6. 

— series in, 17.4. 

Spectrograph, 4.1. 

Spectroscope, 4.1; 8.9; 8.10. 

Spectrum, discovery of, 3.17; purity of, 
8.32. 

Spiral, Cornu’s, 7.17. 

Standards of length, 9.38-49. 

Standing waves, see stationary waves. 

Stark effect, 19.17. 

States, metastable, 19.5; quantum, 18.32; 
stationary (see below), superposition 
of, 19.25-8; symmetrical and anti- 
symmetrical, 18.35. 

Stationary states, 17.7; 
18.17-9. 

— waves, 3.20; 14.12; 18.13; Appendix 
XII, 3. 

Statistics, quantum, 18.33-9. 

Stefan, 17.27. 

Stern, 17.26. 

Stilwell, 11.16. 

Stokes, 8.38; 12.21; 17.41; 19.22. 

Stokes lines and anti-Stokes lines, 19.22. 

Stoney (Johnstone Stoney), 8.25. 

Stratton, 6.6. 

Strutt, R. J.,see Rayleigh (4th Baron). 

Strutt, J. W., see Rayleigh (3rd Baron). 

Struve, 8.38. 

Sun, spectrum of, 4.5. 

Superposition, fringes of, 5.32. 

—of states, 19.25-8; of waves, 3.1; 
13.11; of wave functions, 18.84; 19.25- 
8. 

Surface, isochromatic, 16.34. 

—normal, 16.17. 

—ray, 16.14. 

— testing of optical, 9.6; 9.11. 

— wave, 2.18; 3.8-13; 16.14. 


12.39; 


17.38; 18.13; 


Tactile theory, 1.6. 

Talbot (Fox Talbot), Talbot’s bands, 
8.36-9. 

Taylor, G. L., 19.30. 


INDEX 


Telescope, limit of resolution, 8.5. 

— limit of useful magnification, 8.8. 

Temperature radiation, 17.27-34. 

Terms, spectroscopic, 17.5. 

Testing optical components, 9.5. 

— angles of cube, octagon, etc., 9.19. 

—end gauges, 9.16-8. 

— lenses, 9.10. 

— microscope objective, 9.10. 

— optical flats, 9.11-3. 

— plane surfaces, 9.11-3. 

— prism, 9.6-9. 

Theory, nature of scientific, 1.1-4; 11.1. 

Thompson (Glan-Thompson prism), 12.12. 

Thomson, G. P., 18.2. 

Thomson, J. J., 15.48. 

Time, dilation of, 11.12. 

— Fermat’s principle of least time, 7.28 ff., 
8.1; 16.5; 18.9. 

— periodic, 2.4. 

Tint of passage, 12.43. 

Tolansky, 9.15. 

Total reflection, 14.15-6. 

Transition probabilities, 17.8748; 18.21- 
4; 19.1; 19.4; Appendix XIXa. 

——for multipole radiation, 19.7. 

—  — for Raman effect, 19.21. 

——permitted and forbidden, 
19.4. 

— wavelength, 15.37. 

Transitions between states, 17.6; 17.8. 

Transmission, see propagation. 

Transport of energy and momentum, 
2.18; 13.14-5; 16.9; 17.21. 

Twyman-Green interferometer, 9.6-10; 
Bille @yiley 

Tyndall scattering, 15.48. 


18.24; 


Ultra-violet radiation, 4.4. 

Umbra and penumbra, 1.11. 

Uncertainty principle, 18.4-8; 
Appendix XTXa. 

Uniaxial crystals, 12.20-1; 16.19; 16.36—7. 

Useful and empty magnification, 8.8; 
8.31. 


18.31; 


Vector, light, 1.13; 12.3; 14.8; 14.13. 

Vector model of an atom, 19.16. 

— potential, Appendix XIII, 1. 

— representation of S.H.M., 2.8; 3.5; 
Bee 

Velocity, ray velocity, 16.9; 
velocities, 16.6. 


principal 
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Velocity of 
Chap. X. 
— — Fresnel convection coefficient, 11.20. 

— — group, 4.29; 10.13; 18.41. 

— — in moving media, 11.20. 

— -— independent of movement of ob- 
server, 11.4; 11.10; 11.12-3. 

— — phase (or wave), 2.16; 10.13. 

——relation to dielectric constant. 
13.9. 

— —relation to ratio of electrical units, 
10.14. 

—-— suggested variation with time. 
10.17. 

—— variation with 
Sol MLOSLS: 

Verdet’s constant, 16.50. 

Visibility factor, 2.21. 

— of interference fringes, 4.10-4; 4.23-5; 
5.14. 

Volke, 14.18. 


light, 1.13; 2.16; 3.17; 


refractive index. 


Watanabe, 9.44-5. 

Wave and particle conflict, 1.10; 3.31; 
18.3; 19.29-34. 

— band, Appendix IVs, 12. 

— equation, 2.15; 18.13-20. 

— function, 18.13. 

— group, 4.16; 4.32; 6.10; 7.29; 18.41. 

—— Gaussian wave group, 4.21; Ap- 
pendix IVs, 14-5. 

— — propagation in a dispersive medium, 
4.28; Appendix IVs, 15. 

— in relation to ray, 7.28. 

— mechanics, 18.9. 

— packet, see wave group. 

— profile, 2.9; 4.15. 

— spherical, 2.20; 19.23. 

Wave surface, 2.13; Huygens’ construc- 
tion for, in isotropic media, 3.8-13; in 
anisotropic media, 16.14. 

——in a biaxial crystal, 
16.22-30. 

— — ina uniaxial crystal, 12.20-1; 16.19. 


16.14-8; 


—train, Chap. IV; 18.7; definition, 
4.15; Appendix IVz, 4-14. 
Wavelength, 1.13; 2.11; comparison. 


9.31; 9.32; measurement, 9.30. 

— constant, 2.11. 

Waves, sine or simple harmonic, Chap. 
II; corrugated, 8.26; damped har- 
monic, Appendix IVs. 13; longi- 
tudinal, 1.13; 2.17; plane, 2.10; 2.14; 


680 


progressive, 2.9; spherical, 2.20; sta- 
tionary, 3.20; Appendix XIIIa, 3; 
14.12; 18.13. 

Waves of irregular profile, 4.15. 

—on a rod, 2.17. 

— properties of electromagnetic, 13.10. 

— representation by complex quantities, 
2.26; 3.6. 

— — by vectors, 2.8; 3.5. 

Wedge, interference in, 5.18: 9.15-6. 

White light, 4.33-4. 

Width, half-width of spectrum line, 4.18; 
4.25; 17.42; Appendix XTXa, 8. 

— half-value width, 4.137. 

Wien, experiment on Doppler effect, 2.24. 

— laws of temperature radiation, 17.27- 
9; 17.33. 

—measurement of life of an excited 
state, 17.39; 17.41. 
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Wiener, 3.22-3; 14.12. 

Williams, W. E., reflecting echelon, 6.40; 
9.50-4. 

Wollaston prism, 12.1]. 

Wood, R. W., on gratings, 6.36. 

— on resonance radiation, 17.14. 

Wooster, 16.47. 


X-rays, 17.5; Appendix XVII. 


Yard (standard of length), 9.49. 
Young T., eriometer, 6.23; interference 
experiment, 5.7; 5.38; 9.2. 


Zeeman, 11.20. 

— effect, 19.7; 19.14-6; 19.17; 19.18. 

Zernike, 8.29-30. 

Zone, Fresnel, 7.2 ff.; 16.5; zone plate 
7.41. 
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